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SUMMARY

The caustic surfaces derived by illuminating conic reflectors by a
point-light source lying along the axis of symmetry of the reflector were
studied. All these caustics, consisting of highly illuminated surfaces are, clas-
sified into two categories, the meridional and the sagittal caustics. Meridional
caustics form axisymmetric surfaces, which are defined as the envelopes of
the light rays reflected from the mirror, while sagittal caustics form highly
illuminated spikes along the axis of symmetry of the reflector formed by the
intersections of the reflected light rays with the axis of symmetry of the
reflector. A thorough study of the shape, evolution, position, properties and
the dependence of meridional and sagittal caustics on the particular type of
the conic reflector, as well as on the relative position of the point-light
source and the reflector was undertaken. General laws for the characteristic

properties of all these caustics were derived.
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Caustic surfaces formed by illuminating high stress-concentration regions
in plane specimens loaded in their own plane have already been used by the
author in a series of publications [1-12] for the study of the characteristic
parameters of the stress field in such regions, that is the order of singularity
and the stress concentration and intensity factors. These caustics can be
considered as a means for the transformation of the existing stress singulari-
ties into optical singularities (caustics), which contain all the necessary infor-
mation for the study of the corresponding stress singularities. A large number
of interesting engineering problems has been solved by this method of caustics
in a easy and accurate manner by the author and his co-workers. These
problems included, among others, cracks in plates loaded in their elastic or
plastic domain of deforma'tion, discontinuities of any type, jointed dissimilar
media and crack propagation phenomena. In all these problems the created
surfaces had small slopes and curvatures.

The method of caustics was then extended to incorporate surfaces with
large slopes and curvatures. First, the caustic surfaces formed in the simple
case of conic reflectors were considered [13, 14|, and these caustics were used
for surface topography purposes [13], that is for the formulation of a techni-
que which enables the determination of the shape of a surface from its
corresponding caustics. Nomograms have been also established for the deter-
mination of the deviation of a sphere-like surface from the ideal shape of a
sphere. The caustic surfaces created by conic reflectors were afterwards used
for distance measuring between two targets [15], one of which is materialized
by a conic reflector and the other by the point-light source.

In the present paper the caustic surfaces created by illuminating conic

reflectors by a point-light source lying along the principal axis of the reflector
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were thoroughly studied and important laws about the shape, evolution, posi-
tion and properties of these caustics were disclosed.

MERIDIONAIL CAUSTICS

a) Equations of Caustics.

Iet us consider an axisymmetric reflector with equation of the form :

z = £(r) (1)
and a point-light source placed along the z-axis and at a distance 4 from the
Oxy plane. If a reference screen is placed at a distance z, from the Oxy plane

(Fig.1), the intersection with the screen of a light ray
reflected from a generic point P(r) of the reflector

is given, according to Snell’s law of reflection, by :
w = (z2—z,) tan (2a + ¢) (2)
with :
dz r

= AR 3
}z:f(x.y) E tan a F and tang kP (3)
p P h]f If we refer the deviation w to the origin of the
Wx system O'x’y’, which is the parallel projection of

p' the system Oxy on the screen, we obtain :
[ r' = r+ (z— z) tan (2¢ + ¢) (4)
SRR Relation (4) maps each point P(r) of the axisym-

metric surface to a point P’(r’) on the screen. The
necessary and sufficient condition for the points
P’(r') on the screen to belong to a curve is the ze-

Fig. 1. Geometry of for-
mation of a caustic by

illuminating a surface by
a parallel or divergent roing of the derivative of r’ with respect to r, that is:

light beam. %— {ib (5)
Relation (5) defines a curve on the surface z = f(r), called the initial
curve, while the system of equations (4) and (b) defines on the screen its cor-
responding caustic.
For the special case of an ellipsoid reflector with equation of the form :

2

2
=1 (6)
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relations (4) and (5) yield the following parametric equations of caustic in

the form: 2z, = z,(r) and r = r' (r):
2 _ B(1—(/0)?)" + B )

and :

b 4, (1 — (r/6%)')> + 4,

Equations (7) and (8) for the special case of a spherical reflector (a=b=R)

o) (1-(#)) *+ (%)

yield :
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The same equations (7) and (8) of the ellipsoid reflector for the case of
a parallel light beam (4 —> ») yield :

S e[ 5 [ e PN

: 2(7) (10)

For the particular case of a spherical reflector, illuminated by a parallel
light beam, it can be obtained from equation (9) with 4 — ©, or from equa-

tion (10) with @ =56 =R, the following simple relations :
2 2 1/,
b T B s o
I [2 +<R>J (1 <R>>
e R\
P T (F)

Similarly, for the case of a paraboloid reflector with equation of the form :

(11)

52
20 = A (12)

we obtain from relations (4) and (5) the following parametric equations of the

meridional caustics:

zg9  E-4F
Oy 3
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=i

SARE : (14)
g -s(4)

Working as above for a hyperboloid reflector with equation of the form :

and:

= (15)

Z
- = 2 1/2 (16)

i o
T o 271 : (17)
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Equations (7) and (8), (13) and (14), and (16) and (17), defining the

meridional caustics obtained by illuminating an ellipsoid, paraboloid and
(a/b)=0.25

(A/b)E-025

——
+
e

Fig. 2. Caustics obtained from a shallow ellipsoid reflector with (a/b) = 0.25

illuminated by a point-light source placed at various distances (4/b) from the

equator of the reflector and along its principal axis. Positive values of 4 corres-
pond to positions of the light source lying on the positive z-semi-axis.

hyperboloid reflector by a point-light source were programmed in a digital
computer and the caustics corresponding to various types of these reflectors

were plotted.
b4
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Figures 2 to 5 present the caustics formed by ellipsoid reflectors whose
ratio (a/b) of their semi-axes takes the values (a/b) = 0.25, 0.50, 1.00 and

2.00. All these ellipsoid reflectors are illuminated by a point-light source
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Fig. 3. As in figure 2 with (a/b) = 0.50.

placed at various distances (A4/b) along the principal optical z-axis of the
reflector. Positive values of 4 designate that the point-light source lies outside
the part of the z-axis included between the reflecting surface of the mirror
and its equatorial plane.

Similarly, figure 6 presents the caustics formed by illuminating a para-
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Fig. 4. As in figure 2 with (a/b) = 1.00.
boloid reflector, whose aperture is defined by —b<Lr <L b, by a point-light

source placed at various distances (4/b) from the reflector.

The caustics obtained by hyperboloid reflectors with (a/b) = 0.25, 0.50,
1.00 and 2.00 are presented in figures 7 to 10.

1
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b) Properties of Caustics.

From the above figures 2 to 10 of the meridional caustics formed by

illuminating axisymmetric conic surfaces by a point-light source it is concluded
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Fig. 5. As in figure 2 with (a/b) =— 2.00.

that these caustics move progressively as the point source moves along the
principal axis of the reflector and this movement depends on the particular
type of the reflector. Thus, for the particular case of the spherical reflector,
as the point-light source recedes from the center of the sphere to infinity,
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through positive values, the corresponding caustics move from the center of
the sphere to a limiting caustic, which has a cusp on the middle point of the
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Fig. 6. Causticts obtained from a paraboloid reflector with aper-
ture equal to (r/b) =1.00 illuminated by a point-light source placed
at various distances (4/b) from the tangential plane of the reflector
and along its principal axis. Positive values of 4 correspond to
positions of the light source lying on the positive 2-semi-axis.

principal radius between the center of the sphere and its surface, and
terminates at the circumference of the sphere. For the shallow ellipsoid
reflectors and as the ratio (a/b) of their axes diminishes ((a/b) < 1) this set
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of caustics recedes progressively from the reflector, beyond the equator of
each reflector, whereas for deep ellipsoid reflectors ((a/b) > 1) and, as the
ratio (a/b) increases, all these caustics are displaced, concentrating inside the

(a/b)=0.25 0 (r/b) —» 1
0.25[ Lig el

e
“‘Nw" (A/b)Z0

**N ’/'\— 04

;’-‘ hyperboloid
a/b=0.25

(z/b)

Fig. 7. Caustics obtained from a hyperboloid reflector with

(a/b) = 0.25 and aperture equal to (r/b) = 1.00 illuminated by a

point-light source placed at various distances (4/b) from the

reference plane Orr of the reflector and along its principal axis.

Positive values of 4 correspond to positions of the light source
lying on the positive z-semi-axis.
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reflector. Similar observations can be made for the case of the paraboloid
and the hyperboloid reflectors.

On the other hand, the displacement of the typical caustics formed by
illuminating the reflector by a parallel light beam can be materialized by

10 05 0 05 10
e MNN (r/b)—s

o **\hk
= T A76)20 | (a/b) 205

= x\/

e, Molv

10
s+ (A/b)=-10

" Sy \‘+\ N
< d 3 \ i +\+
+/ / / / / +\ X\ \
o 7 / i N MAb)=te
/ 7 Y
/ \ :
/+/ / 1/ \ \+ \'\

Fig. 8. As in figure 7 with (a/b) = 0.50.

studying the respective displacements of the cusp points along the axis of
symmetry for reflectors of different shapes. For this reason the meridional
caustics for ellipsoid reflectors with ratios of their respective axes (a/b) = 0.25,
0.50, 1.00, 2.00 and 4.00 were plotted in a computer by applying relations (10).
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It was found that the cusp points of all these meridional caustics lie on the
principal axes of the reflectors and at distances (2/6) from the origin equal
to 1.75, 0.50, —0.50, 1.75 and —3.875 respectively. The positions of these
cusp points were indicated in figures 2 to 5 for the caustics with (a/b) = 0.25,

10

10

(r/b) —»

Fig. 9. As in figure 7 with (a/b) = 1.00.

0.5, 1.0 and 2.0 respectively. The remaining of the caustics for other geo-
metries of reflectors were not plotted for saving of space.

It is also worthwhile noting from the plottings of caustics of figures
2-10 that, for all shapes of caustics for all conic reflectors, as the point-light
source recedes along the positive or negative axis of symmetry of the reflector,
the corresponding caustics approach more and more each other and tend to
the caustic formed by the parallel light beam.
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Furthermore, from the plottings of caustics of all conic reflectors the
interesting result can be derived that, as the point-light source lies on the
surface of the reflector (4 = —a) the corresponding caustic is very close to

the surface of the reflector and it touches it only at this point. This caustic
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Fig. 10. As in figure 7 with (a/b) = 2.00.

is the only one, which does not present a cusp point at the axis of symmetry
of the reflector.
The variation of the projections along the z-axis of the extremities of
the caustic surfaces formed from ellipsoid reflectors with (a/b) = 0.25, 0.50,
1.00 and 2.00 are shown in figures 11 and 12 in terms of the relative position
of the point-light source, while figures 13 and 14 present the same variations
3
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for the paraboloid and hyperboloid reflectors with (a/b) = 0.50, 1.00 and 2.00.
In the same figures the positions of the respective cusp points are also
indicated. From these figures it can be derived that, for each particular shape
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Fig. 11. Variation of the projections along the z-axis of the

extremities of the caustics formed by ellipsoid reflectors

with (a/b) =0.25(a) and 0.50 (b) versus the relative posit-

ion of the light source, The position of the cusp point
is also indicated.
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of the reflector, there is a definite interval along its principal axis for which,

when the point-light source lies within it, the corresponding caustics extend
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Fig. 12. As in figure 11 with (a/b) = 1.00(a) and 2.00 (b).

to infinity. Furthermore, it can be derived from the plottings of the caustics
of the various forms of the conic reflectors, that the major part of the light

forming each caustic is concentrated around each cusp, surrounding the
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principal axis of the reflector,
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while the light density of each caustic is

diminishing as we recede from the cusp point.
It is worthwhile defining the loci of the terminal points of each of the
caustics, which correspond to various apertures of the conic reflectors. The
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Fig. 13. Variation of the projections along the z-axis of
the extremities of the caustics formed by a paraboloid
(a) and a hyperboloid (b) reflector with (a’b) — 0.50 versus
the relative position of the light source. The position
of the cusp point is also indicated.
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parametric equations of these loci, with the normalized distance (4/b) of the
point-light source from the reflector as parameter, are defined by replacing
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Fig. 14. As in figure 13 for hyperboloid reflectors with
(a/b) = 1.00 (a) and 2.00 (b).

into equations (7) and (8) for the ellipsoid, (13) and (14) for the paraboloid
and (16) and (17) for the hyperboloid reflectors the appropriate value of (r/b),
corresponding to the aperture of the reflector. The kind of loci of the
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terminal points of caustics depends on the shape of each particular reflector,
as well as on its aperture. Thus, for shallow ellipsoid reflectors ((a/b)<1),
these loci may be hyperbolae, parabolae, or ellipses, depending on the parti-

-0.50

(q/b)=a%0

(a/b)=0.25 -0.25

90°

=809
9=75° 6:60§

20

(z/b)
v

Fig. 15. Loci of the terminal points of the caustics cor-
responding to ellipsoid reflectors with (a/b) — 0.25 and
0.50 and various apertures of angles 20 of the reflectors.

cular aperture of each reflector, whereas for deep reflectors ((a/b) > 1) these
loci are always hyperbolae. For parabolic and hyperbolic reflectors, these loci
are either parabolae or hyperbolae.

The loci of the terminal points of the caustics corresponding to the
series of ellipsoid reflectors with (a/b) = 0.25, 0.50, 1.00 and 2.00 and to
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various apertures, of angles 20, are shown in figures 15 and 16, while figures

17 and 18 present the corresponding loci for the paraboloid and hyperboloid
reflectors with (a/b) = 0.50, 1.00 and 2.00.

10

-20
+=15°
(a/b)=20
3¥=60°
-10
0 10(r7b)

10

|

y (z/b)

Fig. 16. As in figure 15 with (a/b) = 1.00 and 2.00.

From relation (8) it can be readily derived that for each deep ellipsoid

reflector ((a/b) > 1) there are two particular positions of the point-light

source, along the z-axis, for which the radius r’ of the corresponding caustic
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degenerates to a point, for every aperture (defined by (r/b)) of the reflector.
These positions are symmetric with respect to the equator of the reflector

and they are given by :
A @\ /2
B ) i

Contrary to the ellipsoid reflectors, the paraboloid reflectors have their
caustics degenerated into one point only when they are illuminated by

10 9 i? 10
I —
|/~ r/a)=0.25
e R SR sy 050
0.75
100
e e ) SRPN G b ] (r/b) =1.00.
0.75
050
0.25
[EEER 20
2.0 \
(z/b) \ \
* (z/b)‘ 0
(a) (b)

Fig. 17. TLoci of the terminal points of the caustics corresponding to a paraboloid
(a) and to a hyperboloid reflector with (a/b) = 0.50 (b) and apertures equal to
(r/b) = 0.25, 0.50, 0.75 and 1.00.

parallel light beam (for 4 > » equations (13) and (14) yield zp=b and r’ — 0),
while for all hyperboloid reflectors there are always two positions of the
point-light source, for which their caustic vanishes into a single point. These

positions 4 are given by:
A e 1
e KT) + 1J (19)
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The existence of a particular no-caustic position of the point-light
source along the z-axis for the deep ellipsoid, the paraboloid and the hyper-
boloid reflectors may be also verified by the loci of terminal points of caustics
corresponding to different apertures of the reflectors shown in figures 15
and 16 for the ellipsoid and in figures 17 and 18 for the paraboloid and
hyperboloid reflectors.

10 10
(r/b)—

1 40
* (z/b) +(z/b)
(a) (b)

Ffg. 18. As in figure 17 for hyperboloid reflectors with (a/b)=—1.00(a) and 2.00 (b).

c) Loci of the Terminal Points of Caustics.

Up to now we have examined the influence of the relative position of
the point-light source, illuminating a certain conic reflector, on the size and
geometry of the meridional caustic formed. Now, it is of interest to study,
for a certain position of the point-light source from the reflector, how the
shape and position of the meridional caustics is influenced by the shape of
the reflector.

Iet now consider a point-light source fixed at a certain distance along
the principal optical z-axis of a series of ellipsoid reflectors of different

4
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shapes. The equations of the loci of the terminal points of the caustics formed
by such a series of reflectors for various positions of the light source can be
obtained by putting the value (r/b) = | to the parametric equations expressing
the shape of each particular caustic. Introducing this value into Kgs. (7
and (8) and eliminating between them the ratio (a/b), we obtain :

fefi )

Eq. (20) shows that the locus, on the (Orz) - plane, of the terminal points
of the meridional caustics, formed by illuminating a series of ellipsoids of
different shapes by a point-light source fixed at some distance from the
reflectors, consists of two symmetric straight lines passing always through
the points (r/b) =1 and z,= 0 and the point which is symmetric of the point-
light source with respect to the equator of the reflector. In space these
straight lines belong to the lateral surface of two normal cones with apieces
at the point r=0 and z = — (4/b). These cones are symmetric with respect
to the plane z = — (4/b).

Figs 19 and 20 present the positions of the loci of terminal points of
caustics for a series of ellipsoid reflectors having the same equatorial plane
and different shapes, for positions of the point-light source along the z-axis
with (4/6) =0 (Fig. 19) and (4/b) = » (Fig. 20) respectively.

Thus, it can be concluded that as the point-light source recedes from
its position with (A4/b)= 0 to positive infinity, the locus in space of the ter-
minal points of the caustics changes from the equatorial plane (for z=0) to
two inversed cones with apices at the points r=0, z=—4 and it tends to
the circumference of the common equator of the ellipsoid reflectors.

For the case of hyperboloid reflectors of different shapes extending
in 0< (a/b) < » we consider parts of the reflectors corresponding always
to (r/b) =1 and having coinciding their planes of symmetry (z=0) of the
two parts of the hyperboloids. For various values of the ratio (4/b), Egs. (16)
and (17) may be used for various parametric values of the ratio (a/b) and for
(r/b) =1 to define the loci of the terminal points of the corresponding meri-
dional caustics for the hyperboloid reflectors.

Figure 21 presents the caustics corresponding to a series of hyper-
boloid reflectors illuminated by a point-light source placed at the position

(4/b) = 0. The locus of the terminal points of caustics is also indicated. From
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this figure and similar ones, not presented here, it can be concluded that the
loci of terminal points of caustics corresponding to fixed positions of the

point-light source lying along the positive z-semi-axis constitute multi-
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Fig. 19. Caustics formed by a point-light source placed
at a position with (4/b) = 0 and illuminating axisym-
metric reflectors with elliptical cross-sections with the
following values of the ratio (a/b) of their semi-axes :
(a/b)=0.80, 0.85, 0.90, 0.95, 1.00, 1.05, 1.10, 1.15, 1.20.
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branch curves with one branch lying in the region with positive values of z.
These curves, beyond a small curved part near the positive z-semi-axis,

become progressively almost parallel to the z-semi-
up to infinity for the hyperboloid reflector with (a/b) > .

A->

!
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o~ 1601 \*\
+\+ *\*
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Fig. 20. Caustics formed by illuminating the axisymmetric

mirrors of Fig. 19 with a parallel light beam.

axis and they extend

On the other

side, for positions of the point-light source lying along the negative z-semj -
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axis these loci constitute curves of hyperbolic type having two branches and

presenting points at infinity.
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hyperboloids are referred.

10

Fig. 21. Caustics obtained by illuminating a series of
hyperboloid reflectors with (r/b) = 1.00 by a point-light
source placed at the plane Orr to whom all these

For the particular case of a parallel light beam illuminating a series
of hyperboloid reflectors, the locus of the terminal points of the caustics is

defined by the simple relation :

(r'/ b)

=)

(21)
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as this can be derived from equations (16) and (17) by putting 4 —> o and
(r/b) = 1. 'This relation indicates that the terminal points of caustics lie on the
lateral surface of a normal cylinder, whose radius is equal to the cube of the
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Fig,

22. Caustics obtained by illuminating a series of

hyperboloid reflectors with (r/b) =— 1.00 by a parallel
light beam. The terminal points of all these caustics

lie on a cylinder with radius (r/b) — 1.0.



MERIDIONAL AND SAGITTAL CAUSTICS FROM CONIC REFLECTORS N

aperture of the mirror. Figure 22 presents the caustics obtained by illumi-
nating a series of hyperboloid reflectors by a parallel light beam. T'he terminal
points of all these caustics lie on the lines (r/b) = + 1.

For the case of a point-light source illuminating a series of paraboloid
reflectors defined by the parameter b (equation (17)) the locus of terminal
points of caustics conmsists of curves of parabolic type. These curves for small
values of 4 are open, whereas, as A increases, they become progressively
more and more narrow and they bend to approach the z-axis, tending to
become parallel to it. For the limiting case of a parallel light beam, the locus
of terminal points of the caustics coincides with the =-axis, whereas for the
case of a point-light placed at the point A4 = 0, this locus consists of two
straight lines parallel to the z-axis and at a distance from it equal
tolrs—11" 3333

d) General Laws.

The meridional caustics formed by illuminating axisymmetric reflectors
by a point-light source placed along the axis of symmetry of the reflector
have the following basic properties :

1. Form axisymmetric surfaces which move progressively as the point-
light source moves along the axis of symmetry of the reflector. The law of
this successive movement of caustics depends on the particular type of the
reflector.

2. The form of these caustics is sensitive to the position of the light
source only when it lies close to the reflector, whereas, as' the light source
recedes from the reflector, the caustics begin to become progressively insensi-
tive to the position of the light source.

3. The major part of the light intensity distribution along the caustic
is concentrated near the principal axis of the reflector, where the caustic
presents a cusp point. As we recede from the cusp point, the light intensity
diminishes gradually.

4. The only caustic which does not present a cusp point along the axis
of symmetry of the reflector is that formed by the light source lying on the
surface of the reflector. This caustic is very close to the surface of the
reflector and touches it at the axis of symmetry of the reflector. Along this
caustic the light intensity is equally distributed and does not present a ma-

ximum value near the principal axis.
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5. For each reflector there is a definite interval along its principal
axis for which, when the light source lies within it, the corresponding caustics

present points at infinity. All other caustics are finite.

i) Special Properties of Ellipsoid Reflectors.

1. The loci of the terminal points of caustics corresponding to various
apertures of the reflector as the point source recedes along the axis of the
reflector are for shallow ellipsoid reflectors hyperbolae, parabolae or ellipses
depending on the particular aperture of the reflector, whereas for deep
reflectors these loci are always hyperbolae. When the whole aperture of the
ellipsoid reflector is illuminated by the light flux, these loci are ellipses for
the values of the ratio (a/b) of the semi-axes @ and b of the ellipsoid reflector
lower than 2':, ((a/b) < 2'»), hyperbolae for (a/b)> 2'» and a parabola
for (a/b)= 2.

2. For each deep ellipsoid reflector, these are two distinct positions of
the light source for which no caustic is formed and all the reflected light rays
pass through the conjugate point of the point-light source with respect to the
equator of the ellipsoid. On both sides of these no-caustic images of the
point-light source the respective caustics have oriented their cusp points
aiming toward these characteristic points. For shallow ellipsoid reflectors
there are no such positions of the point-light source, for which no caustic is
formed, and all their caustics have their cusp points aiming outwards to their
respective reflectors.

3. The locus of the terminal points of the meridional caustics formed
by illuminating a series of ellipsoid reflectors of different shapes by a point-
light source fixed at some distance from the reflectors consist of a conic
surface of revolution with its apex coinciding with the symmetric point of
the point-light source with respect to the equator of the reflector. This locus
changes from the equatorial plane of the reflector to the circumference of
the common equator of the reflectors, as the light source recedes from the

equatorial plane to infinity.

ii) Special Properties of Hyperboloid Reflectors.

1. The loci of the terminal points of caustics corresponding to various
apertures of the reflector, as the point-light source recedes along the axis of
the reflector, are always hyperbolae for all shapes of the reflectors.
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2. For each reflector there is a particular position of the point-light
source for which no caustic is formed and all the reflected light rays pass
through the conjugate point of the light source with respect to the reflector.

3. The loci of the terminal points of caustics corresponding to fixed
positions of the point-light source lying along the positive z-semi-axis and
illuminating a series of hyperboloid reflectors constitute multibranch curves
with one branch lying in the region with positive values of z. These curves,
beyond a small curved part near the positive z-semi-axis become progressi-
vely almost parallel to the =z-semi-axis and they extend up to infinity for
hyperboloid reflectors with (a/b) = «. For positions of the point-light source
lying along the negative z-semi-axis these loci constitute curves of hyper-

bolic type having two branches and presenting points at infinity.
iii) Special Properties of Paraboloid Reflectors.

1. The loci of the terminal points of caustics for any aperture of the
paraboloid reflector, as the point-light source recedes along the axis of the
reflector are parabolae.

2. FKach paraboloid reflector gives a zero-caustic, formed at its focus,
only when it is illuminated by a parallel light beam. The cusp point of all
caustics, lying between the reflector and its focus, aims outwards the reflector,
whereas this rule is reversed for caustics lying outside the above region.

3. The loci of terminal points of caustics corresponding to a fixed
position of the point-light source, which illuminates a series of parabolic

reflectors are always parabolae.

SAGITTAL . CAUSTICS
a) Equations of Caustics.

Besides the meridional caustics studied above, which are defined as
the envelopes of the light rays reflected from the mirror, another kind of
caustics is also formed by illuminating a conic reflector by a point-light source.

Let us consider in Fig. 23 a bundle of parallel light rays, which impinge
on a meridional section of a spherical reflector. The envelope of the reflected
light rays forms the meridional caustic studied previously. This caustic is an
axisymmetric surface formed by rotating about the axis of symmetry of the

reflector the inplane caustic of Fig 23. However, it can be observed from
5i
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Fig. 23 that each light ray reflected from the reflector intersects the principal
axis of it at a definite point. Thus, if we consider the portion of the reflector
between points O and A all the reflected light rays from the aperture OA4 lie
between the cusp C of the meridional caustic and the point A’, at which the
reflected ray from the rim A of the reflector intersects the principal axis.
Since between C and A’ lie all the intersection points of the reflected light
rays from the corresponding portions OA of all the meridional sections of the

=

e

Fig. 23. Reflected light rays according to Snell’s law of reflection
from a spherical mirror illuminated by a parallel light beam.
Meridional caustic is defined as the envelope of the reflected
light rays, while sagittal caustic lies along the principal axis of
the reflector and is defined by the cusp point of the meridional
caustic and the reflection fromi the rim of the mirror.

spherical reflector, the portion A’C of the principal axis will be highly illu-
minated. This portion 4’C forms another kind of caustic, which due to its
shape is called sagittal caustic.

Thus, when a conic reflector is illuminated by a point-light source
lying along the principal axis of the reflector two caustics are formed: the
meridional caustic as the envelope of the reflected light rays and the sagittal
caustic consisting of a highly illuminated portion along the principal axis of
the reflector, formed by the intersections of the reflected rays and the prin-
cipal axis of the reflector. Both caustics have a common point coinciding

with the cusp of the meridional caustic.
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The z coordinate of point A4’ along the principal axis of the reflector,
derived from relation (4) by putting = 0, is given by:
ol (22)
Zo =0, 2
? tan (2a + @)
This equation defines the one extremity of the sagittal caustic, while

the other extremity is always coinciding with the cusp point of the meri-

dional caustic.
From equations (3), (6), (12) and (15) we obtain the following relations

defining the z coordinate of point A’:

z KU () L 23)
o T IMAL S N

0 _ KR4 (24)
b )N
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for the hyperboloid reflector and,
a4 2
r r A
g, it (7) +8<7) +16(T>
i A
m[(_b_)_lJ
for the parapoloid reflector, respectively.
The z coordinate of the other extremity of the sagittal caustics,

coinciding with the cusp point of the corresponding meridional caustic, is

defined from relations (7), (16) and (13) for the ellipsoid, the hyperboloid and
the paraboloid reflector respectively and it is given by :

. B =G E) =) ) ()]

b A a\? a) 4 (a )2 e ] )
(T) [‘—4(7)J+<T sl “2<T J
for the ellipsoid reflector,

o A [ E) HE) 23 [+ () () (5

b < A a N a ary e o
(%) [1+4(?)J+(T) 1+2(7)+3(T)J
for the hyperboloid reflector, and

z (A4/b)
b @p -1 o

(26)

for the paraboloid reflector.

b) Properties of Sagittal Caustics.

The curves with continuous lines in figures 24 to 32 present the
variation of the (z/b) - coordinate of the one extremity of the sagittal caustics
and with dashed lines the (z/b) - coordinate of the cusp point of the correspond-
ing meridional caustic, which defines the other extremity of the respective
sagittal caustic versus the aperture (r/b) of the mirror for various positions
of the point light source. Figures 24 to 27 correspond to the case of an ellipsoid
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w\ {lipsoid mirror
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Fig. 24. Variation of the cusp point of the meridional

caustics constituting also the one extremity of the

sagittal caustics (dashed lines) and the other extre-

mity of the sagittal caustics (continuous lines) versus

the aperture (r/b) of an ellipsoid reflector with

(a/b) = 0.25 for various positions (A4/b) of the point-
light source illuminating the reflector.
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Ellipsoid mirror
—— sagittal points

——— Cusp points
(a/b)=05
—
0.8
2 1
2

0 0.25 050 0.75 100

Fig. 25. As in figure 24 with (a/b) = 0.50.
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. Ellipsoid mirror
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Fig. 26. As in figure 24 with (a/b) = 1.00.
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0
Ellipsoid mirror
— sagittal points
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Fig. 27. As in figure 24 with (a/b) = 2.00.
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(z/b) —»

Fig. 28. As in figure 24 for a hyperboloid reflector
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with (a/b) = 0.25.
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Fig. 29. As in figure 28 with (a/b) = 0.50.
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Fig. 30. As in figure 28 with (a/b) = 1.00.
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Fig. 31. - As in figure 28 with (a/b) — 2.00.
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Fig. 32. As in figure 24 for a paraboloid reflector.
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reflector with (a/b) = 0.25, 0.50, 1.00 and 2.00, figures 28 to 31 to the case
of a hyperboloid reflector with (a/b) = 0.25, 0.50, 1.00 and 2.00, while
figure 32 to a paraboloid reflector. For each position of the point-light source
and for a given aperture of the corresponding conic reflector the length of
the sagittal caustic is defined by the vertical line, which touches the two
curves giving the exremities of the caustic.

From figures 24 to 32 the following basic properties of these caustics

can be concluded:

l. The length of the sagittal caustic increases with the aperture of

the reflector.

2. The rate of increase of the length of the sagittal caustic with the
respective aperture of the reflector becomes steeper as the aperture of the

reflector increases.

3. Sagittal caustics obtained from conic reflectors can be classified into
two categories : Those directed inwards to the reflector and those directed
outwards from the reflector. The transition of the sagittal caustics from the
one to the other type of caustics is a zero-length sagittal caustic, which
coincides with the arrangement of the optical set-up for each particular
geometry of the reflector which yields a zero-length meridional caustic.
Furthermore, the direction of each sagittal caustic coincides with that of

its respective meridional caustic. Thus :

i) In the shallow ellipsoid reflector [(a/b) < 1] all sagittal caustics are
oriented towards the reflector, lying always in negative z-coordinates.

ii) For deep ellipsoid reflectors [(a/b) 1] all caustics with |4/b] > [(a/b)2—1]"/>
are oriented outwards from the reflector, while all caustics with
|[4/b| < [(a/b)® —1]'/» are oriented towards to the reflector.

iii) For hyperboloid reflectors all caustics with |A4/b| > [(a/b)2+1]‘/a are
directed outwards from the reflector, while all caustics with |A4/b| <
< [(a/b)2 411"/ are directed inwards to the reflector.

iv) For paraboloid reflectors all caustics with (4/b) < 0 are directed inwards
to the reflector, while all caustics with (4/b) > 0 are directed outwards

from the reflector.
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CONCLUSIONS

In the present paper general laws regarding the caustics obtained by
illuminating conic reflectors by a point-light source lying along the axis of
symmetry of the reflector were derived. It was shown that two different
-types of caustics, the meridional caustics, forming axisymmetric surfaces, and
the sagittal caustics, forming spikes along the axis of symmetry of the reflector,
are obtained. For these two different types of caustics particular laws for the
ellipsoid, hyperboloid and paraboloid reflectors were derived. All these laws
contribute significantly to the study and design of wide angle all-reflective
multi-mirror systems, created for definite limits of distances and which, by
successive pairs of reflectors, present only a limited and reduced amount of
third order aberrations.
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BAZIKAI JTAIOTHTEXY TQN MEZHMBPINQN
KAI TOEOEIAQN KAYITIKQN
AHMIOYPI'OYMENQN YIIO KQNIKQN KATOIITPQN

Eig mv mogotoav goyaciav peketd®vrar ai xovotixal émgpdvelal ai dnuioveyou-
UEVOL %ATA TOV POTIOUOY XOTOTTOWY XOVIXMY TOUDV €% TEQLGTEOQPTG VIO GNUELARTC
QPOTEWVNG TNYTlg eVOLoXOUEVNS &l TOU %vptov dEovog ouvupetolog Tol xotdmrtoov. Al
ovtw dmuoveyovusvar xavotixal, ol omotal dmoteholv dmipaveing ueydAng goTewviig
gvrdoswg, Owaxpivovral eig dvo xatnyoptag, tag meomuPowvag xal tag tofoeldeic. Al
usonuPowval xovotixai Grotrelotv atovoovuuetourog dmpaveiog, al 6motow 6otCovral Mg
neoifdAlovoor TV Gvoxkouévov Vo Tol xatémroov axtivov, v al tofoeldelg xav-
otral dmoteholv ioyvods pwtiloneva evdyoapua Tuipata éxi tod dEovoc cuuuetolog
TOU %0TOTTEOV, oxNUaTLiOnEva VIO TAOV TOUMV TOV AVaxhouéveoy QOTEWOV GRTIVOV
ueta tov dEovog tovtov.

Al dnuoveyovuevor peonupPoival xol toEoetdelc navotinal uehetdvral Evosheydg
®al ovvdyovrar Baowkal WO6tnteg S 10 oxtjua, v Yéowv xal v EEEMEWY TV %ow-
oT@®V TOVTOY €% 10D TUmou ToD ®Wvirol %atdmTeov Mg *al tig Yéoswg Tig omuetaxilc
QPWOTEWVTG TNyTs &l tov dEovog cvuueTeiog ToU xaTOTTOOV.

Otrw, dw tag neonupPovag rovotxdg ovvdyovrar ai Gxérovdor Baocwxal Wduo-
wreg, b 6motan toyvouv i GAovg Tovg TUTOUG XWVIXDY XOTOTTQWYV :

i) “H poogn tiig xovotixiic 8Eapratal &% tiig Yéocwg thg Qortewviig anyis. Awd
Yéoeig tavtng mAnoiov ToU ratdémToov 1) MooPY| TS %ovoTiXl)g eival evaiodntog &x Tig
Yéoewe thig myilg, &vd, Goov 1) @wTewt) TNy GropoxUveTal 8% TOU %ATOTTEOV, TOGOV
al xavotxol xadtotavror dhydregov evaiodntor éx tig Jéoswg Tiig QoTEVIG TMYS.

ii) To oyxfinoe t@V peonuBolvdv xavoTx®V EmLQavel®y 0Lk QOTEWNV wnyny &l
100 %velov dEovog ToD xatdmTeoy eivan cuuuetorov OufPosiloedec ueta xépatog &ig TO
#EvToov Thg Emipavelog.

ili) To peyaldteoov uéoog tiic @porelvilc &vepyelog ®atd UTH0g THG KAV TIRTG
glvar ovyxevipouévov mhnoeiov tod &Eovoc cvpuetolag ToU x0TéMTEOV TEQL TO REQAG TH|S
gmpavetag xal Goov amopoxouvduedo tol d&Eovog tovtou 1 pwrtewv Evégysia Ehat-

7
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tovtan fatwaios. “H povn xaveonxy eig v 6molav 6 xavav ovtog dtv Epaoudletar
elval 1) oxnuanlopévn o goteviig anyiig xewwévne &l tod xatdmroov. “H HOUVOTLRY
attn elval oxedov 6uotoudopws potilouévn xat evoloxetar mold mAnstov Tod OTOTTOOV.

iv) AV #xaotov timov xwvixod xatémtoov Vpioratal wolopuévn meoLoyt) &ml T
dEovog ovupetolog Tovtov dia v 6moiav Grav 7 gwrewn anyy edoloxeTar dvrde Tav-
™G, ai dvriotouyor ravotixal Extelvovrar péyot tob dmetoov. AV Srag tag dAhag Yéoeic
TS QWTEWG mNyTls al dnuloveyoUuevaL %avoTIRaL ETVOL TETEQUOUEV QL.

V) A Exactov xwvixov xdromtoov bglotavral dvo Hoeig g @otewviic mnyiic
émi 100 dEovog ovuuetglag ToUtou, cuupetoral (g mEOg TO ioMuEQVOV Amimedov Tod
®ATOTTOV, dia Tag omoiag 1 dvriotolyog xavotixnt dxguAiletar eig onueiov. O mposava-
tohopog T®Y xaveTi®v Exatéomdev tiic undeviniic tavtng xoavotindig elvon dudgogog,
olitwg ote al xelpevar medg v plav mhevodv xavotixal va xatevdivovroan mede T
ndtomwreov, &ve) al dAlal va xatevdivovrar xtog tob xaténtgov. Towadtar Véoeic T
poTewviig Tyiig eivar pavractixal uev de ta Gfadi EAhenpoeldi xdromroa, Eve ocvu-
wiwrovy pe ta &’ dmewpov omueia tob médov Sk T mopaPoloedii xdromrToa.

vi) Ta dxpalo onueia TdV xovoTX®Y TOV dnutoveyoupévmv xatd v xivnoly
e @otewvic iyl &l tol dEovog TOU %aTOMTEOU %ol GVTLOTOLYOVGMV €lg OLdpooa
avolypota ToD xaTdmTTEoV RETVTOL &Ml AMLPOVEL®Y &% TEQLOTEOPTG TV 6molwy of peonu-
Bowal toual eivar xopmilar devtépov Padpnod.

vii) Iy t@v yevixdv tovtov Wdwtitov al émotal toyvovy 3 dlovg dveEa-
08Tmg TOVG TUTOUE TV ROVIX®Y %aTOmTOWY, &vOlomégovoal OLdtnTeg ouvdyovtor dud
TAG ®AUOTIHAG TS Onuiovoyouuévag U@’ Exdotov timov xatémrewv (EAAerposiddv,
vrregBoroetddv, maoaBorostddv).

viii) ‘O yewuetowdc témog T@®V dxgaiwv onusiwv TOV xovoTIx®V al dmoial
dmuovoyolvrar due pwtiopol Grov TdV pogedv t@V EAAenpoelddv xotdmTowv Hd
otadegdc Qurewvilc Tnyfig elvor xwvixy EmLQAVELD EXOUCH AOQUPNV TO GUUUETOLXOV
onuelov Tiic QTewiic aNyiig g mEOg T ®dTomtEov %ol dieoxonévn dud Tob yethovg tob
xaténrgov. ‘O dvrlotoigog yewuetourds toémog dud te vmepPoloeldd] xal Ta mwagafo-
hoedi) xdrontoa dmotedeiton Vo VUmeoBoloelddy nal magaBoloelddv Emipaveldv éx
TEQLOTQOPT]G.

’EE éMhov Sud tag toEoeldels #aUoTIHAG GUVAYETOL OTL :

i) TO ufjrog tovtwv avdEdver uera tod Gvolypatog tol xatdmroov.

ii) “H royimmg adEicswg tol unxovg tdv xavetdv yiveran gvtovotéoa Goov
10 dvolypa tod xatdmtoov avEdVEL.

iii) TO &v onuelov @V T0E0EWDY *OVOTIXDY cupminTer pe Ty HOQUPTV  TOD

#€00T0g THig GvrioTolyov ueonuPolvilc xavotixdic xelévng &nl Tob dEovog oupuetolag Tob



MERIDIONAL AND SAGITTAL CAUSTICS FROM CONIC REFLECTORS &

rnatomroov. To 88 Eregov omuelov tovtwy xeltol elte wEOg TV mhevoav elte mEOg TV
avtivdetov narevduvowy tiig mhevods o xatdmroov, dxorovdolv v dvtiotoyov Yéory
e neonuPowiig xavotixtic. Al Yéoeig undeviopod tig tooeldolic xavoTinilg cuumimTovy

ue tag Véoelg undeviopod thig AvrioTolyov peonuBoLviis ®ovoTixi|c.

Kvpie ITodedps,

Tekewdvovrag, dmteépaté pov va avoauvnodd® tod mowtov "EAAnvog cuyyedvou
gmotnuovog, tov Poayrioxov Mavodivrov.

‘O Poayxionog Mavedruxog 8yevvidm eig v Meoovivny tiic Jixerlog 10 &tog
1494 nat anédave éxel 10 Erog 157D 7} 1577. "Hro 6 viog tod Aviwviov Mavedivxov,
svmatoidov thg Kwvotaviivoumdhews, 6 6molog éyxatéhenpe v Bacikevovoav xatd
v mrdow g glg Tovg Tovgrovg, Tntioag doviov eig v ixehiav.

ITeol thg oinoyeveiog tol Maveorvxov, ¢ yvwoilete, ocvvéyoonpe oelpav GAny
pvdiotoonudtwv 6 ovyyeapevs Oavdong IletodAng - Awopidng, netatd tdV 6moiwv
gEéxovoav Yéowy Eyer toO TolTomov yoovwxov thg Tovoroxoatiag we tov tithov «Mav-
o0 vxoL».

Al 8Earpetixal S v &moynyv éxelvmy yvdoeig tol Emotiuovog Tovtov xal 1
ueydAn piun tov tov Emedonpthevoav Tnv glvolav xal peydlag Tuag TOV oXVOOV Gv-
dodv th)g moytic tov. Oltw, 6 avtoxpdrwo Kdookog 6 méumtog tov mapuacnuopionos
UETO TNV EmeTEOMNV TOv Gmd TNV &xotoatelav £ig v "Agowxny. To atloua tob fyou-
uévov eig v woviv Santa Maria de Partu eic 10 Castelnuovo 10 Opeihev &g tag
@oovtidag tob dtacrpov *AdeEdvdoov Papvéle. IToosine v vixny ot Don Juan tijg
Adorolag éni tdv Tovorwv elc v Navmaxtov t@ 1571 xail Adye adriig tov Tiig mEO-
ontelog Exolpe peydiov osfaouon.

Svvéyoape moAa BifAia, uéyo péoog TOV 6motwv Gpogolv &lg TNV Eoumvelay
OV podnuatxdy tdv doxalov ‘EAMivov xal tod *Agiototéhovg. *Avexdiuye oepav
vopwv thg Quowkils aoyoindelg Wiantéowg ne v dntnrv. Eig to BifAiov tov: «Pho-
tismi de Lumine et umbra ad prospectivam radiorum incidentium facientes»,
10 67olov et tov Ydvotdv tov &dnuooctevdn eic v Bevetlav, Odiaxolverar 6 méyog
grotiuey, diott xatogddver eic dAhiyac uévov cedidog v dratvrdvy omovdatove véuoug
i Puowdls %ot TEOTOV AvoTNOGY, TEQLEXTIXOY, GVEV GueoavToloyl®v xal UE mwAron
cagnvelay, eviiupifov copov tol 2000 aidvog wahlov, maod &oydtmy tig EmoTiung
gig 10 Avrowyég Tng.

"AE0g dvagopds Tuyydver 6 Tedmog ug TOvV 6motov GvamwtUocel due TV GmoAU-

T Aot itmv cvAloylop®dv %ol UETA mEQLooTic oagpnvelag Tovg GxouBeic vouovg oxm-
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uatopov The oxvdg. Me 10 avto Yépa Goyxokeiror oA Etn doyotegov 6 uéyag ['eo-
uavog copog Iwdvvng Kepler (1571 - 1631). Awx v ovyxowowy t@v oxépewv t@v dvo
copav avogéoonev émil AéEel tag noloelg INeopavol totoounod tol mapeAddvrog ai®vog.
Obrog Aéyer: <’Emiong 6 Kémheoog mMoyxohidnm e to adto déua ywolg v yvweily to
yoogpdueva tod Mavedrvrov. Olrtog #dece pe dyonotov worvdroyiav, mAfidog yewueroL-
%@V mEoTdoswv xal dev e0pe dAho dmotéleoua, eiun éxeivo TO Omolov eiyev elpsL O
Moavebhvrog ue técov amhd TémTO>.

Metakl tdv pueydrov avaxalhpewv tod Mavodivkov sival 1 dxoufng sounveia
0V oyMUoTIomol Tod oboaviov TtéEou, TOAD mEO GmO TNV dvtictougov ocupfoAnv tod
Nevrwvog (1642 - 1726) ol 1 datvmwolg tod vépou tdv xavotx@v. ‘O Mavedrvxog
givol 6 mEMTOG OMTINOG EmoTHU®Y OV dieTimwoe TOV vouov tijg UmdoEsmwg dumh®dv xov-
oTn®v, TOV pueonuPovdv xal t@v tofostddv, dtav @wtewvl) dfoun mEoominteL lTE &7l
xatémreov eite i paxol. “H axoifeia xal 7 capnveia thg datvrwoewg *al tod vopov
avTOD ELVAL ROTATANCCOVG.

‘H nuetéoa oyacia, it magovoidotn onuegov eig v ~Axadnuiav *Adnvdv
Baoileral olitwg elnelv elg tag oxépelg tod mowTov TOVTOU peydrov cuyyedvov “Eiln-
vog gmothuovog. “H dvagoed avty oxomov Exer va oy tov “EAlnva cogov émi i

gneteip tdv 400 yodvov amo tod Yavdrov tov.



