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AIA®OPIKH T'EQMETPIA.— On the geodesic components of a Ck posi
tive metric, by P. A. Bozonis*. Avexoivddn Omo 1ot *Axadnuaizod

%. "0. ITvhaguvod.

1. Introduction. A positive (definite) metric or Riemannian metric on
a C* manifold M is a covariant tensor field g of degree 2 which satisfies

(1) g(X,X)XO0 for all vector fields X €’T'M where T'M is the tangent
bundle of M and g (X, X)=0 if and only if X = 0 and

(2) g(X,¥)=g(Y,X) forall X,YETM.

In other words, g assigns an inner product gy in each tangent space
Tx (M), xEM [2]. This inner product (hence the metric) is required to be
of class C¥ in the sense that if X and Y are C* vector fields on M, then

2(X,Y) is a real-valued function of class Cx on M.

In terms of a local coordinate system x', x*, ..., x" the components

eyl
g”_g<axi ’an *

Because of (1) and (2), the matrix

of g are given by

iy + + +, 8m
A —
gn1, . > -y 8nn
is symmetric and positive definite in the usual sense of linear algebra.

Because of the bilinearity of the C* positive metric g, the matrix
A completely determines g.

Actually, let r: U—> M be a parametrization of a surface McE?
and U an open subset of E’. The well-known functions

g“=rul.rul’ gm:ru‘-fu’; g22=ru2.ruﬂ’

* 1. A. MTTOZQNH, Iepl tfig yewdaioraxiig perpixiic.
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completely determine the dot product of tangent vectors at points of M,
for if
v=v'rg + vire2, w=w'ry 4+ wry
then
v.w=g,v'w' + g,(v'w + v'w') + g,v'w.

Let now gi; and g; be two C* symmetric positive definite cova-
riant tensors, we say that they are equivalent if there is a Ck diffeo-
morphism h:U—> U which transforms the metric gi; to Fy;.

So we can define the C* positive metric as an equivalence class of
pairs (U, gi;) under the equivalence defined above.

In the sequel we shall identify a metric g with its components gj; in
some local coordinate system.

It is an important question to find an appropriate diffeomorphism
simplifying the original metric g;;. Perhaps, the most interesting case is
the form which the metric of a geodesic parametrization of a surface
in E® has (which we call a geodesic metric).

Since the determining of a realization in E® of a given C¥ positive
metric (which is not completely solved) is presupposed for the assigning
of the above suitable diffeomorphism, this problem is yet interesting.

The purpose of this paper is to find a C* diffeomorphism
h:U— U which simplifies the given C* positive metric g to the geo-
desic metric gi;:

g.=1, g,=0, gn=§m(ﬁ’1ﬁ?)'

2. Definitions. Here the notions of the chart, C* atlas, CF structure,
Cr - n - manifold, C¥ Riemannian CF - n - manifold, covariant derivative (V),
angle function and C*realization have the usual meaning of the correspond-
ing terms of the Differential Geometry [2], [4].

Definition 2.1. Let M be a C" - m - manifold and N a C* - n - mani-
fold and 4 and A4’ their Cr structures, respectively. Suppose for each
X €M there is a chart (U, @) €4’ with x €U such that (UNM, ¢) € 4,
then we say that M is a submanifold of N of class Cr.

Definition 2.2. A patch r:U—> E" is an injective map of an open
set UCE™ into E® (m< n) whose derivative map f, is also injective.
If f is not injective, then it is called a parametrization of r(U).
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Definition 2.3. A frame-field on an arbitrary C¥ Riemannian Cr-2-
manifold M consists of 2 mutually orthogonal unit vector fields E,, E,
defined on some open set of M.

The associated frame field E,, E, of an orthogonal patch r: U—>M
consists of the orthogonal unit vector fields E, and E, whose values at
each point r(u', u’) of r(U) are

Ty! (u‘, u’) Iy? (u" uy)

Vgn (ula u’) , Vgn (‘-fm

3. The geodesic metric. Let M be an arbitrary 2 -dimensional
differentiable manifold furnished with the given C¥ positive metric
2ij (3L k L), then by J. Nash there exists a C*¥ isometric imbedding
f: M— E’ of M into 51 - dimensional Euclidean space [3].

Since M is compact and f is injective and has rank 2, it follows
that f (M) is a submanifold of E’' [6]. Consequently, for each chart (U, ¢)
of the Ck Riemannian C- 2 - manifold M, the map fop=! =r:U—>E"
is a patch which realizes the given metric (we chose the chart such
thatf @ (U)= Z is the domain of the given metric gj).

Let us consider an arbitrary curve a passing through the point
p(u', u®) on the range of f|U and the geodesics intersecting this curve
orthogonally. It follows from the theory of differential equations ([5],
p. 157) that the above geodesic consist of a family of curves which in a
neighborhood of the point p (u', u?) are given by means of the equation

@ (u',u’) =c, [ (qu ) + (@a2 ) 0]

It is also known that a second family of curves exists which is
orthogonal to the first. As a consequence of these propositions we con-
clude that a neighborhood W of each p € f (U) can be always parametrized
in such a way that the parameter curves u'= c are the geodesics and the
orthogonal trajectories of these geodesics are the curves u'=c".

Our goal now is to prove that the geodesic curvature kg of para-
meter curves u*=-c in the neighborhood W depends on the first funda-
mental form of f(V)=W.

Let B be a unit-speed curve whose range is contained in the open
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set W oriented by a frame field E,, E, and ¢ is an angle function
from E, to " along B, then

ke =2+ 0, (), (1

where kg is the geodesic curvature of f§ ([4], p. 329) and o,, is the 1-form

Wy, (X) =VxE.E,. (2)
For associated frame field and along the parameter curve y:u*=c
we obtain
Tt T2
wg(ru')=< —> o= (3)
1 Vgn u! Vgn

since covariant derivatives along the parameter curves reduce to partial
derivatives.

Assuming that y:u*=c has an arc-length parametrization, we
have

T2
0, (rs) = 1gs * —— (4)
5 Vgn
hence
(kg)u’=c = 1— (fu‘ul a'd' + ru‘fll) o
Vgn
e =1, 2
—— ([}, £ =l= bYym )it i rge ’
Vg,,( st bl <y=1,2..., 49)
il
= —1I" li{l.lifu’. Ty? (5)
Ve,
Vgn Fz
1y
since ' =—=—, =0 and the formulae of Gauss are also valid as in

Vgn
the case of E°.

In the particular case of an orthogonal coordinate system, we have

) e = g (i (6)

29,
Relation (5) in view of (6) can be written

1 — = (g )Ju® . (7)

(kg)u’=c ==
 2.,Ven
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But it is known that a regular curve (that is, a curve whose all
velocity vectors are different from zero) in a 2-dimensional Riemannian
manifold is a geodesic if and only if it has constant speed and geodesic
curvature kg = 0. Since y is a unit-speed curve and geodesic, it follows
that

(g1)u=0
that is, g,, depends only on u'

g — & (u‘)'
And if we introduce a new parameter

lll
¥ = f Vo du'
0

the ds* asumes the form
ds* = (du')* + g,, (u', u’)(du?)
where we have replaced @' again by u'.
We sum up the preceding into the following

Proposition 3.1. If gj;is a C* (3 £ k £ ) positive metric defined on
a neighborhood UcE?, then there exists an appropriate C¥ diffeomorphism
h: V>V, on aneighborhood V of every point p&U, which transforms the

given metric into a C¥ geodesic metric.
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88 INIPAKTIKA THZXE AKAAHMIAZE AOHNON

ototyodv elg ovoriuata tudv dvo dvetugritowv an’ dAMidev mogapéromv u', u?,
avnxovo®v Gvrictoiywg elg dolouéva diaothpara, xodooilopuévy perowd Hmd dua-
oouxils teTQayowixils Moepiis T@v u', u’, Aéyerar yewdaioiaxij, Grav #x tdV
ovvredeot®dv tiig TeTEQAYWVIXTG TOiTng woQpilc O medtog 1 6 Teitog eivon ora-
Yeodg Toog meog thv povdda, 6 toltog i 6 medrog Gvriotolyme &eivan cuvdotmotg
v u', u’ oowopévy dg Fetinn 8 6ha ta elg ta onuela thg meQLoyiic GvtioToL-
xobvra ovotruata tiudv tdv u', u’, 6 88 Odelregog elvar oradepdc Toog
700g undév.

Tovtov tedévrog, Srav % eic v &v Adyw meguoynv petouxy xadoollnrat
0o dragoguxiis teTeaywvixilc woeeiic tdv magapéroev u', u’, tig 6molag of
ovvrekeotal elvar ovvagriicelg Ty u', u®  Gowopéval, Fxovear mQAyYdYOVS (¢
neog u' u’ péyoL xal Tdv tig Teltng Todhdyiotov tdEewg Molouévag xai memeQa-
ouévag 8 8ha ta el T onueia ths meQoyiic Gvriotougolvra ocuoTHuaTa TLUDV
1OV nagapétoov tovtmy, otione &’ mi mhdov Yerindc doiopnévne 8¢’ 6hoxAngou
tiig meQuoyiig, tidetar 10 mEdPAnua thg 2EaxgiBdoswe Tig duvardéinrog dAhayiic
rogapétowv elg v megroxy tolavtne Mote S adrtiic W) eig v megloxnv dva-
pegopévn eig tag véag magapméroove perowy xodiorarar yewdatoioxn xai Tod
glg 1y megintwory tavtny xadogiopod tdV oxfoewv petaly TV dopxdv xai
10OV véwv magapérowy, tf) Pfondele tdv 6molwv f eig Thv meoroyv petouxnn avd-
vetar €lg yemdarotaniv.

Mia towadtn drhayn magapéroov eig v Sewoovuévny meguoxnyv Exer #1dn
amodeuy ¥ St elvan duvary Bmd v meovmddeory Oti Omdoyer Tufua mpaveiag
évog toudtaotdrov Edxhedeiov ymoov, toh 6mofov td onueia dvriotouyodv xatrd
te6mov Gugipovétipoy elg ta onueia tig megloyiic, 1 8¢ eig TO Tufipna todro pe-
roun xadooileran Hx0 thc dodelone Siaqooiriic terpoywvixiic moogpf, &ni tod
Smoiov (tunuarog) dnhovéry 1) dewgovuévn meooyy Gmewxovilerar ioopetouxdde.

‘O %. Mroldvne gic v 2oyastav tadtny drodeixvier St pla aAlayn maoo-
néromv elg v Yewoovpuévny meguoxiiv, dud tijg 6moiag 1 elg adTiv peroun dvd-
setan glg yewdarotaxniv, elvar duvaty xal eig v yevixwrtéoav meglmtwory xod fiv
Sév vmottderar yvwotov 6t dndoyer tuina Emgaveiag £vog toidastdrov Edxler-

S ’ ’ - ) AY ~ C ’ c \ er 3 ’ - ~
delov yweov, gxl ol Gmolov 1 meguoyl avtn dmexovilerar 10OUETOLRMG.



