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STATISTIKH MHXANIKH.— QFT - Derivation of a conservative or dissipative
measure - preserving flow operator in quantum statistical mechanics, by C.

Syros*, dw 7ob *Axadnuainod x. Ilep. Ocoydoy.

The Lagrangian density of the Quantum Field Theory is considered as a generalized
random, infinitely divisible field. This allows to derive from the evolution operator in
QFT, U(t, t') a statistical evolution operator, U(t, t'), which after a quantization exhibits
conservative or dissipative properties. From this an averaging statistical evolution oper-
ator, T, has been derived. It is shown that T describes a measure-preserving flow with
ergodic behavior. It allows to give a quantum definition of the temperature in the equili-
brium or non-equilibrium state of the system.

1. INTRODUCTION

A derivation of Statistical Mechanics from Quantum Field Theory in Min-
kowski space proceeds, as a matter of fact, via changing the space metric. The
usual methods to do that is by going over to the Eucledian geometry by means
of a Wick rotation t — —it : e7iHt — e-Ht [1], [2], [3], [4], [5].

Although this is very useful in practice, it has the unusual consequence
— to name only one — of putting Statistical Field Theory to a fundamentally
different world from that in which Quantum Field Theory is operable.

* KQNETANTINOX XYPOE, Kafopiopods cuveinpnrikod i arnosfestixod tehectod pofic Sra-
tnpodvreg 0 pétpov sig v KPavrikiy Zrotiotikny Mnyyevikiv.



204 ITPAKTIKA THEX AKAAHMIAY AOHNQN

The purpose of this note is to give a derivation of a statistical evolution
operator which represents a flow, is measure-preserving and exhibits the prop-
erty of asymptotic ergodicity.

Our goal will be obtained by considering the Lagrangian density, L, of the
field as a generalized, infinitely divisible random field [6], [7]. The Lagrangian
density structured in this way will be studied in the Minkowski space-time.
This, in turn, is thought of as a lattice space with variable space- and time-
spacings.

Our next fundamental assumption is that the system generally evolves via
transitions (if it is microscopic, with microscopic boundary conditions, if it is
macroscopic, with macroscopic boundary conditions obeyed by the wave func-
tions).

The transition time fully determines the time- and space-spacing of the
Minkowski lattice space-time.

The transitions of the system constituents induced by the interaction
Hamiltonian, Hi(t), are assumed to take place just at the lattice points, and
the variation duration of the interaction Hamiltonian may be less or equal to
the transition duration itself.

The set of the transition proper time intervals {zt"} will be considered in
evaluating the chronological products as a «point» — set of zero measure.

The time-variation (within <tr) of the interaction Hamiltonian, Hy(t), will
be assumed to be very steep.

These are mainly the basic assumptions of the present approach to the
derivation of Statistical Mechanics from QFT.

In section 2 the derivation of the Random Field evolution operator U(t,t)
is given. In section 3 the Random Quantum field evolution operator Us(t, t') is
derived. Us(t, t') is dissipative for 6 = 1, and conservative for ¢ = 2.

Section 4 presents the averaging statistical evolution operator, Ts. It
describes hypothetical particles behaving like the average of particles of the
system partitioned in the sense of the state vector.

The averaging statistical evolution operator, Ts,is shown in section 5 to have
the properties of a flow operator wich is asymptotically measure-preserving.
In section 6 the determination of the transition time is discussed. It turns
out that the temperature depends for energy quantized systems on the Planck

constant, while for non quantized systems it is 2%—independent. Finally, in
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section 7 a general discussion of the obtained results and some conclusions
are given.

2. THE RANDOM FIELD EVOLUTION OPERATOR

The Lagrangian density of the field L(p,0.9) which is related to the
Hamiltonian density H(x) by

L(p(x), m(x)) = dop(x) 7(x) — H(p(x), 7(x)). (2.1)

@(x) is the field function, =(x) is the conjugate momentum, = = dL/d,p, X € M4,
the Minkowski space.

The evolution operator describing the change in time of the state vector
in the Schroedinger picture is given by

Ut,t') =P exp[—i(z‘;?)" [odtx HEx), (2.2)

where only the time integration is limited in [t, t'], while the other integrations
are extended over R?. P is the chronological operator.

It will be a fundamental assumption of the present paper that the Langran-
gian of the system has the properties of a random [6] field. In the present paper
H(x) is defined in the usual way on the space of the solutions of the Euler-
Lagrange equation obtained by the variational prineiple applied to the action
integral

I = fd*x L(p(x), m(x)). (2.3)

The functions (¢, ) satisfy appropriate boundary conditions.

Therefore, the space to which ¢(x) and =(x) belong will be assumed to be
the L2-space of the Euler-Lagrange solutions.

In addition, the validity of the Noether theorem implying a number of
symmetries will be manifestly assumed. Also, the variation of the functions
{o} will in the usual way include the variation of the parameters {h} of the
symmetry group, G(h), implying the conservation laws. Conceivably, if 3¢ is
implied by a symmetry parameter variation, then symmetry breaking occurs.
The bigger the symmetry parameter variation (breaking), the lesser the prob-
ability for the corresponding path.
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Definition 1

The Sy, is the parameter set of the general symmetry group following from
the conservation laws according to the Noether theorem.

Definition II

The field function variation 8¢(x) = ¢'(x") — @(x), where

?(x) = ¢'(x') + 3¢(x),
and
X —> X't = x# + dxv (2.4)

is called a Noether variation and includes variation with respect both to the
coordinates and to the symmetry group parameters, {h}.

Definition 11T

The field functions {@(x;h)|h eSy} satisfying the Euler-Lagrange equa-
tion oL/op — d, (L[dup) =0 are subjected to such boundary conditions
lim(¢(x; h) = 0, that (¢, «) eLz, and the integrals

X =0

So%d*x, [n2d*x are finite for heSp.

Proposition 1

Let

lo 9(x), 2p(x) €L,

20 do = ¢,¢(x).dt,

30 limy 1, d¢p(x) = do(x) (Noether variation).
Then, the series

n=0 j=0

D (@il []n] d3x; fdcp(xj;h)n(xj; h)] converges absolutely.
R®  Lg
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Proof

From u(t:h) = (nl)] f dx, f dg(x,;h)(x,5h)

it follows for the simplest case n = 1 and for the Noether [8] variation of
o(x,h) that

u(t;h) = f dox f do(x;h)dye(x;h) = f doxd,p(x;h)r(x;h)
R3 L M)

where M4(t,t') = R3® x[t, t]is a sector of M%.
From definition I and from the fact that d%x is Lorentz invariant it follows
that the integral is positive and finite

0< fd4[3y(sh)m(x)]< .
Since p™(t;h) = [w(t;h)]?, n =1,2,.., the proof is complete.

Proposition 11

Let
1o H(x) = ¢, o(x)m(x) — L(p(x), n(x)),

20 For L < £, L €R, a probability, P(£), be given such that the conditions are
satisfied:

a. P(§;) = P(&y), if & =&,
b. limes,— oo P(E) = 0, lime o, P(E) = 1,
c. limg oo P(E) = P(a).

3o The Lagrangian density be an infinitely divisible, random field:

N
L=2 L, foreveryinteger N=2 3,... .

V=

—
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with all {L,} varying mutually independent and having identical probability

distributions, P(£).
Then, the evolution of this system is described by (% = '1)

U(t, t') = exp{—ifd®x fdo(x)m(x)exp[ifd*xL(p(x), m(x))]}-

Proof
From 1o it follows that

U(t, t') = Pexp{[ — ifd*x[dym — L(p, s ¢)]}.

{ 5 (i) /(o )PLITfdox; fdg(xizh)m(x;sh)] (2.5)
v=0

j=0

- explif dtxb(o(x; h).dup(x; W),
where the first bracket, [ . ..]is equal to unity for v = 0.
In view of properties 20 and 3o, the last factor in (2.5) can be written as a sum
of infinitely many terms with identical probabilities distributions [6]:

L(o(x; h), 8up(x)) = 3 L(g(x;,h), & o(x;,h)) (2.6)

j=

—_

for all positive integers, n = 2, 3,....

Putting (2.6) into (2.5) each time with n equal to the order of the corresponding
term of the series and summing over all n using proposition I, we obtain the
random field evolution operator

U(t, t') = exp{—ifd*x [ de(x)n(x)exp[ifd*xL(p(x),n(x))]}, (2.7)
and the assertion is proved.

Corollary 1

The Feynman path integral.
F = (1/27)/OpDq expt(ifdt{pg—H(p, q)]),;=1 (2.8)

follows formally from (2.5) by using the substitution:
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((nh)~ Hfd"de@XJ XJ)*(i/zﬂ)Hffdcp x )dr(x;)

(p »=n(x), q— ¢(x), n= ). (2.9)
Remark 1

The first part of the correspondence (2.9) would contradict the uncertainty
principle on the quantum level.

Remark 11

The appearance of infinity on the rhs due to the non-existence of the
measure of the above relationship is prevented on the lhs by the factor 1/n!
for n=w.

Remark 111

The contribution to the evolution operator of the path integral in (2.9)
corresponding to the Feynman integral vanishes.

Remark IV

While elimination of p is carried out in (2.8) under the assumption [8]

H(t) = p*/2m + V(q), (2.10)

no momentum integration is required in (2.7). This renders the method interest-
ing for the quantization of more general gauge fields.

3. THE QUANTIZED RANDOM FIELD EVOLUTION OPERATOR

Energy renormalization was first introduced in thermodynamics by
Gibbs in the form of the chemical potential. This kind of renormalization wil]
follow spontaneously here from randomness and infinite divisibility of the
Lagrangian density.

Definition IV

(First quantization condition [7])

14
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, - , n+1/2,6=1
I(t, V) = | dix(L'(¢'(x), =(x)) =;jn s S0 WS
M4(t, t)

= 2 A(n, o).

2n

Proposition I11
Let the field action satisfy I(t,t") = 2—'; A(n, 6). Then the evolution o pera-

tor (2.7) becomes:

i) either time conservative [9] for ¢ = 2,

i) or dissipative [9] for ¢ = 1.

iii) Without first quantization, the operator shows a complex behavior.

Proof
From (2.1) and from (2.7) it follows that
U = Pexp[—(z) " fd*xd(@(x)m(x) sin ()" [d*x(H(x) — dpp(x)m(x))]
(5 ) " fdox fdo(x)n(x)cos[(z:) ' fdix(H(x)—dy0(x)m(x))]]. (3.1)

If we use Def. IV (3.1) becomes:

e (s, t’):P{eXP[_(zl_::)”l f:.dtH(t) —A(n, 1)], s=1 (3.2a)

exp[—i(z) j‘t'dtH(t) —A@D,2)], o=2 (3.2b)

where H(t) = [ d®xH(x)

Remark V

The Random Quantum Field evolution operator (3.2a) describes dissipative
QFT-processes, while (3.2b) describes conservative processes. It is noticed that
(3.2b) reduces the usual QFT evolution operator for A(0, 2): U(t, t') = U(t, t')

4. THE AVERAGING STATISTICAL EVOLUTION OPERATOR

The above result (3.2) is a consequence of randomness in QFT. Randomness
alone does not suffice to deduce Statistical Mechanics. Averaging processes
play an equally important role, and they have to be introduced explicitly.
Before showing the properties of the averaging statistical evolution operator,
the following definitions are required.
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Definition V
S, is the Hilbert space of the state vectors
/) -

¥ () == Il fdlces (ky ,. . K 5 t)at (ke )[0), 4.1)

a=0 V ! v=1

of the system whose evolution is described by U(t, t'). Sy, S are subspaces

of §,=S,@Sy, where ¢ = conservative, and d = dissipative.

Definition VI

The statistical evolution operator, T, obtained from U is defined by the
geometric mean of the product of the N steps

T, =[UE, N+ t) o U+ 1, ) (V4 7, 8)]N (4.2)

N
T, 1s the N —th transition time of the system,t =t'+ 3% =,, N is the total

n=1
number of transitions accommodated in [t, t'] and

N
s=@N) " 2 Ea().Tm ().

A=1

Definition VII

A measure space (Sy,S,p) Is constructed on :
i) Sy, the Hilbert space of the state vectors describing the system.
i) S, the o-ring of any combination of basis elements of S, .

iii) @, the measure on S, .

Definitition VIII

The Hamiltonian of the system, H, = H,, + H, (t) varies in a step-wise
manner only during a very small fraction, I , of 7, . The time 1y is time-inde-
pendent, H, (t,) = H1’~ , in the complement of each transition time-inter-
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val, Iz . H} is a function of the spatial coordinates of the lattice space in-

side the volume, V = abe, of the system. The wave functions of the system.
{c¢/m = 1,2,...} obey the equation

. do(q, 2

iz DY (Y L A (@ ) + H(q Yelg, ), teF; (4.38)
2

— (&) & Aadh (@ +HE (@) (@0, (@) = Enol(a), tely (4.3b)

for —a/2 < x < a/2, —b/2 < y < b/2, —¢/2 < z < ¢/2, and satisfy the boun-
dary conditions

o (+af2, ¥, 2)= ¢m (%, + b2, 2) = ea(x,y,£¢/2) =0 (4.4)
grad cm(£a/2, y,z)=grad cm (X, + bj2)=grad cu(x,y,+ ¢/2) =0.  (4.5)
H; (x) may contain W(q), an external field, and W(q, t), a two-body intera-
ction

Wi (q, t) = f®(q — q') *(q',t) o(q’,t)dq’,

which is treated as a perturbation.

5. THE MEASURE - PRESERVING PROPERTY.
Proposition IV

Let
1o The Hamiltonian H(t) = H, + Hy(t) be structured as in Def. VIIL

20 limyg_ye0 Hy(t) > ﬁw — constant.

Then,
1)) T gatisfies ™ K T =T s (flow operator).
i<W |9 W = < ¥ T | ¥ (measure-preserving).
Proof

First, (i) will be proved. In view of Def. VIII there holds

¥, | Wiah)="V{=})

1
V nl

- -

11 f di e=s c(ky,. .. ka3 t)oct(ke )| O).
v=1

=0
n=0
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By applying Ty on | W{m} we see immediately that T . Ty = T and

assertion (i) is true.

To show (ii) we recall that Hj(t) zﬁw = constant fort t—e, and

the set of eigenvalues {E,,}fas well as the transition times {ty, m—1} vary asym-

ptotically at most A-independently. Hence, if we form the sum

N
g = (fl:tN')—l D B Tm, m—1
A—1

with a different but large number of transitions, {N’}, the average value s’

will remain unchanged.
Consequently, if we define

Tasympt. :G: [U (t7 TN—I +t,)' . 'U(t/ +727 T1 it tl) U (t’, ot 15 t’)] L

then U is N-independent for M > N, and

B M M—1
T:sympt, i — [U(t/ + > , >t _l[— t') _—
N+3 N42 N+42 N+1
Ul +37, BT+ U + 25, Ir +1)
N N—1
UESt4t, Br+t)
B .U(t,‘|“’72 ‘I’Tp 7 -{—t')U(t/ +1'1 y t')]llM
where
M=N-|+N.

Hence, the inner product
<lF{m} \ T?sympt- ‘ \F{m}: < ‘F{m’} f T::{gpt- | 1F{m,}>

remains invariant, and this proves assertion (ii)

Proposition V

There are two types of dissipative evolution operators U:

i) With lim,_, o H(t) = He = time-independent > 0.
i1) With lim; . H(t) = time dependent.
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Proof

In case i) the proof follows directly from Proposition V. {E. (2)} and
{*m, m—1 (A)}tend to limits, s > S, <o , and the norm of T, in S, is conserved

for t= .

In case 1i), if im0 Hy (t) = time dependent - 0, then the expression

N
S:ﬁmN—)oo (,A;l;itl\l)“1 2 Em()\) « Tm, m—1 (7\)
i

has a finite limit, and 0 < || Ts | ¥{m}) || < o fort + o.

If lim o Hi (t) = time dependent —»o , then three possibilities exist:
increases in time, then |[T|¥{m} )|[-0fort- c.

En N).%m m—1 (A)> {constant » » » 0<|[Ts | Wi/ < sofort - oo.

decreases» »  » » 0<|[Ts | Wim})||< oo for t— oe.

Remark VI

The above result allows a classification of the time-dependent interaction
Hamiltonians with respect to their ergodic behavior. The proof of the following
statement is trivial:

Proposition VI

Let the time-dependent interaction Hamiltonian be such that

N
§ = lmne (%tN)‘1 2 En ) . Tm m_1(A) = constant for t- .
A=1

Then the averaging statistical operator, T , defined by
Ts =[U(t 4, on_g + 1) ... Ut + 7y, 7+ U + 75, t)]N,
N v—I
UEr, U+ t, 30, +t) ... U + 1+, 7 + 1) U+ 1, t)

where U (¢, t')
U(t, t') = Pexp {—(z) " [}, dt[Ho + H (t)] — A(n, 2)},

is ergodie.
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Proof

According to a new formulation of the Ergodic Theorem [9], if there are no
non-constant invariant functions, then there are no non-trivial invariant sub-
sets of gy. Hence,it suffices to show that T, | ¥'(m} ) asymptotically

liMoewTs | Pim )= lime e S Vlﬁﬂfdkg e on (ky,. . . knst) o (ky), 0)
n=0 nl! v=t

1s constant in time.

It can easily be seen that the wave [unction c‘:n()k,. . .121 ; t) becomes a
constant because of Proposition IV, 2°. For the same reason s takes a limiting
value, because the terms added to s belong to the constant eigenvalue set of
the limiting Hamiltonian. This limiting value of s is constant. Hence, the space
S, reduces under Ty for t - « to a constant, invariant sub-set.

- -
Conversely, constant ¢* (k;, ... kq ; t) does not in general imply con-

stant norm of T | W(m}), if the premisejis not fulfilled. According to the
above formulation of ergodicity, T is ergodic if and only if every measurable

invariant function is a constant. Since the expression
<Wimy| Tomet | Wim)) = Wi} | TEV™4E (m},

is finite and constant in time, T|W{y}) is measurable in the sense of
Def. VII. This completes the proof.

6. ABOUT THE TRANSITION TIME AND THE TEMPERATURE

The determination of the temperature of an evolving system is a matter
depending on the structure of the interaction Hamiltonian. This Hamiltonian
determines the evolution in time of the transition time, and this in turn deter-
mines the evolution of the system. Hence, the transition time is itself function
of the time, 7(t).

An exact determination of the transition times, t(t), requires the exact
solution of equation (4.3b). For interactions fulfilling certain conditions the
solution can be obtained by perturbation theory. We shall content ourselves
at this stage with perturbation theory.
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Two distinct cases will be considered: a) Transitions to discrete states,
and transition to the continuum. In addition, the interaction, H(t), is supposed
to comply with Def. VII and with the fact that its variation time is very

short. Also, in an evolving statistical system the interaction must act indefini-
tely (at each time-latice point) even if the system is in an equilibrium state.
The difference with a system in a non-equilibrium state is that H(t) is time-
dependent.

Since we are interested here in the transition time only, classical per-
turbation theory will be applied to find the transition probability per unit
time, Wam(t). From this the transition time follows from [10]

Tnm (t) = [\Vnm (t)]—l

o (8) =( L) ff’i’m om (V) ' ' — H, i (8) ;_:‘“T (5.2)
where wum = (E, —Em)(i)“l.
For the interaction discussed above, w,,, (t) is given by
i =t P 0 [HI,B,; (t)]2
+9tn (g 870" ¢ P () ")

If the evolution proceeds via states transitions continuous from a state
characterized by the parameters (£, ¢, E) to the state with (£ =& 4-d&, {' =
{ +dCE = E 4 dE), then the transition probability per unit time and per
unit volume in the parameter space is given by
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‘V(E? C7 E— £'7C'~E') = (%)-1 / HI; &M E , 29(&5 B E)a (5'4)

where o(g, 7, E) is the density of the states in the interval between [£, ¢, E]
and [ =E+dE, U'=C+ dCE = E 4 dE].
Now, if the temperature during the transition m — n is defined by [7]

h

o 2n
L nm — k
B Tam

(5.5)

then it follows from (5.3) - (5.5) that T,,, depends in the case of the quantized
states on the Planck constant, while in the case of transitions to the contin-

unoum, the Planck constant does not appear

T, n, B)=k;" |Hy g, n, & | %(E, n, E). (5.6)

If the interaction or the states density vanish, then the temperature va-

nishes too.

7. DISCUSSION AND CONCLUSIONS

Based on some simple principles, fundamental relations of Statistical
Mechanics have been derived from Quantum Field Theory.

The stochastic behavior of a QFT system follows naturally from the as-
sumption that the Lagrangian density of the field is a generalized, infinity
divisible, random field. This made it possible to derive the statistical evolution
operator, U, from which by a quantization condition the dissipative evolution
operator is obtained, or the conservative one in a more general energy renor-
malized form is obtained.

Using the statistical evolution operator, U, we defined the averaging stati-
stical evolution operator, T, which reduces the state vector space, S, to an
asymptotically invariant sub-set of constant state vectors. It has been shown
that Ts is a flow operator showing asymptotic ergodicity.

The temperature has been obtained as a functional of the interaction
Hamiltonian. It is directly related with the frequency of transitions of the
constituents of the system. This enables one to define the temperature in terms
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of microphysical observables in a way independent of equilibrium or non-

equilibrium states of the system. So the temperature is definable for isolated
systems without recourse to heat bath.

Another point is that the path functions space variations must, for con-
sistency, be in accordance with the Noether theorem.
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27 (n + —; ) ATOGPREGTIRGY.

‘O oratiotinds Tereathg eEertbews, U(t, t') Swwomdtar Sia T dve uBavro-
ozwg elg Sbo pépy, Exdrepov T@v dmotwy elva cuvtnenTixdy (conservative) ¥ dmo-
cBeatixdv (dissipative).

"Ex 70l otatioTinold Tteheotod Eehifews mapdyetar 6 pécog GTATLOTIXOG Te-
heatng EEehibewe péong Tipdc, Ts.

T=[U(t, t) - . . Uity ) W, ty)i VX,

‘H peydhn onpacta todtou #yxertor elc tig danpetinds iiétyrés Tou va mept-
Yodpe puwvbpeva pofig (flow) xal va Starnpel ©6 pérpov (measure-preserving). Oi
uétyrec adrég xabiotolv T Epyodixdy.

Béoer tév dvortéow xatéotn Suvatds 6 bpLopds Tig Deppoxpastos Tob susTuaTog
elg xatdotacy Oeppoduvauiniic iooppomiag #) w1 cuvaptioe: Tol uésou xpévoy peta-
Bdoews, Tom , TOV GVGTATIXGY TOD cusThuatos éx ping el &AMY @ixpooROTLXRY
KATEGTAGLY

h

2n
Tnm == k——7
B Tnm

h
émou 2z, kg ol otalepic Planck xal Boltzmann avrtisroiyws.
‘O ypbvog petafdocwe dmoroyileton sig Thy KBavrieny Muyavixhy db¢ Zuvaptn-

cLaxdy Tod tedeatol Hamilton dAknienidpdocws tév swpationv Tl cusTinaTos.
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‘O ’Axadnpainds . Hepuchils Oeoyxapng cic thv dvaxoivwety tob x. Kover.
Zdpov Aéyer Ta kgt
Kbpte IIpbedpe,

"Oray 7 Budmwph tob ‘Hilov pig Cwoyovi xatd tov yewwdve, tay aloBavdpedo
Ty edydptatov Eyydmyta Tig Eotlag xata Tig mayepds Ruépes, Grav elg SYmAx pn 6
Ppovpds Tie Tatpidog A 6 yLovedpbpog TuAicoeTaL gl T& Yovdpd Ev3bpaTd Tou, BhoL
gmducdxovy &va oxomdv: Tay Swxtipnow g Ocppoxpaciog Twmv.

Tt elvae Spwg adrd, T6 dmotov dvopalope Oeppoxpacioav; Mg bpiletar dmioty-
povixa xol ol elva f gdorg Tov; “Ohot yvewpilopey, 8tt & va Oeppdvorpe 16 B8wp,
pépope 6 mepLéyov TobTo Soyetov eig Emapiy pt Ocppdv odpa: PAdya A pikpoxdyata
%17, Nevindde: wpodg piav myyiy Oeppdtnrog bpropévns Beppoxpactioc.

Koo tov dver tpdmov peteronichn o Epdnpa wepl g Oeppoxpacios Tuydvrog
copatos Teds Exetvo Tig Oeppoxpacius T YR Ocpudryrog. AN 10 EpddTnua
mapapével dnbdpn dxéparov: «Ilédg 6pilerar #) Ocpponpacio the mny¥c Ocppdryros;»

"Av xal T0 EpddTnpa 8&v Eyel peydhny TpaxTinny onpactoy, dv xal 1 Depponpacto
oyetiletar mpodg Ty péomy Evépyelay TGV poplwy, w.y., Evdg deptov, &v Toltolg, TO
mpbBMpa tvar Oepediddovs Oewpnrindic onpaciog ol 8&v elval Suvatdy va mwapo-
yopeiedi. ‘O droroyiopos thHe péome dvepyelag TdY poptwy Tod deplov mpobmobérter
oyéow el THY OTolay Tpobmapyet 0m 7 Oeppoxpasto.

To mwpbBhnue Tob dptopod e Oeppoxpastiog AapPdver Tt TohvTAOXWTEPAY (LOP-
Ny, dobévtoc &1t elg 70 TAalolov i Pewptag TéV KPavrixdv Iledlov — pidc Hew-
ptag, 7 Gmote ouepov Aoy ExTipdtar G¢ 7 Baowewtépa pébodog mepLypagic T@Y
QueLx®Y pavopévey clg Tov Muxpbrocpov — adty) EEicoltar wpog TOV GvTioTpopoy
pavracTndy ypbévov. Tolovtotpdmwe cuvdyovtal oyéoeig Tig ratiotiniic Ozpopodu-
VPTG,

‘O cvoyetiopds i Oeppoxpacios mpds TOV Ypbdvoy mpaypaTomotetTal polnuo-
TG S ToD petaoynuaTicpod The petafinTiic Tob ypbévov péow Tic oTpédewe
Wick, % 8¢ avehutiniic ouveyicewg g petafintiic Tob ypbvou eic T0 chvolov TGV
pryadixév dptdudv.

‘H péBodog adt), Bpwg, ouvendyetor thv dnuovpyloy ddiamepdtov Tolyovs pe-
Tk g Oewplog tév KBavrindy [lediwv xal tie Zratiotindc Myyavirie, Sibtt mpo-
et THY dAAay Y THG peTpuxiic Tob ydpov Minkowski, eic Tov 6molov pehetdvran
o KBavrixa Iedia, elg perpuenv Edxdeidetov ydpov, eig tov émotov Suarvmobrar ¥
Lratiotiey Mayyavind). *AN 1) dhhayy) adty) petpiriic Exel Tepartépw GO cuvémeiay
THY dr@Aelay T 131610 Tog Tob dvahrotdTou &Y Pacindv EELemoeny T@Y xBavTikdy

mediwy xate Lorentz.
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Kot adtov 1ov Tpbémoy, dupaviletar # Oeppoxpacioa d¢ dvriotpdpuns dvaroyos
700 pavtacTnod ypbévou Emopévec ) EdpTnote adt Séov va Oewpn 07 g Tedetwg €idi-
%y ) émrpémovca Tov Smoloytoudy Tic Tiudic Tie Osppoxpusing Bdoe oiwvdnmote
Oepehadiv peyeddy.

Totovtotpdmee, 6 bptopds g Oeppoxpactag petaminre el TEOPANUA Evomorn-
oewg THe Sratietieiic Myyaviedic xal g Oewptag Tév KBavrindv Iediwy, b éoov
6 Tedeatyg EEehEemg Evdg xal Tol adTol puoikol cusThuatos dmanTel e’ Evog pev
petpueiy Edxdedetov ydpov Sk Ty Sratiotindy Myyovixdy xol &’ Etépov petpt-
iy xoro Minkowski Sug toe KBovrine Iedia.

Yrdpyouv, BeBalwe, xal &Ahot Tpémor eloaywyTic g Ewotag Ti¢ Beppoxpasciag
&g Ty., I éBodog nate TV omotav %) Beppoxpasia Oewpeitar g 6 GhoxANPWTIXOG
Tapdyoy THe vrporiug el Oeppoduvaping cuethpara 3 kol # pébodog dia TG xavo-
vixomotfioewg i otafeplc dMMIemSpdocng, xvplwe elg T& mAalolov Tig Bewplag
&Y %pLotpey gowvopévay el Ty supmuxveuévny HAny.

Syuavrind wpbodog EonuerdBy el 1o TEoRBIMua Tod dptopod Tig Oeppoxpactac,
Sua Tie yphoewe Tig Gpladic ouvbixne Kubo-Martin-Schwinger, diho xal %ot
adthy Ty uébodov, clte mpotmotiBetar T oTaTIoTINGY Glvohov ol Gibbs, # Tobro
npoxbmTeL 8 &vdg petaoynuatiopod Fourier. Kal évrabfa ) Oeppoxpasia mapapéver
G¢ LaxpooxoTIXY THPLUETPOE, doyeTog TEdg Paoixd xal Oepehiddn puotkd peyén
700 pxpoovethpatog xafde Emtong xal Mg Tedg TOV pyaviordy TapaYYHG TG

Al dvartépw pébodor eloaywyiic Tig Ewvolag Tiig Beppoxpastuc, xaitol dmorbTog
yenotpot, dtv Emitpémouy Eviatay xal Oepehiddn Quowyv Eppmvelay Tob peyéoug ad-
7ol, Ospehiovpévny énl Bacin@y Qawvopévay.

A Tiig pebbdov THc dvamtuscopég eig Ty Tapoloay dpyactay ol d¢ dve due-
xoha &mogedyovrar, Sttt elc admiv 6 ypbévog AapPaver adropdtwe THy EmbupnTiy
popev didk T xPavrdoews Tod Ghoxipdpatos dpdoews. ‘O orTatioTidg TEAEGTIG
gEeMEewe Sraomiitar ik Tie dve xBavidoews clg So pépy, Exdrepov T@V dmolwv
elvou elte cuvtnpyTindy (conservative), eite EEacbevnmixdv (dissipative). Tj Boy-
Bely ToU oratioTed TedeoTol EEeMEewg EmTuyydveTar 6 oTaTioTndg TeEAeoTHG EEe-
MEewe THg wéone Tiwdic. “H peydhn onuasia To teheatol Tobrov Eyxerton el Tic
gEaupeTindg 116 Tée Tou va TepLypdoet pavbueva potig (flow) xal Stetyprocng Tob
wétpou (measure-preserving). Ot i8i6tqrec adtic xabiotody oV cTaTioTIRGY TE-
AeoTiy péomng Tipig Epyodindy.

Bdoet 16y dvertépo xatéory Suvatde 6 Gplowde tig Oepponpasiog Tob cvoTh-

patog, Téoov elg xatdotacty Beppoduvapndic ioopporing Soov xal elg TowwbdTny
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Oeppoduvapiniic looppoming, cuvaptiicet Tob pésov ypbvou petafdoewg TGV GUGTA-
TGV T cLETNRATOG € (LLEG Elg EAAYY (LLXPOGXOTIXNY KATAGTAGLY.

"Emeidy 6 ypbvos petafBdcewe dmohoyiletoar eig v KBavtueny Myyavuepy dg
Zovaptrnotaxdy Tob Tehestol dAMnAemidpdoews xare Hamilton tév cwpariowv Tod
GLETNHP.OTOG, Emetar TO Aav enpavTixdy amotélecpa xate TO 6molov 1) Oeppoxpucte
énppaletar 6O¢ cuvapTNGLaxdy ThHe dAAAeTLdpdoems TadTyg.

*Ev nataxdetdl e dvahdosmg tadtyg Sdvatan v Aey 07, étt to onpavTiedTepn
gmoteréopata THg mapodars Epyactiag cuvodilovron eic:

1) ThY GmahotQiy THG AVEYXNG YPYCEWS PAVTAGTIXOD XpbVov,

i) Ty avayoyny T Oeppoxpastag eig Oepehiddn puowa peyély, xal

1ii) oy dmaywyny tie Zratiotindic Myyavixic eic v Ocwpiav tév KBavrindy

[Mediwv thg petpiniic xare Minkowski.

"O)ro. adTo Omd Ty ATy mpobméleoty, &t T6 wedlov THg muxvéTHTOg MATA
Lagrange amoteAel oroyaxotindy, dmeipwe Srutpetov KBavrindy Iledtov. Térog dva-
pépeTar, BT TV &melpov SranpeTdTyTa Tig cuvapthoewe Lagrange elye 99 xenotpo-
TouoeL GLwTNE®S 6 péyas guotxds Feynman eig thv xataoxeviy Tol mepLpyLov

HhoxAnpORATOS ATPATol, &% Tol dmolov cuvayetar i KBavtiny Ocwpla.



