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ABSTRACT

In the present paper the systems of two-dimensional singular integral oper-
ators which solve the dynamic and static boundary value problems of three-
dimensional elasticity and thermoelasticity are formulated by using the singular
integral operators technique. In this way, the singular integral operator method
may be established as a means for solving practical engineering problems in

many fields (three-dimensional inclusion and crack problems etec.).

1. INTRODUCTION

Several numerical techniques have beén developed into efficient
tools for the solution of problems of continuum mechanics in the last
fifteen years. In particular, the finite element method, although is now
well established as a means for solving practical engineering problems
in many fields, presents certain application problems. Even where the
most sophisticated data generation and checking facilities are available,
the expenditure of the data preparation is considerable. The finite

element method requires the solution of a large number of simultaneous
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equations which results a high computer time for the solution of these
systems. Nevertheless, the use of most of the information obtained by a
finite-element program is useless, thus the engineer finds it difficult to
select the results of interest to him. Finally, the aforementioned techni-
que gives good results for the displacements, but less accurate results
for the stresses, which are in most cases of greater interest to the engineer.

On the other hand, the difficulties associated with the finite - ele-
ment method may be overcome by the use of the singular integral oper-
ator method. It should be mentioned that the integral methods are an
extension of the method of Fredholm integral equations, which can be
considered as a direct application of the results of potential theory
[1 to 9]. This method seems to be without merit today because only spe-
cial problems are analyzed and the mathematical treatment lacks rigor.

Furthermore, only plane and axisymmetric elastostatic boundary
value problems had been thoroughly studied until 1950. This was due to
the fact that the aforementioned method seems to be inadequate for the
investigation of the second and the third fundamental boundary value
problems.

More recently, by using the method of potential, Kupradze [6], as
well as Kinoshita and Mura [9] have obtained systems of singular integ-
ral equations for the first and second fundamental problems. In 1963,
Kupradze applied his method to the more general case of periodic oscil-
lations of an elastic body. In this work general and rigorous proofs based
on the theory of multidimensional singular integral equations are given
in order to establish the existence and uniqueness of solutions for homo-
geneous and piecewise homogeneous bodies.

In 1967, plane inclusion problems were investigated by Rizzo,
Cruse and Shippy [10 to 13] by using the singular integral operator
method. Swedlow and Cruse [14] presented an elastoplastic analysis, the
results of which were generalized in the case of anisotropic compressible
materials subjected to strain-hardering by Mendelson [15]. Green and
Sneddon [16] applied the method of potential to the three-dimensional
fracture analysis while Irwin extended this solution [17] to the case of
a flat elliptical-shaped crack in an infinite body and estimated the stress
intensity factor (S.I.F.) and crack extension force for a part through
crack in an infinite plate. T'hus, the method of Irwin provides a power-
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ful technique for solving both three-dimensional inclusion and fracture
mechanics problems.

The work amount in the area of three-dimensional analysis of
stresses near cracks due to thermal loading is rather limited. In 1960,
Olesiak and Sneddon [18], presented the solution for a penny-shaped
crack in an infinite elastic solid with either the temperature or heat
flux prescribed on the crack surface. The solution was restricted to
being axisymmetric about an axis passing through the center of the
crack and perpendicular to the crack surface.

In 1963, Florence and Goodier [19] obtained the solution for an
insulated penny-shaped crack embedded in an infinite medium perpendic-
ular to a uniform flow of heat. Their solution was obtained by super-
imposing upon the undisturbed heat flow, the results for a problem
having the opposite temperature gradient prescribed upon the crack
surface. In 1966 Smith [20] used Schwarz’s alternating method and
calculated opening mode stress intensity factors of a semi-circular edge
crack located at a free surface for both thermal and isothermal loading
conditions.

Various authors have considered thermoelastic solutions pertaining
to the effects of change the specific volume for elastic inclusions of
various shapes. Goodier [21] has reduced the general problem of an
inclusion of arbitrary shape embedded in an infinite matrix to the
solution of a problem of potential theory provided that both the inclu-
sion and matrix have the same material properties.

Gatewood [22] solved the problem of a matrix in the shape of a
circular cylinder with an eccentric circular inclusion embedded within.
By using Goodier’s method Gatewood obtained and presented a particular
solution for the case where the composite body is at a uniform tempera-
ture above a stress free reference state.

Mindlin and Cooper [23], as well as Kdwards [24], Goodier and
Florence [25] and Segedin [26] have obtained thermoelastic solutions for
the case when the elastic constants of the inclusion and matrix are
different. Using Goodier’s theory Mykelstad [27] solved the case of a
spheroidal inclusion and a semi-infinite cylinder embedded in infinite
matrices. Goodier’s solutions to the semi-infinite matrix were extended
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by Mindlin and Cheng [28] and the problem of a spheroidal inclusion
located at any depth below the surface was also solved.

Edwards [24] obtained the thermoelastic solution for a spheroidal
inclusion in an infinite matrix (of which a special case in the solution of
Mykelstad) by superimposing particular solutions which were generated
using the Boussinesq-Papkovitch formulation.

Liu [29] has recently solved the problem of an infinitely long
cylindrical inclusion embedded in a half space where the cylindrical
axis is parallel to the surface and the depth of the cylinder is not
restricted except to insure that the inclusion is within the matrix. The
method used was an extension of Goodier’s and the composite body was
assumed to be at a constant temperature above a stress free reference state.

Goodier and Florence also solved the three-dimensional problem of
a spherical inclusion in an infinite matrix by using Goodier’s thermoe-
lastic potential to find a particular solution for both the sphere and the
matrix and by using the Boussinesq-Papkovitch-Neuber formulation to
solve the isothermal homogeneous equations. As in two-dimensional case
the solutions are superimposed using appropriate constants to insure
compatibility at the inclusion-matrix interface.

In 1978 Theocaris et al. has considered [30, 31] a general method
for the numerical solution of the aforementioned boundary value problems
by constructing a cubature formula for the evaluation of two dimen-
sional singular integrals, which are frequently encountered in them.
It should be noticed that for the construction of the above referenced
cubature formula one did not need to discretize the surface on which
the integration was performed into pieces, while the surface data of the
density function did not need to be considered as constant. This is the
main advantage of the method reported in [30, 31] in comparison with
the B.I.E-method developed by Cruse, [12 to 14]. The same method was
extended by Theocaris et al. in solving three-dimensional crack
problems [32 to 34].

2. SETS OF DIFFERENTIAL EQUATIONS

In an orthogonal rectilinear system of reference O (x;x;x3) we
introduce the notation U (uy, uy, ug) for the elastic displacement vector,

¢;; for the components of the deformation tensor and o;; for the compo-
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nents of the stress temsor corresponding to the displacements u [1].
Tensor oj; is related to &; by Hooke’s law :

0ij = Cijkl €1, (1)

the Hooke constants c;j satisfy the relation [2]:
Cijk1 = Cklij = Cjikl , (2)

because of which it is valid that:

Gij = Oji. (3)
If the influence of couple-stresses on stress concentrations is taken into

account [3, 4] relation (1) must be modified as:
W = Cijp Oy, (4)

where u;; denotes the couple-stress tensor and w,, the local rolation tensor.
Let us now investigate the case where heat sources act inside the

region under consideration, constituting a part of a body V. Then, a

change in temperature T of the body results

in a corresponding change of the state of TX'

stress, which is calculated by:

0ij = Cijk1€k1+Cy; T, (5)

where the Duhamel Neumann constants c;; [5]
satisfy the condition:

€ =" (6)

In textbooks [2] on the theory of elasticity it
is shown that the equations of equilibrium for
an elastic body, on which the body forces F

act, have the form:

oj; +Fi=0 1,j=1,238. (7)

Inserting here the values of o from (1), (4),
() we get the basic set of differential equations in the displacements,
whose general from is represented by:

HoU+B=0. (8)

The operators H, B are tabulated in Table I, while U denotes the

unknown displacement vector.
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3. BASIC FORMULATION OF THE BOUNDARY INTEGRAI, EQUATIONS

The integral method which is analyzed here consists in the
transformation of the sets of differential equations which are presented
in Table I to sets of two-dimensional singular integral equations relating
the unknown function and some of its derivatives to the given values on
the boundary. In the case where analytic solutions are contemplated, the
transformation of the field equations to singular integral equations is of
little interest. However, if numerical techniques are to be used, this
transformation is necessary for the following reason.

For each x €S (where S denotes the boundary of the region under
consideration) the solution of the systems of singular integral equations
is the displacement function U (x). From this information the values
of U (y) are calculated directly for each interior point y € V. The main
advantage is therefore that, since the problem was transformed from a
problem over the volume V to a problem over its boundary S, we need
to discretize only the boundary and solve the resulting equations. Stresses
and displacements for bodies with non-smooth boundaries with non-singu-
lar boundary stresses have been shown to be accurate within the internal
region located one nodal spacing from any boundary. In contrast to
the usual improvement of accuracy, associated with the refinement of
finite difference or finite element nodal spacings, an analogous refine-
ment of boundary nodes for the singular integral operator method is
always advisable. Thus, the dimension of the problem is reduced by one
order (e.g. the solutions of the singular integral equations over the body
are replaced by the study of its behaviour on the surface), which greatly
simplifies the use of the computer program, especially the specification
of data and interpretation of results, and also reduces the order of the

system of simultaneous equations to be solved.

The differential equation (8) (Table I) can be readily transformed
into an integral relationship by using Betti’s theorem and a limiting
process [6]. In the present study, the relationship is established in terms
of generalized functions, by use of the distribution theory. This techni-
que is an elegant and powerful tool for the transformation of an elliptic
operator, for which a fundamental solution is known, into an integral

relationship [7]. For convenience, operator symbols are used in the
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following derivation: V is the gradient operator, V. is the divergence
operator. Bold-type symbols without indices represent tensors, while
with indices represent their components. We consider in the following,
the first fundamental boundary value problem (IZ, [6]) and we investi-
gate in detail the derivation of the related integral relationships. The
collective results for the second (IT%), third (I11) and fourth (IVY) fun-
damental boundary value problems are derived by applying a quite simi-
lar technique and are summarized in Table II.

To derive a formulation of the aforementioned boundary value
problem (I¥) in terms of distributions, one applies in the sense of distri-
bution theory the operator H (Table I) to R(S)U where R(S) is the
characteristic function of the domain V with boundary S at every point
X (xq, X3, x3) of the domain V being considered. That is, R(S) =1 if
XeV, R(S) =0 if X¢V. Now let E be an elementary solution cor-
responding to the operator H, then:

HoE =5, (9)
where 98(S) is the Dirac distribution on the surface S, then:
H<R(S)U> =R (S){HoU} —T,T8(S)> — T d(S),  (10)

where the sign <{ > denotes a distribution and {} represents a regular
function and T, is the operator defined by:

Tu=7\VU'+HV'n+MV'nT‘ (11)

here A, u are the Lamé constants, n is the outward normal to S.
Recalling that HoE = 3§, relation (10) may be rewritten as:

UX) = —[EX VB AY+ 1, (EX,Y)) U(¥)ds -
H . (12)
—[E& ¥) 1. (U)as, Yes.

For the particular case considered here, the elementary solution of equa-
tion (9) was derived as [19]:

By&, ) = [£] fo—ans, + Bl Gmml] g
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where k =—(1+4+v)/8xE(l—v), E = Young’s modulus, v = Poisson’s
ratio, while r denotes the distance between the points X, YES. Let us
consider the case of zero body force (B(Y) =0). The point X may be
on a smooth surface, or at the intersection of several smooth surfaces.
Let {Ui};=1,2,3 denote the displacement field and o;(U), its corre-
sponding stress field. If U; is continuously differentiable in the domain
V -V, and on its surface, the divergence theorem may be used to give
(the subregion V. surrounds X and tends to zero as ¢—0, with S; we

denote the surface of it):

e (X, Y) U; (X) + T (X, Y) U; (¥) dS = [ E; (X, ¥) T (U)dS, (14)
where,

ci; (X) = lim [1;(X, ¥) S, (15)
SE

and
k

r2

Ty(X, YY) = —

0
a—;(8ij+3/(l—2v)r,ir,,~)—njr,i+nir,j (16)

here the principal value of the integral on the left side of Eq. (14) is taken

n;, n, denote the components of the outward normal to S. It is interesting

to note that the value of c¢;;(X) would change if the shape of region of
exclusion used to define this principal value is changed. The two-dimen-
sional singular integral equations which solve the second (II), third
(IT1%) and fourth (IVY) boundary value problem are summarized in
Table II. They are derived by using a quite similar limiting process
and their form is analagous to that of Eqn (14).

4. DISCUSSION

The results of the present study demonstrate the application of the
singular integral operators method to three-dimensional static, dynamic
and thermodynamic boundary value problems. In order to solve the
systems of the related singular integral equations, Cruse et al. discretized
the surface of the three-dimensional region under comnsideration into
subregions. This technique allows inhomogeneous bodies to be analyzed

without appreciable reduction of the accuracy. Then it would be pos-
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sible, by a proper elimination of the traction unknowns, to create a
stiffness matrix for each subregion.

In most of the practical problems it appears that the aforementioned
integral operators method requires less execution time than the
equivalent finite-element analysis provided that the results are required
at not too many interior points. Practically, it is the results on the
surface which are of primary interest, while results at interior points
can be readily obtained by a judicious positioning of interfaces. However,
as the complexity of the problem to be solved increases, more tests
must be carried out before the conditions under which the proposed
method is advantageous (compared with the finite element method) can be
precisely defined. The optimal algorithm is probably a mixed-mode one,
in which both formulations are used according to their suitability. The
generalization to the analysis of time-dependent phenomena presents no
additional analytical problems although the numerical procedure to be
used is greatly complicated. Material anisotropy, inhomogeneity and non-
linearity provide great numerical difficulties and we conclude that the
entire range of problems can be solved economically by using the
singular operator method. It is anticipated that at least the problem of
the permeable anisotropic elastic material, a fair approximation to soil,
can be considered.

Finally, a worth-to-mention conclusion of the above analysis is
the fact that, independently of the physical problem which is solved,
the form of the resulting differential equation (Table I) remains the
same. Furthermore, in Table II the aforementioned differential equa-
tions are transposed, by following a suitable limiting process, to their
corresponding equivalent systems of singular integral equations. Thus,
it seems that the complexity of the physical problem solved, af far as
the variation of the boundary conditions are concerned, does not mainly
affect the form of the system of singular, integral equations to be
solved, but rather, it results in a more complicated structure in their

kernels.
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AEBEPTAHRWYILS

Eig 10 mapdv dodoov poppdvovrar aoyrdg, tfi Pondele tol teheotinod
Loytopot, ta cvotfuata Oiagooux®v EEcdoemv Tt émlvovra 0 towdridotatov
\ 7 ’ ) ’ ~ c v c k- ’ ~
ouvootaxov modBinua tvydvrog 8yxhelopatog D (tob Omolov 1) Emipdveia Yewoei-
tar ©O¢ Aeto dmpdvera Lyapounov) elg tv yevixotdiny Tov HOQQTV. ZUYHEXQL-
uévag, mooéyetal xoate Teémov cvotnuatiéy, (elg tov mivaxa I), 1) poopn TdV
dapoon@v adtdv Elowoswy Ol TAG MEQIATWOELG OTATIXRDY, dUVOLXDY, OTOTL-
x®V - Yeopoeractix®y nal duvaur®dv - YeguoehaoTix®v TOLEOLAOTATOY GUVOQLAXGDY
moofAnudrov tiig cvupéroov 1 dovuuéroov Ehactivdinrog (8hactivdtnrog TmOU
COSSERAT).

IHapatneeitar St 1) poggr tdv EElcwoewv adtdv magapéver Gvarlolwtog
(2tlowoig (8)) aveEapritmg tod émAvouévov moofijuatos. “H magarionoig avt
amotehel TNV cuyrexouévny Exqoaocty Goglotwv uéyor twea toyvooudv [1 éwg 29]
neol THig duvardTnTog EVOTONUEVNS GVTLUETORLOEWS TAOV TOLGOLAOTATWY GUVOQLO-

. ; -+ + + o
x@v mooPAnudrov (tinev 1T, TIE, IIIE, TVE) mod dgogodv Aelav dmpdveia S
’ L ’
tuyévrog dyxhelopatog D.

Aedopévov Gt 1) U0 nhetotnv pogeny EmiAvols TOV cvetnudrov T@v diago-
o@v 2Elooewy oy meotelvovral d&v xatéotn mEog TO maEov Eguxty], 1) &milveig
TV Goed TNV Epaguoynv doxtuacpévev aordpntx®yv uedodwv.

T #loLa xoeeaxTnELeTIRG TVYovong Gowduntxiis uedodov, dveEapritwg tob
gmAvouévov mooPfAfuatog, eivar: i) to péyedog tol moAvmAdxov Tiig ueddédov,
ii) 1| taydmmg ovyxhicewg t@v Gmoteheopdrov tng, iii) 7 olxovowwxny Epoguoyi
me S tdv dratideuévov NAextoovin®dy VTOAOYLOTGV.

c 7 73 L T ’ ’ L < 3 ~

H yevixotéoa uédodog mov velotarar uéyor orjuegov eivar 1 uédodog tdV
neneoaocpnévoyv ctoLyetmyv. ‘H xardorowolg tod meog EntAvow yoou-

~ /’ 3 /’ \ \ c ~ T -] ~ ) ’ e 2
uxod cvoriuartog Elodoemv mEoOg TO OmoTov ival GELIunTIx®s toodUvauot of EEi-
ooeig tob mivaxog I, O&v ovvavia VYewontirdg dvoysosiag. *Ev tovtowg 1 8nilv-
olg ol ovotHuatog avtod, Ady® Tig ueydAng diactdoswg TOV mEOG GVTLOTQOMNV
untedwv, xadioctatal dvoyeoeotdn, dxowg Gvrioovouxy wohkes qoots 88 Adyw
neploptopod v Yoy pviung tod diatidepévou fdentgovinod diegeuvmTol xal
3 /’ -~ 3 ’ ) s € \ A 2 \ \ er ’ c ’
avépuntog. Tobto dpsidetan ag’ €vog pev €lg 10 yeyovog Ot drapegileroar 6AoxAn-

e ~ ’ 3 ’ 3 ’ ’ 3 3 €_7
00g 6 dyxog Tob toWactdTov Byxhelopatog D eig orovyeimdelg megroydg, G’ Eté-

Y E) \ ’ 9 \ ~ 3 ’ A 3 s - ’
oov O¢ eic TOV ueydrov Goduov tdv Evdiauéowy xal dvev onuaciag dmoreheoud-
Tov mov magéygovrar Ol tiig uedddov tdv memepaouévov ororgeiov. [lpdoderog
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duoxohio S tov EgsvvmTny eivar xal 1) meostolnacio Tod tepaotiov dorduod dedo-
UEVOV 7OV TQOMYOUVTOL TOD TQOYQAUMATOS TMV TETEQUOUEVOY OTOLYElV.
5/H6 \ \ )\ ’ 6 ’ 5 ’ ’ '8 I’B 6 S Lok ~f‘
1, ®atd tog tehevtaiog dexactiag aventiydnoav pédodor avaywyic Tiic
gmlioswg tdV mootewvopuévov dtagoouxdv EEodotov, tig v nlhvoty oV dvti-
2 L ) ’ ’ c
otolywv cuvotnudtov idtounudoewyv ditditactdrtowy 6AoxAnomwrti-
~ 5. 7.4 € (74 ~ ~ ~ 3 ’ S ~ k) ’
#®v eEtodocwv. ‘H eloeog tijg noopis t@v idioudpgov adtdv 2Eiom-
oewv, mov moayuatomoteitor ti Bondelg tiic Yewolag @Y 1dtopudopwv
6AloxAnowtixndv tehectdv, elvar dvoyeoeordry.

Eig t0 magov dodoov magéyovrar al poggai t@v cvotnudraov t@v idlonde-

pv ddactdrmv 6hoxknowtixdv EEiodoemv (nivat I1) mod &milvovv ta Ox’ dordu.
+ + A : ; -
i, ME, i IV=E) ouvvoguaxa moofAtjuata O fxdotny t@v meQuaTdoE@Y
tob wivaxog 1.

e ’ 3 ’ ~ 3 ’ ~ ’ € -~

H mootewvopévy éaidvorg tdv &Eodoswv tob mivarog IT Omeorepel onuav-
Tixdg tiig nedédov TdOV menegaopévav orougelwy g mEdg TV TatitnTa ouyxAi-
oewg TV amoteAeopdrmy xal Ty oixovouuxrny éxthvolty T@v mootewvouévmy yoau -
wx®v ovotnudrov. Tolto 8¢ ot diaueollerar ¥ émipdveia S tod todrastdrov
gyxhelopatog xai 3yt 6AdxAngog 6 Jyxog tov D, Gnwe ouvvéBaive eic v uédodov
oV memeguopévav ototxeiov. Totovtotednmg ) didotactg tob EmAvouévov mo-
BAiuatog Elattoltal xata povdda, 10 d¢ uéyedog 1OV mEOg AVTIOTEOPNY UNTEOWV
xoadlotatar onuavtinde wxedTEQOY.

e ’ €’ ’ 5 ~ \ A /’

H mootewvopévn dpwg uédodog elvar demonuinde xota modd duoyeoeotéon
11 nedédov t@v memepacuévov oroiyelwy.

Avvarat, xata ovvémeiav, va hexdf Sn 1) modty uédodog wetagodler v
dvoyéoetav dmhloewg tod todlactdrov mofliuatog xad’ Ghoxknotav el Hmoho-
yotxnv totadtny, v 1) devtépa mov dqood v Epaguoyny g dewolac T@OV
idloubopwy teheot®v TNV petareémel wvolwg eic duvoydosiav Gvaluvtixdic pioemc.

ITapatmosital #al wdhy, &L aveEaprijtog tob EmAvopévov meoPAtjuaroc,

’ S 1

1 noggohroyio tdv mootewvouévayv idoudopwy 6hoxdnowtixdv EElsdoemv mapaué-
ver avarroiwtog. “Ocov mohlvmhoxdregov yiverar 10 meoc EmiAvowv mpdBAnua,
téoov meQuocdregov moAvmAdrov pooeiic xadiotavral of mvofjivec T@®v mooteLvoué-
vav gEowoewv (nivat II). ‘H magationoig avti) émreémet v Satvmodif 7 dmwo-
Yig tilg Evomoroewg Aoy t@V mooPAnudrov mobv dvepéodnoav eic tov mivaxa I
3 o\ ’ ’ N\ c 7 A 3 ’ \ ’
eig €v yevixatarov medfAnuo ue dolouévny diagoouv EElcwoty %al xadwoloué-
vnv me0g ExtAvowv 1diéuoopov 6hoxdnowtinny EElcmaty.

Téhog, mooopdtwg GvemtiydInoav uédodot duécov Emhldoewg @Y didiaotd-

tov Bopdogwv Ghoxknowtixdv 8Elodhoswy Hmd Tol cuyyoupéms %ol TV GUVEQ-
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yatév tov. Baotfovrar adrai eig v datdawow dorduntir@v tinov GAUSS dud

1OV Unohoyiouov TV Umetoepyouévav eig avtag didactdrmv idopndopwy 6Aoxin-

owudrov [30 Eng 34]. Ottwg, 6 dvemdiuntog dapeoiopnog tilic Emgpaveing S

xaragyeital, 1 08 didotaoic @V mEog énilvowy untedwv xadiotatal eloétt pxgo-

2 » 3 4 5 e S ’ 3 Vo \ c 3 A9
téoa. “Auecov amotéheopa eivar N axoifela GmoteAsoudtov xal 1) olxovoulxm

vmohoylotinn énetegyacia TOV GYETIXOY TQOYQUUUATWY.

Al duecor puédodor Eyovv diattéoav onuaciov el TNV AVILUETOTLOW TOV

todactdrov meofAnudrov gwyudv, dmov 1 Epaguoyn dAkwv pedddwv, pe ixavo-

momty axoiferav, xadiotatal &x tdV moayudtmv Gduvatog.
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