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nPOEAPIA KONZTANTINOY AEZIIOTOIIOYAOY

MAGHMATIKA.— "AnedeiyOn 16 Televtaio Ochpnpe tod Fermat, oo tod “Axo-
Inpained x. Nuxoldov ’Aoreuiddn.

Kipie Ipéedpe,
Kipror Zuvadergot,
Kupieg »at Kdpuor,

Ty 23.6.1993 pue dxpewg Evdiapépouoe, GUVXETRGTINY), KOGULOIGTOPLXY €Ldn-
G1), XVPLOAEXTIXGG GLYXAbVLGE TOV EmioTypovind xbopo tob IThavhty pag xol idi-
xbrepa TV maynoopwle palnuating xowbdTnTa.

IMonbotnha &plpa dmacydinoay moAAEs Eyxputes Epnueptdes Emwe thv «Le
Monde», iy «The Times» ».&. ’Enione, % eldnon peradébnxe Siclvidg xal dmd wa-
poe TOM TYAoTTIXG dlxTULL.

Ty EddSo pohovéte pepindc Epnueptdes «doyorlnwavn pE To Yyeyovés,
Bedprnoa oxdmipo vo 6Tetded oyeTInT) EvnpepwTiny ETLoTOMNY 0TI xVpLbTERES EQrue-
ptdec &Y *AOnvdy xal g *Emapytas, ora Tpqpate Mabnpatidy wév AEI tig
yopug, xaldeg xal ot Sudpopa EmioTHROVIXG GOpATELX.

*Enedy) 9 ‘Olopédera g *Axadnulag *Abnvéy 38v cuyxadelron pera iy 159
*Touviov péyper %ol & péoa 7ol prvodc *OxtwBpiov mpofaive oty dvaxoiveoy Tob
yeyovéTog adTob, EoTe nal dEYd, YLk V& mopéaet 1) ExmhnrTiny adth €idnon va Bpt-
oxeton xoroyoenuévy xol ote Ipaxtie g *Axadnuiog *Abnvév.

’ISob % Eidynoy:

«Tb tehevtatio Oedpnua tob Fermaty (TOD), 16 crovdurdrepo, lowg, palnuare-

%0 oA o Tapépetve dAVTO TEpLeabTEpo &o 350 ypbvia, ebpfixe Th Aoy Tov.
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Tav 23.6.1993 6 Beetraviniic xataywyiic, 40 étév, xalnyntie Tol Princeton
University (USA) Andrew Wiles, mapovstace tiv &nédeién tol TOD ot pia oerpa
Tot@v Stahékewv oo Isaak Newton Institute of Mathematics otd [Mavemiotiuto
700 Cambridge (UK).

To Bedrpnpa o dmédeife 6 Wiles Exet pud oo mwohd drehdy Expdviern xal (i
mdpa oA peydhy totopia. IToAr& PpaPeia elyav mpoxmpuylet, xata xaipods, yid
W& 6oty Mo Tov, Spung péyet Thea xavels 0ev Ta elye diexdixtoet.

‘H avaxolvworn tob Wiles fAéntpioe xvprodentindds 6Adxdnpo tov mabnpatind
%0apo, Gyt ubvo yi&k v omovdatdThTa Tol émitevyBévrog dmotedéopatog dAAG dxndpa
TepLoabTEPO YL& TOV TpbTo Pt TOV Goto adTd Emitedyfnxe. "EdE Sev mpdxertan amAdic
yi& ndmola «EEumvny Moy mod mpoéxude pd xdmoro edguis Téyvacua. ‘H dmédeidn
700 TO® gnd tov Wiles mpoPdier umpootd pog cav &va amid cvumépacya €vog
mhodato, palixol xal mohdmhoxov unyavicpod, &va cupmépacua Tod xeltar 6T
oUUPON) peydAwy peupdtmy T@Y cuyyeévey Mabnuatinéy.

*EE &2ov adtde elvan xal 6 Adyog yid Tov bmoto T Epyo Tob Wiles mapexivnoe
7obg pabnuartinods 67d vo wpoPodv 6t Téso Evhouctddeig Exdnhdoels xal ot dredelw-
Toug ématvoue.

‘H anédeiy 100 TO® mpokéwmoe oty pobnuatind xowdtnra xatdrningy.

Td Bedbpnua elye dmoreréoer, 610 TapehBéy, «mbho ENEcwe» yik Epaottéyveg
nad Emoyyehpatieg pabnuatinods of 6molor pudtoua doyorhlnxay ué adtd éni morla
€y, ot cuvéyeta 8¢ mapontnBnxay TV wpooTaelBy Toug TANPWS EToYOYTELLEVOL
xal yepdror minpta. Of ouveyels adrés paxpoypdvies dmotuynuéves mpoomabeies el-
yav dpyloet va Smurovpyoly ot pepixols eidixode, duoiBolics ¢ Tpdg Ty «dmodel-
Ewpbryron 1ol Oewpruartoc.

Tic appiBories adtie vicyuoe pud peréry émioxomioews, wobd Eywe t6 1984,
1) 6ol dpopoloe Epappoyic i Bewptag *Aptbudv. Tty ueréry ady) Tovifovray 7
&modm &t Smipye mOavétyg vo pAy dmodeiyfel mott dv 10 TOD Hrav dandec 9
Jevdéc.

Mow épws elvar xal méte Siatvnabyre 16 TOD; Iowdg Hrav 6 Fermat xal
e adTdg 63Ny NOne 676 va Eumvevolel T6 meplpnuo adtd Bempnua:

‘O Pierre de Fermat (1601-1665) frav I'dArog Sixastiic Tob émolov # cupfold
o) Ocwpla *ApBudv Smiipke Tepastia, dxpws TpwTéTuTy *arl Oepedddyg. ‘O Fer-
mat, 8o Loloe, d&v dnupoctevoe Timota dmohitwe &nd T6 Epyo Tov, &v xal Sekhyaye
Gréppoves pabnpatinés oulnthoeg xal dAhoypagodoe edpbrata ué Todg ouyypPd-

voug tov. ‘O Fermat elye éxtong ™) cuvifeia v onueidver Topatypeyoels Tov 6Ta
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nepldpra 16y oeMidwy @Y Pifimv mod elye ath BiPAobfxy Tov. ME &a Abyio
oulnroloe xal ué Todg ouyypapeic Tév Pty mobd yenoipomololae.

M émd i oAb yvwortds xal eruiopéves mapatpeoets Tou slva xal adty wod
onpeiwoe 616 Brfiio pé titho «Ta’ ApBuntinan Tob "EXvoc pabnuatinod Atboavton
g *AdeEavdpeiag 6 Gmolog frpace wepl & uéon Tob 3ov addva w.X. ‘H mapatipnoy
7od onpeiwoe 6 Fermat dgopolos tig Aeybueveg «ITubBaybpeies TpLddecn of dmoieg
elvar Tptddeg dxspatey xal Oetindv dpludv xal dmednbedovy T yvwer) lcwan
tob [TuBaydpa o + B2 = y?% &mov «, B elvon of xdBetec mhevptc dpboywviov Tpi-
yovou xal y 7 Omotetvovoa adTod.

Mapadeiypata térorwv Tpddwv elvar:

=3 B=4 y=5 : 3244 =5
a=5 B=12, y=13: 52+ 122 = 13°
0=8 B=15 y=17: 8+ 152 =172

Yrapyer dmerpto TéToLWVY TELASWY, ®&TL TTOL ETwg elyx dvapéoer kol GTHY G-
Mo pov 7 11.2.92, €86 oty Axadnuia (IIp. *Axad. *Abnvév, Téu. 67, 1992)
mhovdy v rav Yveotd otods Bafulwviovg pabnpatixods mwokd wekarbrepor.

> Avapepbpevog ot yevixevon tob ITubayopetov Oewppartog, 6 Fermat onpeto-
oe 670 mepidplo Tob &v Adyw PiBAtov Tob Arbpavtov 16 dxdrovlo Dempnua TO dmo-
xohodpevo onpepr TOD:

«Ady Smapyovv axépator, uh pundevixol detbpol a, B, v, ol émotor va Emadnfed-
ow v éflcwon:

o+ B =y

8mov v axéparog aplpos peyadrepog Tob 2.

’Ev ouveyeta 6 Fermat mwpboleoe thyv EEfg ppaan:

«Bpijxa e Ouvpdota dméderfyn tol OBewpiuaros adtold Tiv émola Epwg dev
pmopd va mapabésw €36 SubtL o mepildpto Tob PiBAiov elvar woAD oTEv6 In.

"Ag onuetwbel dti v mapamdave mapathpmen Ty Exave 6 Fermat dpxera
xpbvia pd Tob Bavdrtov Tov. "Towe o 1637. Kata cuvéneiay 7 dvopasio «redeutaio
Bedpnuan yenoipomoreitar wEAhov (o} adetan O Eleya.

To mpbBAnue, dv xal Qatvetar &mhd, slvor oty mpaypatixdTnre ThEH TOAD
mohdmAoxo. “Omwe avépepa xal mponyovpévag, énl 350 ypbvia xal mepLoobrepo TO
TO® dvriotdlyue oTodg md dkonuovs Bepdmavres i Mabnuarinic *Enetiung,
th¢ "Emiotiune adtijg mod amotehet Pron Shwv @Y &A@V EmtaTnEY.

Edybpacte otepa amd téoeg xal téoeg AavBaopéves Maeig mod 360mnay xara
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3

narpods, 7 Moy tob Wiles, % émola omptleton ot sixasia 108 "Tdmova pabypart-
%00 Yutaka Taniyama xoi ) émola (elxasta) dmotedel Tov ioyvpd payaviopd mod
ebploxerar wiow dnd Ty dnédely o TOD, va elvon §) OPOH, §me EdMhov pig
70 SrxBeParchvouy E€éyovreg, eiduxol énl Tob Bépatog, pabnparinel. Morovér. 16 TOD
Goxel peydAn yonreln Téo0 ool Epaciréyves 860 xal 6Todg Emayyehpaties pabyuo-
Tixol, wpéner €86 va toviclel 81u ot tedeutate dvdhvoy 4 cixacia Taniyama &yet
O peyehhtepn onpacio yid T obyypova pabnpatine an’ 8,1 Exer 76 TOO.

Karotépon mapabBérovue dva Aemtopepéorepo ioTopind Tob hov Béuatos xabixg
xal Evmuepwtinds Thnpogoples avapopind pE Ty eixacta o Taniyama.

‘O Andrew Wiles clyc €0zt 6¢ Eragn ué 10 TOD dnd modd vewps) Hhucto xal
goyorOnxe pé adtd xatd xowpode.

By 16 petadd pepixol pabnuatixol foyodolvro pé ) Bedtioon xal pd tig
cuvémeteg Tob Oa pumopoboe va Eyet pud elxasto mod elye Siatunddoer w6 1955 & *Td-
oy galpuatixe Yutaka Taniyama (1927-1958). “H eixacta adty, mod ativ dp-
xh €lye Oewpnlel 6¢ py Eyovon xapid oyéon pg 16 TOD, dvapéperar otic ididTyTeC
6V Aeyopbvev @MetmTidv kopumbiiwwn: cuvblewy anuciwy Tob dmoteholy Aboelg
¢iodoewy pg do petaPinréc, X ol y, xal T6v énolwy (EEtodoswy) of cuvteleatic
etvar pnrol Gpbuol. Ilepioobrepes Aemropépees yia v Eixaocta Taniyama, mapa-
0érw 610 Téhog TOU mapbvrog xerpévov. -

‘O Goro Shimura, épevvntis %ol adrds otd Princeton University, xatépbwoe
ve. Bedtidoel Ty 66 v elracio kol v& T Setumdoel Smd loyupdtepn %al dmhob-
otepn woppn. "Ev cvveyeta 6 André Weil 7ob Institute for Advanced Study otd
Princeton, &woe 676 oyo tou Taniyama pio dxdpyn dxpiPéotepn %ol md Pedtim-
pévn wopey.

Zrig dpygs Tijg dexaeting Tob 1980 6 Gerhard Frey tob University of Saar-
land o706 Saarbriichen t%¢ I'eppaviag Srerbmwos Ty drom &1, 8v 76 TOD dtv dhn-
Ocbet, Tote O dmdpyovv ENhetningg napmbies of Gmoteg Stv B ixavomoroby v elxa-
ol Taniyama.

‘O Jean-Pierre Serre, xafnymtig o0 Collége de France, otd Mapiot, xatépe-
Bwoe va xatactioet dupiPéorepn xal cupéotepy Ty dmolyn Tob Frey ioyvptlbpevog
817 & Moy &modm ddnleder, doxst vo dmoderyBet xdmota &N dmhodorepy elxaata.

Ty amdodorepy adty) sivacia Tod Serre xarbpbwoe v &modetéer, o 1986, 6
‘Kenneth A. Ribet 7ol University of California (Berkeley).

‘H dm63ei&y vob Ribet dmetédece tov ouvdetind xpixo petakd i ebraslog

Taniyama xal 7ol TO®. ‘H tedevtate adty) ppdoyn onualver v &y 9 elxacio
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Taniyama drodeiyfet ZoTe %al yid xdmwotx 6pLopévy xAdey ENELTTIRGY XapTOAGY
Syr Ehov), téTe f) aandeix Tod TOD axorouvlel G¢ dueom cuvémera.
7 , The ) &M peay

To droteréopara w6y Frey, Serre kol Ribet Swijpfav xabopiotindic onpactiog
v v Wiles. XpetdoOnuav dmd w6t 7 ypéviar yid va xavadnter 6 Wiles 61d mo-
Oobpevo dmotédeopa.

O xAclow THy owihio adTy) ne pepwnse axdun mTAneoropice TOL &POEOLY TNV Ei-

v by i pd 1 TAPOPOp popody T

xactee Taniyama.

‘H Eixaocte Taniyama elvor pie mpotaey oyetiny ué tig id6tnres T8V ENet-
TTXEY ROUPTOADY.

Of éermtinds xapmdles didovron o EELodioewv T Poppiic
y2=x3+ ax®+ bx+oc

8mov 7 xaboprotind) cuvlhxyn mod mpémer adtic vo ixavomololv elvar: 6 péyratog
gmuitpenttog Enbétne Tod y elvan 10 2, 6 3¢ uéyiotog Emitpentog Exbétng Tob x elvan
75 3.

Ot Moeig T6v &v Myw Eichoeny dmetéhecay T0 dvtixeipevo werétneg Tév Epeu-
yTéY Y1 TepLocdTepo dmd Evay aldvar, elvan 38 ) cupmeppopd TEY Adoewy TGV €5t
oG GEwY AdTRY TAMPLS YVOGTY 6Ty TepinTwon Tob ol cuvtedeotes a, b, ¢ elvar pi-
yadixol &pLOpot.

*Edv 8p.wg Bedfjoovpe of &v Abyw cuvreheotes va elva (L 6 v o pyTol dptbpot, ToTe
To mpdypata xabicTavror ToAD o Sboxoh.

‘H Swxrdmwoy ti¢ Eixaclac Taniyama elvon ddoxory xal dmatel w0 yehon
&Y Ewoldy @NelmTiny cuvdpTten xoal «modular xapmddn», Tode Gpropods TGV
6motwy TopahelTovYE.

‘H Eixacta Taniyama (3) paihov # loyvpbdtepn adtijg, diatvmwbeica dmd tov
Goro Shimura) &ye. d¢ &E¥g:

«Kdbe onpeio pidic ENernTixniic xapmding elvon f eixbdva vog mpoxabopiopévou
(GuetdBrnTov) memepaopévon wAN0oug onuetny To dmola xelvran éml widke modular
HAPTOANGY.

‘H Eixacte Taniyama Sxtvmopévy oty ¢ &ve TANen Yevixd) WLop®h 6
mopapéver dndpo avarmddextn. “Opwe 6 Wiles anédeibe 8t 7 einaoioa ddnbeder yia
%dmoLe Yevixd) xhden ENELTTIXGY cuvapTioewy (8xt YLk EAeg), Aoy 88 adTd dpretd
Vo, TOV 60 yNoel oty amodeltn tol TOD.

*Ac onpetwlel 8m 6 Wiles dmédeibe thy axdrovly icoddvapy mpos w0 TOD
mpbtacy: MAv p,u, v xal W elvan dxépator dptbuol xal p > 1, téte 7§ oybon
uP + vP 4 wP = 0 cuvemdyetor uvw = 0.
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Hapabérw adtodoro 6 xelpevo mod dnpoctedlnxe 616 meprodind NOTICES
(Amer. Math. So., July/August, 1993 Volume 40, Number 6), érov orroypagpei-
Tt A am6deln ol Wiles xal dideton oyetiny Bifiioypagpia.

«The following paragraphs outline the proof that Wiles sketched in his
Cambridge lectures. The details of the proof are contained in a 200-page ma-
nuscript, which Wiles intends to release to the mathematical public in the
coming weeks.

To show that a semisimple elliptic curve £ [/ Q is modular, Wiles fixes an
odd prime /, which in practice is taken to be 3 or 5. Associated to E is the [ -
adic representation p; : Gal (Q / Q) - GL (2, Z;) gotten by considering the
action of Gal (Q / Q) on the I-power division points of E. (For background the
reader may consult any of the recent texts on elliptic curves,isuch as [12]).
The elliptic curve E satisfies Taniyama’s conjecture if and only if p; is «modu-
lar» in the sense that it is associated to a weight-two cuspidal eigenform in the
usual way. The representation p; «looks and feels» modular in that it has
the right determinant and satisfies some necessary local conditions at / and
other ramified primes.

Roughly speaking, Wiles proves that a representation like p; is modular
if it «looks and feels» modular and reduces mod / to a representation p;:

Gal (Q / Q) = GL (2, F;) which is (1) surjective and (2) itself modular.
Condition (2) means that p; lifts to some representation which is modular;

in other words, we want p; to be congruent to some modular representation.
(In many cases we can replace «surjective» by «irreducible» in studying p;).

Wiles’s argument is couched in the language of Mazur’s deformation
theory [6]. Wiles considers deformations of a representation p satisfying (1)
and (2), restricting his attention to those deformations that could plausibly
be related to cusp forms of weight two. (He requires the determinant of the
deformation to be the cyclotomic character and imposes a local condition at the
prime /. For example, if p is supersingular, he demands that the deformation
be associated with a Barsotti-Tate group, locally at /). Wiles shows that the
universal such deformation is modular, thereby verifying a conjecture of Ma-
zur. To do this, he must show that a certain structural map ¢ of local rings, a
priori a surjection, is in fact an isomorphism. It is here that Wiles uses the
ideas of Mazur, Hida, Tilouine, Flach, Kolyvagin, and others. To prove the
injectivity of ¢, Wiles was led to study the analogue of the classical Selmer
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group for the symmetric square of a modular lift p of , bounding it by techni-
ques derived from those of Kolyvagin and Flach. (In many cases Wiles cal-
culates precisely the order of this Selmer group).

After proving this key theorem, Wiles shows that E is modular. He exa-
mines first the case /= 3. A theorem of J. Tunnell [13], which incorporates
results of H. Saito-T. Shintani and Langlands [4], shows that p4 satisfies (2)
whenever it satisfies (1). It follows that £ is modular whenever p, is surjective.

A tantalizing problem, raised by Wiles at the close of his second lecture,
is posed by the case where p; is not surjective. Suppose, for example, that p,
is reducible: can we still win the endgame? Wiles explained his amasing solu-
tion to this problem in the third lecture. Using the Hilbert irreducibility theo-
rem and the Cebotarev density theorem, he constructs an auxiliary semistable
elliptic curve £’ whose mod 3 representation satisfies (1) and whose mod 5
representation is isomorphic to p5. The construction succeeds because the mo-
dular curve X (5) has genus zero. Applying his key theorem once, Wiles shows
that E” is modular. Therefore, p5 is modular, since it may be viewed as com-
ing from £’. After a second application of the key theorem, this time to pj
Wiles deduces that £ is modular!

Wile’s proof of Taniyama’s conjecture represents an enormous milestone
for modern mathematics. On the one hand, it illustrates dramatically the po-
wer of the abstract «machinery» we have amassed for dealing with concrete
Diophantine problems. On the other, it brings us significantly closer to the
goal of tying together automorphic representations and algebraic varieties.
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SUMMARY

During a June 1993 workshop at Isaac Newton Institute for Mathematical
Sciences in Cambridge, UK, Professor Andrew Wiles of Princeton University
announced his proof of the celebrated Fermat’s Last Theorem : «The equation
o X B¥ = vy has no nonzero solutions in the positive integers whenv > 3.

A crusial link was a 1986 theorem that the Taniyama Conjecture implies
Fermat’s Last Theorem, proved by Kenneth Ribet.

An outline of the proof that Wiles sketched in his Cambridge lectures, and
several references are given.



