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STATISTIKH.— Markovian models for the prediction of the service
distribution in the grade in manpower systems, by P. C. G.
Vassiliou*. *Avexowvddn tmo tob *Anadnuaixod %. °I. Eavddun.

1, INTRODUCTION

The aim of this paper is to present models for the prediction and
description of the service distribution-with respect to the grade- of staff
in hierarchical graded manpower systems.

- R. Drinkwater and O. Kane (1971) and Osmond (1972) following
Young’s suggestion of constant transition probabilities between different
statuses tried to follow the service structure with respect to the grade,
in the various grades of hierarchically graded manpower systems. One of
the main reasons being the close relation between the service distribu-
tion with respect to the grade and the cost of the respective manpower
systems. R. Drinkwater and O. Kane (1971) applied their studies to the
civil service establishment while Osmont (1972) applied his studies to
University establishments.

The organization in this paper is seen as a graded social system
through which people move by recruitment, promotion and wastage. The
laws governing movements are stochastic. Within each grade individuals
could be classified according to the number of years that they served
in their present grades. We will call these categories subgrades of the
respective grades.

We have seen in Young and Vassiliou (1974) and Vassiliou (1974)
that the number of people promoted from grade i to grade j depends on
the expansion of the system, the number of vacancies to be filled and
it is related to the relative differences on wastage in grade i. A problem
which immediately arises is, from which subgrade and in what pro-
portion, are those individuals to be promoted from grade i to grade j,
are going to come from. In section 2 we model the phenomenon assuming
that the expected number of people promoted from subgrade k of grade
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i at time t to grade j is proportional to the expected number of people
promoted from grade i to grade j at the time t. This assumption is
tested in section 3 with data from firm S in which there is no evidence
to reject the hypothesis. With this analysis other interesting results
emerge. It is possible to calculate the probability of an individual who
belongs to subgrade k of grade i being promoted to grade j at time t
and to compare it with the corresponding probabilities of individuals
belonging to the rest of the subgrades of the same grade. For example
in some cases it has been revealed that after a time t in the grade
without getting a promotion the probability of getting one is decreasing.
Thus the ecology of the grade is also somehow studied.

The second problem studied is that of wastage from the respective
subgrades of each grade. In Vassiliou (1976) we have seen that the proba-
bility of an individual belonging to grade i leaving the system at time t
is related with the cumulative acceleration of the system. In section 2
of this paper we model the phenomenon assuming that the probability,
of an individual belonging to the subgrade k of grade i, resigning at
time t is proportional to the probability of an individual belonging in
grade i, resigning and to the proportion of the number of people in
subgrade k to the total number in grade i. In section 3 we apply the
model to data from firm S and we find the fit to be excellent.

Each grade thus has a number of subgrades. This number is
not necessarily a finite number in theory, because there is nothing to
prevent an individual staying indefinitely in the same grade. However,
since the working life of an individual has a finite duration with an
upper limit of about 40 years the number of subgrades is itself bounded.
In practice because of small number statistics, and because usually we
have a small period of time available as data, we will be bound to have
a fairly small number of subgrades. In some cases certainly we will
have to group together two or three years of service in the grade.

Internal movements in the grade between the subgrades naturally
occur every year since individuals remaining in the grade are getting
older in service. These are easy to compute, in the case where there is
no grouping since those not promoted move up one subgrade at a time.
In the case where we group two or more subgrades as one, we treat the
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individuals as having the same probability of leaving, or getting pro-
moted from the subgrade.

In section 3 of this chapter we describe the application of the above
models to the data from the firm S. The comparison of the expected
number of people in different subgrades with the actual number of
people in the subgrades shows a reasonable good fit.

2. THE EQUATIONS OF THE MODELS FOR THE FLOWS
FROM THE SUBGRADES

We assume that the rate of expansion of the organization is known
in advance so that the number of recruits R (t) in the t' interval of
time is the sum of leavers plus the number of additional staff needed to
reach the known, target number. It is further assumed that the popula-
tion is grouped into n grades or statuses, grade 1 being the most senior
and grade n the most junior. Kach grade is assumed to be devided into m
(m=1,2 ..., m) subgrades, subgrade 1 being the subgrade containing
the group of individuals with the shortest service in the grade.

Define symbols as follows :

N, (t) the expected number of staff in grade i at the start of
interval t; '

N:‘(t) the expected number of staff in subgrade k of grade i
at the start of interval t;

p; (t) the probability that an individual moves from grade i
to grade j during interval t;

Nij (t) the expected number of staff to be promoted from grade
i to grade j during interval t;

N;;(t) the expected number of staff to be promoted from sub-
grade k of grade i to grade j during interval t;

c:‘ (t) the ecological coefficient of the promotion process for

subgrade k of grade i (see equation (2.1) below);

pr (t) the ratio of the N (t) /N, (t);

p,.RW (t) the probability that an individual in grade i leaves the
organization because of resignation or redundancy ;



ZYNEAPIA THZ 10 ®EBPOYAPIOY 1977 149

p:; (k,t) the probability that an individual in subgrade k of grade
i leaves the organization because of resignation or redun-
dancy ;

p‘fv(k,t) the probability that an individual in subgrade k of grade
i leaves the organization because of retirement or death;

i (k, t) the ecological coefficient of the leaving process for sub-
grade k of grade i (see equation (2. 3) below);

pil:v (k,t) the probability that an individual in subgrade k of grade
i leaves the organization because of discharge ;

We will now describe the flows from the subgrades.

2.1. Promotions from the subgrades.

As we have discussed in section 1 we assume that the expected
number of people promoted from subgrade k of grade 1 at time t to
grade j is proportional to the expected number of people promoted from
grade i to grade j at time t.

Thus

N (t) = e (t) Ny (t) (2.1.1)

where c:‘ (t) is the ecological coefficient of the promotion process for
the subgrade k of grade i. The expected number of people promoted from
subgrade k of grade i to grade j is also given by

N (t) = p;; (t) p; ()N, (1) (2.1.2)

ij
The expected number of people Nj;(t) is given by

p; (t) N, (t) = N, (t) (2.1.8)
So equation (2.1) could also be written in the from

i

pi (6) = ¢ (6) p, (1) [p7 ()] (2. 1. 4)

Although c:‘(t) does change with time, it will not vary too rapidly,
hence it will be reasonable assuming that c:‘ is constant to estimate it
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from the available data. We tested this assumption with data from the
records of firm S and there found no evidence in rejecting the hypo-
thesis. This is described in section 3.

2.2. Wastage from the subgrades.

As in Vassiliou (1976) we will differentiate also the reasons of
leaving. To do so we have to make some assumptions. Those are the

following :

(1) The probability p:v(k, t) of an individual leaving from sub-
grade k of grade i because of retirement or medical retirement and death
is constant. The null hypothesis thus is :

By pf; (=, t) = p:v(k) for given i, k and for every t.

(2) The probability p,.l:v (k,t) of an individual leaving from sub-
grade k of grade i because of discharge is constant. The null hypothesis
thus is:

Hy: pfw (e, t) = pf; (k) for given i, k and for every t.

These hypotheses could be tested using the statistic introdused in
Vassiliou (1976). We did so and it is described in the next section. We
found no evidence in rejecting the hypothesis.

The probability pikw(k, t) of a person resigning from subgrade k of
grade i at time t will be proportional to the ratio (proportion) of the
number of people in subgrade k to the overall staff in the grade.
Thus :

Piy (k, t) = Ai(k, t) pyy, () p; () (2.2.1)

where A;(k,t) is the ecological coefficient for the leaving process for
subgrade k of grade i.

Although 2;(k,t) does change with time, it will not vary too rapidly,
hence it will be reasonable assuming that Ai(k) is constant to estimate
it from the available data. We tested the fit of this model with data
from the records of firm S and we found the fit to be excellent. This is
described in section 3.
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2.3. Recruits.

The recruits in the grade will belong to the subgrade which con-
tains the individuals with the shortest service in the grade. Obviously
there will not be any recruits to the other subgrades of the same grade.

8. APPELICAT IEON

We have tested these models in the case of firm S. The number of
grades that we distinguished is described in Young and Vassiliou (1974).
Grade 5 was the lowest of the levels of management. We distinguished 3
subgrades. The first contained the individuals with 3 years maximum
service in the grade the second those between 3 and 6 and finally the
third those with 6 years of service. In grade 4 the next in the hierarchy
we distinguished two subgrades. The first one contained these with
less than 6 years service in the grade, while the second contained those
with 6% years of service in the grade. In the higher 1, 2 and 3 we did
not distinguished any subgrades because of the small numbers involved.

First in tables I and II we present the flows of promotion from the
corresponding subgrades of grades 4 and 5. The maximum likelihood
estimate of Ea (k) is given by:

SN (0

%Nij (t)
L
The tables contain the flows for each year of the years 1959 -66

¢, (k) = (3.1)

and they are presented in the form of contingency tables. The correction
for continuity (Yates correction) was applied in the cases where the
expected values were rather small (< 5). The statistics y¥*(i,j) which
are presented in the last column of the tables have 8—1=7T degrees of
freedom and are used to test if c;(k,t) is independent of time. The sta-
tistics y%(k,t) is used to test the homogeneity among the columns of
the tables and are presented in the last rows. On the null hypothesis
the values of x?(k,t) come from a chi-square distribution with (k—1)
degrees of freedom where k is the number of subgrades in the grade.
In table I which contains the flows from grade 4 the values of the
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%2 - statistic shows no evidence against the hypothesis. In table II which
contains the flows from grade 5 the values of the statistics y*(i,j) are
not significant. From the values of %%(k,t) only 63 value is significant
at the 2.5% level, something to be expected due to the reorganizations
which the firm went through during that period. Summarising the results
there appears to be no strong evidence against the hypothesis.

In table III we present the flows from the subgrades which correspond
to (a) retirement or medical retirement and death, and (b) to, discharge
for each of the years 1959 - 1966. We also test the two hypothesis which
were made in section 2.2 of this paper, that the probabilities pf;(k,t)
and p?w (k,t) are independent of time. The maximum likelihood estimate

of p::v(k,t) is given by
2 Ni (k, t)

- e 3.2
2Niu (1) e

p.Y (k, t)

where fow (t), NiNW (k,t) are the number of people who left the grade i,
respectively the subgrade k of i, at time interval t because of reason (a).
Anequivalent formula expresses the maximum likelihood estimate of
p::v (k,t). On the null hypothesis the x2(i,j) see Vassiliou (1976) have a
chi-square distribution with T'—1 degrees of freedom, where T is the
number of years available. In table III in the last column are given the
values of %2(1,j) where in the cases where the expected numbers were
really small (<<5) the yx2- statistic was used only as a measure of
agreement. Only the value #? (23_"1‘) for grade 4 was significant at 0.5%
level due almost entirely on the 1966 flow when the major reorganization
took place. Summarising the results, there appears to be no strong
evidence against the two hypotheses.

In table IV we present the flows of the leavers from the
subgrades of grade 4 and 5 because of resignation. We also give in
brackets the expected number of leavers estimated from equation (2. 2. 1)
on the assumption that A (k,t) is constant. In the last column we give
the usuall y2-statistic for those predictions. The y* values on this table
shows that the fit is very good.

For the purpose of comparing the predictions of the expected number
of people in the various subgrades we have carried out the following
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Using as data the period 1959 to 1963 we have been able to predict up
to 3 years ahead. Similarly using the 1960 to 1964 experience we have
been able to predict 2 years ahead from 1964 ; using the 1961 to 1965
experience we have been able to predict 1 year ahead from 1965, and
thus compare several predictions with actual outcomes. In table V we
present those results and also give values of the y>-statistic- used in this
context as a measure of agreement. The fit is reasonably good.

4. CONCLUSIONS

We believe that the present models provide a good description of
the flows of staff from the various grades and subgrades for various
reasons and they gain comnsiderable insight into the phenomenon in
question. Moreover, we believe that these models succeed in predicting
the service distribution in the grade which is very important for the

costing of the manpower system.
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