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1. Y R OOD W@ HeN

A critical point theory of a function on a manifold, and of extre-
mals of single integral variational problems has been developed by
M. Morse in his Variational Analysis in the large [9]. However the basic
analytic techniques are not applicable to variational problems formulated
on multidimensional varieties. In the case of a single integral problem
the Kuler - Lagrange equation is an ordinary differential equation, but
for a multidimensional problem it is a partial differential equation of a
considerable general form. From the geometric viewpoint a given curve
can be decomposed by a finite number of points into small segments,
leading to a reduction to a finite number of variables. This is not true
for multi-dimensional varieties as for example for the Plateau’s problem.
From the general topological viewpoint the abstract variational analysis
becomes a theory of the decomposition of a space V by means of a real
valued function, using the order of the real numbers. From the global

* @. PAZ21A, To mpéRAnua tod Plateau xal yevikevoig tfig mpotdcews dmet-
xovicews toh Riemann.
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analysis viewpoint we can study certain variational problems by formu-
lating them in the context of infinite dimensional differentiable mani-
folds, and then by using techniques of non-linear functional analysis and
infinite dimensional Riemannian geometry to obtain solutions of the
problem under consideration. It is very frequently an essential step to
construct a decomposition of the function space, in which the varia-
tional problem has been considered, by lines of steepest descent.

An attempt to resolve this problem was made by M. Morse and
C. Tompkins [10], M. Shiffman [17], and by R. Courant [3] who applied
various methods from analysis and topology for the development of a
special theory for the problem of unstable minimal surfaces bounded by
a given closed curve in a Kuclidean space. From the Morse viewpoint
the critical point theory has mainly been studied for compact manifolds
M. However the variational analysis is mostly interesting in the case
where M is infinite dimensional. It is clear that the sphere in a Hilbert
space H is compact if and only if dim H < . Therefore a compactness
condition is needed for the study of such problems. For this purpose
R. Palais and S. Smale [12], [18] discovered a very interesting condition,
called «Condition C» by them which allowed them to prove some very
important results of Morse theory for Hilbert (or Banach) manifolds.

A little later J. Schwartz [16] by applying the Palais- Smale theory
succeeded in carrying over the deformation theorem and the Minimax
Principle, therefore getting a generalization of the Lusternik - Schnirel-
man theory [7] for Riemannian manifolds of any dimension. Recently
A. Tromba [20], [21] succeeded in obtaining a generalization of the Morse
theory under some weaker assumptions than the Palais- Smale theory
and he was able to prove some very interesting results concerning the
Plateau’s problem. In a recent paper [14] I indicated a way to apply the
Morse theory on Hilbert manifolds to the Plateau’s problem.

The present paper is divided into two parts. In the first part I
give a partial answer to the problem of finding the number of minimal
surfaces spanning a given contour in R® In the second part I give a
generalization of the Riemann mapping theorem. The methods used in
the proofs of the above theorems are contained in the Morse theoretic

approach to Plateau’s problem.
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2. ON THE NUMBER OF MINIMAI, SURFACES SPANNING
A CURVE IN R3

The following theorems give a partial answer to the problem of
finding the number of minimal surfaces spanning a given Jordan curve
I in RS.

Theorem 1. For any natural number n, there exists u Jordan curve

I' in R? that has exactly (2n - 1) minimal surfaces spanning T'.

Conjecture 1. For any Ct-Jordan curve I" in R® there exists an odd

number of minimal surfaces spanning .

Remark 1. An affirmative answer to the above conjecture will
imply, as a special case, a general solution of Plateau’s problem for

C!- Jordan carves I'.

The natural question now is whether the set of Jordan curves such
that the solution to Plateau’s problem is unique is in some sense generic.
Such curves are referred to as curves of uniqueness. The following theorem
gives a partial answer to the above question.

Let S be the set of Jordan curves in R®. A topology is defined on
S with a metric d as follows. For any two Jordan curves I'y, I'y in S

d(ly, T'y) = inf(lvi—vello

where || - || 5, is the usual sup-norm and where y;, v, run over all possible

homeomorphisms of S! with I'; and I', respectively.

Theorem 2. The set of Jordan curves such that the solution to Pla-
teaw’s problem is unique is dense in S. Furthermore, the set of Jordan curves

such that the solution to Plateaw’s problem is not unique is dense in S.

Corollary. The curves of uniqueness of the solution to Plateaw’s

problem do not form an open set in S.

Conjecture 2. The curves of uniqueness of the solution to Plateau’s

problem form a set of second category in S.



630 ITPAKTIKA THE AKAAHMIAS AOHNQN
3. ON A GENERALIZATION OF THE RIEMANN MAPPING THEOREM

Riemann’s problem of mapping a simply connected plane region
whose boundary consists of more than a single point conformally on a
circle as normal region can be reduced to the study of two problems:
(1) the interior problem that concerns the map of the interior points and
(2) the boundary problem that concerns the behavior of the map on the
boundary. It was Riemann who studied the first problem by using tech-
niques of the Dirichlet principle and Schwarz and Neumann who gave
proofs for the case of regions with restricted boundaries. Later, Osgood
gave a satisfactory answer to the general case using methods due to
Poincaré. The second problem was solved for analytic boundaries by
Schwarz and in other special cases by Picard. The general case was trea-
ted by Osgood [11] and by Carathéodory [1].

It is my purpose nowto indicate how I can apply the theory of
minimal surfaces for a generalization of the Riemann mapping theorem.

Consider the minimal surface equation (L.agrange [5]) given by
. (14 02) 0. — 27,9,0,, + (1491 0, = 0.

The surface is assumed in the non-parametric form and Plateau’s pro-
blem is regarded as a generalized Dirichlet problem, with (I) replacing
Laplace’s equation. According to Weierstrass [22] a parametric form of

the solution for the minimal surface equation (I) is given by

x = Re F;(w) (1)
y = Re Fy(w) (2)
z = Re F3(w) (3)

where F;(w), Fy(w), F3(w) are any analytic functions satisfying

Fy2(w) 4+ F2(w) 4+ B (w) = 0. (4)
Set

0, (w) = & (Fi(w) 4 iFs(w)) (5)
and
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It follows that

X + iy = flpl(w)dw ——f\?::; dw. (7)

Denote

2 (w)
P, (w)

Ul = [y (maw —
the we can state the following theorem.
Theorem 3. Let I' be a simple closed analytic curve in the z-nlane.

Then there exists a regular function  (w) defined in Q = {w: |w| > 1}
that U (y,) maps Q simply onto the closed domain exterior to I' and such

, such
that infinity is mapped into infinity, for a fixed regular function ,(w)
defined in Q.

Remark 2. If y,(w) =0, Vw, then the above theorem implies
the Riemann mapping theorem, as a special case.
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to Professor S. Smale for introducing me to this field of mathematics

and for fruitful conversations.

OEPRPIAHYILS

‘H magoloa avuxoivmoig dmotehel cuvéyelav Tijg mOONYOUREVNS GVUXOLV()-
o~ ’ e S ’ 3 A\ 3 ’ E] ~ c A b
oemg oD ouyyoagéws, Ttg avexowvwdn elig v TAxadnuiav TAdnvdv, Um0 tov
titdov: «Morse theory on Hilbert manifolds and Plateau’s problem». Eig
™V wagoloav Gvaxoivooty Gmodewvistal pia meotntwolg tod meofAnuatog evoé-
cewg 100 Gorduod td@v Aloewv gig 10 medPAnua Tod Plateau.

To medPinua adrd Eyxer draoygorioel dotopévovg tdv Staonuotéowy pody-
patx®dv ot 190v xai 200V aidvog, Smwg tovg C. Carathéodory, D. Hilbert,
B. Riemann, H. Schwarz, K. Weierstrass &g &nionc J. Douglass, C. B.
Morrey, T. Rado, S. Smale, xai dAilovg morlovg.

‘H negintowoig v 6molav 6 ovyyoapevg &xel dmhvoet, oxetixd ue 10 Gvom-
téow moPAnua, elval odoiddovg onpaciag, xadéoov dmuiovoyel Tv detxi)v eixa-

’ (74 € S5 \ ~ / ~ 7’ ~ ¥ ’ e
olav Ot 0 douduog t@v Mioewv tod meoPAnuarog tod Plateau eivaw mdvrote &vac
meuttog Gotduog 81° omotavdijmore xapmadiny tod Jordan, eic tov ydoov tod
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Edxhetdov. Q¢ ndoiopa tijg dvotéon sixaciag elvar uia yevin) Aoig tod mooPhij-
uatog 1o Plateau xal ovyyodévws #@aguoyal elg ™y Pvownv dg w y. elg TV
ewolav tiig oyerndnroc.

Eic m)v dvaxoivooy diatvmottar uédodoc 1ol cuvyyoapéws, mOEQLOMEVY
and ovumepdonato eic 1 meoPAnua tod Plateau, Gmov dider uiav yevirevowy
évog tov Yemonudtov tod B. Riemann, tdoa yvoorod @¢ Riemann Mapping

Theorem.
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‘O *Anadnuairog x. ®iAwy Bastdeiov, magovsidlmv v dvoréon Gva-
xotvwouy eime o EETjg:

‘H goyacia tol =. Ogwiotoxhéovg Pacowd, ue tithov «To modBinua tob
Plateau =al yevixevoig tils mootdoswg amexovicewg tod Riemann» — 2oyacia
v omotav £m Ty TNy va Gvaxowwow eig v “Axadnuiav TAdnvdv — dmo-
tehel GUVEYELAY NEONYOVUEVTS Gvoxovwoewg ToD tdlov ouyyoapéwe yevoudvng dmi-
ong eig v nuetéoav ‘Axadnuiav. Mé v sdxatolav Tig onueoLviic avaxowva-
oems, EmTEEYATE Hov V& Gvagéow TNV Alav TiumTirly weoo@oody Tiig 6moiag
gruyev 0 %. Paocoidg, 6mwg drotedéon wéhog, S 10 Enduevov aradnuairdv £rog,
1ol mequpnuov Institute for Advanced Study eic Princeton tdv ‘Hvouévov
[Tohtewdv. Eig oyetunyv émotodiv tov 6 xadnynuig tod év Adyw ’Ivetitovrou
Marston Morse £éx@odlel td ovyygagntijowd tov dud 10 medyunatt Bvivrwolaxdy,
Omwg Aéyer, fgevynuinov Eoyov tol x. Pacold xal mwagaxivel adtdv Srwg doyo-
AOn xal pe Wundg tov foyaciag, tag 6rolag 6 Morse, Adyw huxlac, dduvatel
nhéov va ouveyioy).

To meoPinua, 10 6molov @éger TO voua tob Bédyov guowrod J. Plateau
(1801 - 1883), davagéoetar eig v elgeowv BhayioTin®dv Emipaveldy, dniadn &m-
pavewdv ghayiotov BuPadod, &xtewvouévov Amo Sodeloug xhelotdg ocuvooLandg
yoauuag (ovvoga), 8mwg %al xotd TV TEdTNV dvaxoivwowv tol x. Poacowd dve-

ntigapev. ITodrog 6 Plateau meoéPn elg oyetive ug 10 modfinua adtd @uowrd
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’ 9 € e € ’ ~ /’ b 4 ) \ Y
newoduara. ITap® Ghov Gt 1) drtatimwolg tod mopoPAuatog elvar doretd ocagng
nal Arhf, Guog v uadnuoatixn énilvoic tov, »al udhiora VmO yevixevpévny poo-
@iy, ametéhecev ¥ntote avuneipnevov Badelog doevvng — 2oevvng oxsnlouévng ue
ahelotovg nadmuatinovs #hddovg, Grmg Tiig «Zvuudopov *Anenoviceme», TV «Ata-
poowxdv "Eficdosov pe peondg magaymyove», tijg «doyiis Dirichlet», xai avrijg
- ’ ~ ’ ~ ’ »n ~ S ~ e’ A\ er
andun g «Oswolug tiig Syetvdtnrogr. “Ag onueiw i) 0@, Fti @uownt) Vragkis
g Moewg @uoixod tivog moofhijuatog dév onuaivel xat” dvdyxmy xal v Umog-
Ewv Mioeowg tob avtiotoiyov padnuatizod meoPAquatog, Omwg, &n’ edxrawole tiig
aoyiic Dirichlet, #deiEev évmoltegov 6 mohvg Weierstrass.

‘H dc dve yevirevuévy upoogl tol moofAiquatog Plateau, dgooq eig
v-dlactdrovg ymoovs dvri tod Edxhedelov xal glg ouvogiaxdg yoauuag dmotedou-

’ E \ ’ ’ \ ~ ~ ~ £ g
uévac Gmo ovotnua memeguouévoy 10 wAfidog yoauudv Jordan. IModrtog 0 *Ape-
oxavoe podnuatinog J. Douglas elpe #al wdhiota v yevirevuévnyv adtiv Adowy
100 mpofAfuatoc, tundelg &’ adtd ué 1o Fields Medaille, 1o 6molov dmotehel
My avordmmy riumuxy Sidxowoty St 1 Madnuatixd, dvrotoyoloay ué to foa-
Beiov Nobel, Siudxoiowy amoveundeicav eig tov Douglas xata 10 elg Oslo, 10
1936, Aedvec Madnuatxov Zuvvédorov.

“Ouwg, xai pere 1o énitevyua tob Douglas, morha xal évdiagpéoovra meo-
Bhjuara gnl tdv flayoTind@y Emipavel®y mwagéuevav medg Gmdvinotv. Metaky
avtdv meothaufdvovto Tntijuara dvagegdueve elg Ty povadxétnra i i @V
Mioewv tol moofAjuatog Plateau, eite elg thv ovvéystav tdv &v Aoy Aloswv.
Kal modypart fto ethoyov va dieoweniy raveic, dv d&v elvar duvatai meguoco-
TepuL Tijg (ids Adeeg tod mooPriuarog, 8@’ Goov O dotouévag xhetotdg ovvooLa-

\ ’ C c ’ ~ c / c v a LY ’, b 3
%0g yoouuds, Oz etoédn neloapatinds, ai Moeig breoéBforvay v uitav. *EE dikov
1] énéntaotg ot moofAfiuatogs tob Plateau eig molhamrétnrag Hilbert dmerté-
Leoev £réoav xatevBuvoly yevireloewe.

Eic v moonyndeicav avaxoivwory 100 % Paocoid sl v *Axadnuiov
*AdInvadv, 6 cvyyoagedvs eixev doxolndi ug v Epaguoynv dowouévng Yemolog

)
rob Marson Morse S tac morlanhdmmrag Hilbert xal eig 10 medfAnuo tod
Plateau. “H &v Aéyp dewola Morse &xtidetar eig 10 yvwotov olUyyoauud tou
Variational Analysis in the Large.

‘H neolmtowoig tdoa v 6moiay 6 «%. Pacoidg moaynatederal €ig Ty magod-

- ’ C . ) \ 3 A\ -] rA 174 \ ~ ~ &,
cav avaxolvwoly, ®Mynoav adtov g v eivactav, 61t «To aiijdog tdv Aoewv
tod mooPfAiuarog Plateau eivar mdvrote meoittdy, di° olovdimore memeoaouévov

cVotnyua yoauudv Jordan g ouvvéowv xai eig tov Evxheldeiov ydoov.
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‘H &v Aoy avaroivowoig diatgeitan elg dvo péon : Eig 10 modrov 6 ouyyoo-
& ’ \ ) ’ 3 \ ’ c 7’ ~ L ’ ~ k-1
@evg Oider ueguy dmdvinowy eic 10 mEdPAnua edoéoemg Tol whjdove tdV Ehayt-
oTLRMV EmQaveldv, al 6motal Extelvovrar amo dodeloav ouvoolaxy yoauuny gig
tov todidotatov evxheideov ydgov. Eig 1o devtegov uéoog mapéyer yevixevowv
t0d Jepehiddovs Yeworpatog tiig cupubepov dmetxoviceme, Aeyopévou xal dew-
£ - ) ’ . 9 E-) ’ ’ c ~ \ ¢ -~
onuarog anewovicews Riemann. Kat’ avtd, xdde dankdg ocvvertixov dmholv
ywolov tol Emmédov, e tovkdyiotov Vo ouvopland onuela, amexovilerar pe
uioy 6L0H00YOV GUVAQTNOLY GUPLUOVOONUAVT®S %ol GUUUOOPWS €lg TO E0MTEQIROV
£ \ g L) ’ 3 A 3 \ ~ ’ / L] ’
évog xurhov, Wdiatépns elg 10 EowTeQunov Tob povadiaiov xvxhon. *AEoonueiwtov
er (3 ’ 14 c -~ £ -~ 3 \ -~ 3 ’
gival, 0Tt ol uédodor al 6motar dxolovdolvral el v magoloav aGvaxoivooLy
d&v drapégovv Gnd dxelvag tag 6molag yonoumomoiei 6 Morse xatd Ty dewon-

v wooonéhacty Ttod moofAuarog Plateau.
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