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MAOHMATIKA.— The Helson constant of the Union of independent
Countable Helson sets, by E. Galanis*. *Avexowvddn Um0 tod
*Axadnuainod x. Pik. Basikeiov.

Introduction and notation. Let G be a locally compact
abelian group and let G be its dual group, i.e. the multiplicative group

of all continuous homomorphisms
x:G—>T of G into T =R (mod 2x).

We shall denote by M (G) the set of all bounded complex valued
Radons measures on G.

Let E be a compact subset of G; we shall write Gp(E) for the
group generated by E in G.

Definition. A compact subset E of G is called a Helson a-set
(Ha - set), if there exists a constant a >0 such that

Il = sup [&(x)|>allull
xEG

for every n€ M(E), (observe that then 0 < a <1).
In this paper we shall prove the following theorems.

Theorem 1. Let E,, E,CG countable compact Ha,, Ha, subsets
of G such that
Gp (E, +x) » Gp (E, +x) = {0}

except for a countable set of x, N say.
Then E,vE, is an Humin(ay,a:) — Set.

Theorem 2. There exist two finite disjoint Helson — 1 sets
E, E,ER* with (0,0)& E, E, and Gp(E,) ~Gp(E, = {0} yet with
E, v E, not Helson — 1.

Remarks: The result of Theorem 1 should be contrasted with
the case of two disjoint independent perfect Helson sets of constants
a,, a, where it is known [1] that the union may has constant at

a,a,

al+a?'

most

% E. FANANH, ‘H otafepd Helson tod ouvevapotog &veEaptitwy dmapibpn-
T®v ouvéAwyv Helson.
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Proof of Theorem 2.

Take E,={(x,0), (—x,0}, E,={(0,y), 0,—9)}, (x,y=£0).

Since E, + (0, ¥2x) is independent, E, is independent so Kronecker
so E, is Helson — 1. Similarly E, is Helson — 1. Clearly 0 ¢ E,, E, and
Gp(E,)~Gp(E, = {0, 0 } On the other hand setting

= (3,00 — S¢~x,00 + B0, + S0, —)) /s

we have suppu=E,VE,, ([nllm =1 and

RG] = | Hex 0y — Kocm 0 =+ Xeory) +xow /s =
=== — T 1
= \/(X(x,o) — %x0)” T+ (Ko + %o ) < V22+2 = —m < I

V2
(Notting that yx,0)— %x,0 = 2Im A0, %oy + Aoy = 2Re x0,p)-

i
So that E, v E, has Helson constant at most —.

V2
Proof of Theorem 1. We shall prove first
Lemma: Let E,, E, finite subsets of G, such that
Gp (E,) ~ Gp (K, = {o}.
Then given x,, 1, € G and ¢ > 0, there exists x,Eé such that

gty _X:;”C(E-) < €
e — %o llcun < €

Proof: Let yx, %, two characters. Then
ulop ey : Gp(E) = T
%o lop (22) : Gp (Ey) > T
Let H=Gp(E,) ~Gp(E, CG and
Y:H—> T such that y(h, h,) =y, (h,) %, (h,)

Then H 11; continuous character, G — T' such that

w'E| == x[lEl
wz'Ez = leEz

1144 1973
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Case 1. E,, E, are finite.
E, finite, so there exist finite sets of measures yu,, u,, ..., u, such that
i) lwll =1
(i) f w€EMI(E), llull=1 then [lu—mwll e
For each 1 <Ci<(n, there exists a sequence njx—>® as k—>x
such that
[ (ni,6) | = a, .
Similarly for o; for E,.

Claim we can find a single point y such that

(1) y¢N

(2) e'EHiR TNk i dense in T

V teT lim |p(ni)e™ &Y —a, et]=0.

Choose A, A,, ... |A|=1 A dense in T. Set N ={xl, }
Now suppose we have constructed y;x and &, > 0. T'wo cases arise
either i< n in which case set i =1i+4+1, k"=k or
i=n in which case set i’=1, lee—11.
Now since njy,.—>® as r—>», we can find an ny,  such that

16
g

2n

i r

niy, r &,k >

~
Now we can find a &k, |8, 1| < PR L G e A %

Set yi,x = Vi,k+ O,k + wi, . with

e o

Fwin e | < 2k y v — x| > 2k (1)
observe [ — Vil <8 | < 8'8*1( (2)
choose 0 < g p = Ok gk —18 (3)

2n
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Then provided |y — yi,u| < &, we have by (1)

dir,
4

(@) |y —=x=v| @
(b) |e'® By o, ) + o) A |
& Iei(arg?xi (0, k) F0p i (e ) Rl 4 |e*"i',k' r=sie) _ { [
<04 9% — 9-v,
Now yix~>y with |yix —y| s x.

So by (b) lim ity g iy, ) Al = 0, by (a) follows
1—>» 0o

|y —%';] 2 %>0. So y&N.
Now since y € N we can apply lemma. Take ke M+ (E,vE,+vy),
K} = 1.
Then 3 wi, oi, A, A,, A, A =1 such that
K —2A mi*dy —h, 058, | e
Now 3 r,, r, such that
Iy (r) ey —a, | < e
e

by lemma 3 r, such that
| Xps — X, “C(El) < €

“ Xrs — Xrp ”C(Ez) < €.
Then ] K, (r.')) elrsy K, (r1) einyl < (&

[6,(r,) €™ — 6 (r,) ey | ¢

So [ (r) e —a,| < my(r) € — i (r,)e™] + |7, (r,) €™y —a, | < 2

and similarly
lg, (£5) ¥ —a,| < 2

Then IIA{ (r,) —A, ;:.i (ry) eirsy — A, Ei(rg) eiry| < ¢
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So Aa, 4 21a,— IZ(r_,) < | a, + Aa, — A, ai (r,) eirsy — A, Si(l‘a)e iray |-
+ 10y (r) €7 2,6, (r,) ey — R (r,) | <
< Mla, — w(r) e | + A,]a, — g,(r,) ey | 4
+ 12 my(ry) ey 41,0, (r,) ey —R (r,)] < 3¢

and finally
IZ(ra) > Ma, + Aa, — 3¢ > min (a,, a,) — 3e.

So E, v E, is Helson, with constant min (a,, a,) — 3e. As ¢ is arbitrary
E, v E, is Helson constant min (a,, a,).
Case 2. E,, E; countable.

Let neEM(E, v E,). We write

p=wtw s tw, w, kKEME), u, EM(E,).

Supp u, is finite subset of E,, ||um, |l <ce

Supp u, is finite subset of E,, [lul <e.
Then 26+ Iiklle 33 I o Bally 3> mim fayy 22 1y - sll 3>

> min (a,, a,) (llull — &) > min (a,, a,) — 2¢
or Iull, > min (@, a,) lull — 4e

and since ¢ is arbitrary, this completes the proof of the Theorem.

It is my pleasure to express my gratitude to Dr. T. W. Koérner
who posed the problem considered in this paper.
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HNEPIAHYIZ
"Eotwoav E, , E, 3o civoka 100 Helson oltwg dote
Gp(E) ~ Gp(E)=1{0}, 0¢E, v E,

ué otadepdc tod Helson a,, a, Gvrtictoiywg.
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‘O Bagdmovrog &yetr amodetter 6t 1 Evwoig B, v E, elvar &v odvolov tod

P,

Helson pe otadegav tovkdyotov ———— xat 6 Korner &g dmodeiter dtu 1
al a!
e ’ 3 ~ 2 \ £ 3 ~ E% \ af ay
gvwotg do cvvéhwv tod Helson duvatar va eival dxoide Ton ug T -
ay a,

*Entong 6 Bagdomovhog €xer dmodeiter dtu xal elg thv yevuny meolmtwoly 1
évaoig do ovvorwv tob Helson eivar €v ovvolov tov Helson.

‘Yrodéropev dtu Exouev 8o xhewota doudpiowa ovvoka tot Helson E,,
E, u¢ otadegis a,, a, »al Gp(E,) » Gp (E,) = {O} Téte 7 einacto Tob Kor-
ner givar 6tv 1 &voog E, v E, elvar &v olvolov tob Helson ué oradegav
man@ia.):

Eic mv nagotoav goyaciav 10 dedommo 2 amodexvier 6tL % avew-
téow sinacia tob Korner dev sivar aAndg, v 16 dedompma 1 dmodenviet

e ) c Vs (4
oTL, Eav UJ'I?O\()EG(DMEV oTL

Gp (E, +x) ~ Gp (E, +x) = {0}
toyver O° 8ha ta x éxtog Towg &vog dordumoipwov addove, téte 7 Evmorg dvarar

va Exn otadepav Tom ué min (a,, a,).
*

‘O *Axadnuainog ». PIA. Basiieiov magovsidlov v dvotéom dvaxoi-
voowv Aéyel o £E7g ¢

"Eyo &nlong thv v va dvaxowvwon g v “Axadnuiov *Adnvdv oya-
olav tob dddxtogog tov Ilavemotnuiov tot Cambridge tig *AyyMac #. E. Ta-
Aavi), goyactav cuvtetayuévnyv ayyhioti xai 1 Omota, &v petopodost, Eyxel TOV
ovumAnowpévov tithov «H otadepd Helson tob ovvevduatog dvetaptirmv
amagtdunt@v ovvokov Helson».

‘H 2oyacio adtn dvagégetar eig dnpooievdeioag uerétac tiv N. Boagomov-
dov xai T'. W. Korner. Toltov, 6 pév Bapdmovhog dmédeitev i 1o ovvévoua
o ovvérov Helson, ue oravepas Helson a,, dvricr. a,, eival &xiong ovvolov
Helson p¢ otadegav tovddywotov {omv pé a’ a’, (a*, + a?,), é&vd 6 Korner
detimmos v eixaciav dt 1o &v Aéyw ocuvévona Fxew otadeoav Helson Tomv
ué min (a,,a,).

Eic v nagoboav davaxoivwowv 6 ovyyoagevg Gmodewnvier 6tL yevindg i)
dvo eiracia tob Korner dev aindever. Edotadel wdévov tmd doouévny mooiing-
Jeowv, v 6molav xai datvadver 6 % [alavilc eic v magoloav &vaxolvm-

Glv Tov.



