MPAKTIKA THX AKAAHMIAXZ AOHNQN

ZYNEAPIA THX 8HZ IOYNIOY 1939

ITPOEAPIA TOAQNOX KYAQNIATOY

oYz1KH.— The Influence of the Penetration of the Radiation in the Fo-

cusing Error of the X-Ray Johann Spectrometer, by C. N. Koumelis,
G. I. Marakis and D. A. Vaiopoulos*, Six 7ob *Axadnuaixod x. Kai-

gapos *Alegomovlov.

ABSTRACT

The focusing error in the Johann X-Ray spectrometer is calculated step by step
for an ideal analysing crystal not opaque to the radiation. The effective depth of the pene-
tration which causes the broadening of the lines is depended on either the linear absorp-
tion coefficient and the natural width of the used X-Ray line.

INTRODUCTION

The simplest method of selecting a wave length in an X-Ray spectro-
meter is to use a flat single crystal as a monochromator. Although there are
disadvantages for the collected intensity in such a device, this type of mono-
chromators are still used in various spectrometers.

To maximise the intensity of the radiation after reflection on the ana-
lysing crystal, a bent single crystal is used in the so-called Johann spectro-
meter2-3,

The main reasons of the focusing error (broadening of the lines) are
generally the following:

* XP. N, KOYMEAH, T. I. MAPAKH, A. A. BA'TOIIOTAOY, ‘H ¢nidpacig tod BdBoug
Sietodboews tijg dxtivoBoAlag Roentgen elg t0 opdApa é&otidoewg Tob ¢acpato-
Yedpov Johann.
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1. The natural width of the X-Ray line.

2. The X-Ray source dimensions

3. The mosaic spread of the crystal

4. The depth of the penetrating radiation

In a previous work*, we have prooved that the first reason is indispen-
sable term for very kinde of broadening and we have examined the focusing
error caused by the first two reasons.

In this paper, we are calculating the focusing error because the fourth
reason. In the following, we supose that the reflecting crystal planes (hkl)
are parallel to the surface of the analysing crystal.

THEORETICAL PROCEDURE
I. BROADENING FROM A «RIGHT» RAY

We define as «entral ray» the ray SC from the source S (Fig 1) which
meets the sourface of the analysing crystal under the angle 6 proper for the
wave lenght which corresponds to the peak of the used X-Ray line. Rays
from both sides of the central ray SC are defined as deft» and «ight» rays
respectively.

From the Fig. 1 is evident that the central ray SE from the source S
meetting the surface of the analysing crystal at C in the proper Bragg angle
6 and penetrating the crystal in a depth (CE)=x, meets the crystal plane
(hkl), in this depth at an angle:

0+w)b
So, it will be reflected on it only if it has a natural width containing a wave
length suitable for the Bragg angle 6+-w.
If p is the linear absorption coefficient of the analysing crystal for the
wave lenght corresponding to the Bragg angle 0, the depth of the penetra-
tion is practically:

X =

©

If the X-Ray line has a full width at half maximum (F.W.H.M.) 2.AArwax,
the range of the wave lengths between A—A\ and A A) give reflections,
where practically:

AA=3'A\pwaM
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So that, the angle w and the distance x are defined twice, trom y and AA.

Fig. 1. For the calculation of the broadening from the central ray SC.

i. Calculation of the angle w

From the triangle HCE (Fig. 1) we have:

sin[ 2 —(0+a) }

sinw
(CE) — (HC)
or:
sinoe _ sin (04 w)

x 2R
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or:
a— .. 1)
2-R +x-sinf
where:
3

s 3 ®.
Also, from the relations:

2.d-sinf=2

2-d-sin(0 4-w)=A+AA
we have:
sin(8+) = {1+ L‘i"—} 3)

which defines another value for the angle w.

We keep the angle o either from the relation (1) or (3) depending on
which of them gives the smaller value for the angle w. If the relation (1)
gives a smaller value for the angle w, we keep for the distance x the value

X— -—3— If the relation (3) gives a smaller value, we have for the distance

x from the (1):

2'R*sinw
" cos(0+w) (4)
ii. Calculation of the angular broadening c;‘: N
We have from Fig. 1:
arcH’f‘ arcF’l\} arcGﬁ ]
- O Y el
R 2 R R 2 { p) ( +‘°) }
or:
ud arcFN  arcGM
2 { . B }+ -2
and:
arcGﬁ arc F’I:I
F TR e (5)
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From the triangle ODE we have:
_ (DE)  (DC)+(CE)
3T =0D) =~ (0D)

or:
R-sinf +4x

which defines the angle ¥y.

Also, from the same triangle ODE we have:

(OE)= (OD)

cosy

R.cosy
cosb

or (OE)=

From the triangle OLE we have:
(OL)=(OE)-cos (2:6 4+2-w—)
or:
R-c086:c0s(2:6 + 2-w—)
cosy

(OL)= (7

From the triangle OLG we have:
(OL)=(0G)-cos8=R-cosd
and from (7):

c080-c0s(2:0 +2-0—v)

cos8d =
Cosy

8)

which defines the angle 3. And concequently:

arc N?}
R

=23 9)

From the Fig. 1 we have:

arc F’]:J arc NG  are Gﬁ arc M?)
R 'R R T ®m -

And according to (5) and (9):

2-0

"rc}fN 4884 Er_cﬁF_l\f 48040 a=20

And finally:

arc FN Angular broadening from
R =0——2-0 the central ray SE
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iti. Perceptive broadening
From the Fig. 1 we have:

=20 Perceptive broadening

iv. Mazimum angular broadening

—

The broadening arc]:‘ x becomes maximum when the ray EGN becomes

tangent to the focusing circle (Fig. 2). In this case, the angle & is zero and
G coincides to N. So that:

{arcF'l\T}
R

Maximum angular

= 020 broadening

From the relation (5) we have:

Fig. 2. Maximum broadening [arc F'l-‘i:j max.
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arcNﬁ_arcﬁ
R R

+20=0-2w0+2w=>0
We have also from the triangle CON (ON is not plotted) (Fig. 2):

(CN)=2-Rsin {-g— & }

and from the triangle CEN:
(CN)

X
sin{ —g— + o } sin{n-——2~(0+m)}

Or:
’ 0
2:R-sin? { 2 +o)}
— (10)

sin{ 2:(0+w) }

So that, when the broadening is maximum, the distance x must fulfil both
the relations (4) and (10), i.e.:

s i
2:R-sin? )
3Resine _ sm{ 5 “’}
c0s8(0 +o) sin[ 2.(0 +w)]

or.

9-Resin(0 46)-sinw = sin? { g +o)}
or.

008(0 4-2-0) —cos§ =— sin? {—g— +w}
or.

cos’[—%— +m} -—-sin’{ —g— +o)}~—- c050=—-sin'{—§—+w}

(V)
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2

which defines the relation between the angles w and 0 when the broadening
is maximum.

cos? { 8 +_m]= cos 0

¢. Calculation of the nimber n of the crystallographic planes (hkl) spacing d,
penetrated by the radiation

If:
(CK)=n-d=z

where d is the spacing of the crystallographic planes (hkl), we have from
the triangle HCE (Fig. 1):

(HE)®=(HC)? +(CE)* — 2-(HC)-(CE)-cos { % + e}

or:

2-R +n-d=v4- R2+ x2+4-R-x-5inf (11)

and:

o= V4-R’+x'+4-R~x-sin6 n 2:R
d d

where x i8 defined either by x= —i— or from (3) and (4).

II. BROADENING FROM A “RIGHT” RAYT

- We supose that the front face of the bent crystal has a given length
2.(CP)=2-y (Fig. 3). The angle ¢ is then:

J_
2-R

g=

We accept that the limit «ight» ray penetrates approximatelly the crystal
until the same crystal plane (hkl), as the central ray SC. The limit «wight»
ray is then the SV. We have:

(CP)=(CM)=y, (CE)=x, (CK)=nd=z
Because there are two values for x, there are also two values for the distance
(CK)=z.
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Fig. 3. For the calculation of the brcadening from the «right» ray SV.

t. Calculation of the angle ¢
From the triangle HCV we have:

sing sin[r — (¢ + ¢€)]

(HV) — (HC)
or:
sinp _ sin(p+e) _ sinp+sin(ep+4e) _  sing—sin (¢ --¢)
2R+z 2-R i 4Rz e z

where z is defined by (11). From the above equation we have:

sing4-sin(p+¢)  4R+4z
sinp —sin(p+¢) z

395



396 IIPAKTIKA THE AKAAHMIAY A@HNQN
or.

z
€ o 8
—2-co8 [? +T}’ SIDT
or:
tan{<p+ ; }-cot ; —— 4-Rz+z
And finally:

?=arctan{—4'Rz+z tan — }-— .

which defines two values for the angle ¢.

it. Calculation of the distance (CV)

From the triangle HCV we have:
(CV) . (HC)
sine sin{rc—(q; 4 s)}

2-R-sine (12)

N = S+

which defines the distance (CV)

iit. Calculation of the limit angle a

From the triangle SCV wehave:

o ™
- ’ sin {n—(T——-0+cp+a)}
(CV) (SC)
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or.

sin{ % +9-—<p—a} sina + sin {-"—+Q_H}
sina joud 2

(KV) = (SC) - (CV) + (SC)

sine — sin [ %— +6—¢—a ]
(GV) —(SC)

and from (12):

- 6 0— .R-si
aain| % 4 891. _ ™ _ 06—y 2Rsine  , o .
SIn[ 4 + 9 ] COS[ a A 9 ] Sjﬂ(?—l-s) +2 R -sinf

2.c08 [—-:% S ] - sin [a 2 29 ] -2—1)‘—&“9—5—— ~+2:R-sinf

+ 2 4 2 sin (@t €)
or:
T 06—, . n b9 ____ s8ine+sinf-sin (¢ )
- { % T 7 } Nt [ i T B } " sine—sinB- sin (¢ +¢)
And finally:

sine—sinf -sin (p +¢) © 00—
tan[ Z +3- ]]

= 6—o
e T 3 +arctan{ " sine-+sin6-sin(¢p +c)

which defines two values for the angle « corresponding to the two values
of the angle ¢.

But the angle « must fulfil also the relation:
2-d-sin (0—a +<)=(A+A2)
which with the Bragg equation gives:

sin (6—a+¢) = [1 +i‘%}

which defines another value for the angle «. For the calculation of the broa-
dening we use the smaller value of the angle a.

iv. Calculation of the angle p

We have from the triangle"OCV:
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wy  {mleto]
sinp _
(CV) - (0C)
And from this:
sinp _ sin(p+p) - sinp+sin(p 4-p) _  sinp—sin(p4-p)
(CvV) — R (CV) +R * (CV)—-R
or:
— ® ? 2- R -sine
28111{ P+T} co8 9 W+R
) -9 ].gn_® 2 R-sine
—Zcos{p+ D) ] sin 2 sin(e +9)
and finally:

pmanctan | — g g |
which defines the angle p.

¢. Calculation of the angle 8

From the same trianlge OCV we have:

(OV) (CV)
sing  sinp

which gives:
_ 2-Rsine  sing
= sine (@ +¢) f sinp

From the triangle OVL we have:
(OL) =(0V): cos (6—a+2 - e—p)

or:
__ 2:R-sine | sing
o= sin(p+€)  sinp

We have also from the triangle OLG:

* (8—a+2-e—p) (13)

o83 =

and from (13):

2 -R-sine  sing

sin(¢ +¢) ’ sinp "ok & o)

c08d =



EYNEAPIA THE 8 IOYNIOY 1989 399

which defines the angle 3. We see that:

are NG=2- 3- R
vii. Calculation of the broadening from the «right» ray SV
We have from the Fig. 3:

arcFN e arcNG +arcG?} =2-0:-R

or:
arcFN + arczNG +[ arczNG +are GG } =26-R
or.
arcFN + 8. R 4 (8-24+2-¢)-R= 20-R
and finally:

arc FN Angular broadening from
R =0+o—2-¢—3 the «rights ray SV

viii. Maximum broadening from the «right» ray

The broadening arc FN becomes maximum when the ray VN is trangent
to the focusing circle. Then =0, so that:

{ arcFN ] Maximum angular broadening
R e O+a—2-€  from a wights ray

iz. Perceptive broadening
From the triangle TCV (Fig. 2) we have for the perceptive angular
broadening w:
nteAG 0| +{nte + 9 + F-—~0-xte) |-
and finally:

n=2e—« Perceptive broadening
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III. BROADENING FROM A “LEFT” RAY
We supose again that the front face of the bent crystal (Fif. 4) has
a given length 2:(CP)=2.y. The angle ¢ is then:

.-
2-R

g =
We accept that the limit Jeft» ray penetrates approximatelly the ery-

stal until the same crystal plane (hkl), as the central ray SC. The limit defts
ray is then the SV. We have: ‘

(CP)=(CM)=y, (CE)=x, (CK)=n.d=z

The distance z is defined by (11).

H Fo c“".‘“’

Fig. 4. For the calculation of the broadening from the «left» ray SV
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i. Calculation of the limit angle

From the triangle HPC we have:

401

or:
(PC)=4-R- sin—;—- (14)

From the triangle SPC we have:
. €
sing sin {1:—([3+0—T)}
(PC) ~ (SC)

And from (14):
sin { 048 —%} sinB +-sin { 0-+p— ‘%‘}

sinf - _ _
4-Resin—= - 9.5in - -+ ind
2 2
sinp—sin{0+[5——2e-:—}
2 - sin —— —sind

or:

2-sin {B+ e cos{—g— —4—] 2-sin—‘;—+sin9

—2-cos{(3+—2— : } sm{ $ ——Z—} 2-sin—§——sin0
and:

2.5in —— -+ sinf
] 2 0
i 2as Bhaa tan {T—%}
2-8in —;—— 8in0

v

which defines the angle B.

26
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it. Calculation of the angle v.

We have from the triangle HPV:

sin[n—{%—eﬁ—p}

sin I-n:— {%+0—s+p+e —v}]

(HV) (HP)

or:

cos (04 B—e) cos(ﬁ+B—~)
2Rz 2:R

and finally:
v = 0+ p—arccos 2h -cos (0 4 p—e)
2R+z

which defines the angle v.
But the angle v must fulfil also the relation:

A
2-d-sin (0 +-B—v) = [1 + T}
which with the Bragg equation gives:

sin(6 +p—v)= { 14+

It defines another value for the angle v depending on the F.W.H.M. We
omit the comment for all these values.

. }-sine

iii. Calculation of the angle ¢

From-the triangle HCV (Fig. 4) we have:
sing sin [ T—(@+v) ]
(HV) — (HC)

or:

sing  sin(p+v) smq:+sln(q>+v) sing —sin (¢ +v)
2R+z~ 2R 4Rz z
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and:
2-sin {9+—;-}-cos—% 4Rtz
—2-c08 { ® +—;‘— ] sin—;—= 3
or:
<P=s.rctan[-—4°Rz+z.tan ; }— ;

which defines the angle ¢.

iv. Calculation of the distance (CV)
We have from the triangle HCV:
LV . (HC)

sinv sin ['rc—(q>+v)]

and:
2-R-sinv
= Sy -
¢. Calculation of the angle p
We have from the triangle OCV:
sing _ . rx—(p+9)
) - [ (00) ]

or:
sinp  sin(p +¢)  sinp+sin(p+9) sinp —sin(p+¢)
cvy— R — @)+ —  (@CV)—p
and substituding the (CV) from (15):

2-siny + sin(p+v) @] @
2. sinv—sin (¢ +v) 2 2

p = arctan [—

vi. Calculation of the angle 6

From the same triangle OCV (Fig. 4) we have:
\
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(OV) _ (CV)
sing ~ sinp
and according to (15):
2-R-sinv  sing

i sin(p +v) sinp (16)
From the triangle OVL we have:
(OL)=(OV) - cos (882 v+)
and according to (16):
__ 2-Rsinv_ sing
=S e O E—Bed 17)

From the trangle OLV we have:

(OL)
(0G)

cosd =

And according to (17):
2°'R.sinv  sin

- o :
. 0088 = T cos (0+B—2-w+p)
We have also: arcNG=2-3-R

vii. Calculation of the broadening

are Fﬁ
R

From the Fig. 4 we have:

or:

arcFN +8-R+ (6 +8—2-v)- R=2.0-R
and finally:

FN Angular broadening fro
arcR N=6—p+2.y thegudefb ray S\l;mg -
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NEPIAHYIZ

‘H &nibpaocig to0 PdBoug .Srewcdicewg tijg dxtivofoArlag Roentgen eig o opdipa
éotidoewg tod pacpatoypdpov Johann.

Yroroytletar &v mpoxerpévp 10 cpddua EoTidoewg el TOV pacuxtoypdpov
Johann éxtivewv Roentgen, 10 dpebéuevov elg t6 Bdbog Seiodliosws tig dnre-
voBoAtag elg Tov xploTaddov pacpartosxomieis dvarboews. To Bdbog Sictadboswe
T¥g dxtivoPorlag, & mpoxaAalv THY SwxmAdTuvew TGV Ypxwudv, EEapTaTal &mod TO
péoov mAdToc THG yenorpomorovuévns ypauuic Roentgen. 'Egetdfovrar ai dua-
mAxtivoels al mpoxadodpsvar Omd THG xevTpikils dntivog xal Vmd T@V Exatépwlev
bt Gxtivev.
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