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MAOHMATIKA.— A note on the integrability of characteristic clas-
ses, by Stavros Papastavridis*. >Avexowddn v tod *Axadnuaixod
%x. ®. Baoiheiov,

INTRODUCTION

Let M be an m-dimensional, closed, connected, C* manifold with
a complex structure on its stable normal bundle. We call such a mani-
fold weakly almost complex manifold and in abbreviation w.a.c. mani-
fold. For every w.a.c. manifold we denote vy : M—> BU the map classi-
fying the stable normal bundle of M. By BU we denote BU (N), the clas-
sifying space of the universal N-dimensional complex bundle, when N
is taken big enough in comparison with m.

Definition 0.1. We define I’X = {stm‘(BU;Q):vZ& (x) eH™(M;Q)
is an integral class for all m-dimensional w.a.c. manifolds}.

It is an important question to compute Iz‘. The group Igt has been
computed and the computation is commonly referred as the Hattori-
Stong Theorem, (see [4], [1]). The next Theorem provides a description

2k
of I .,
Theorem 0.2. (a) If m< m’ then If: is contained in I:‘.
(b) I, = T

Let CP” be the infinite dimensional complex projective space and
teH?(CP”;Z) the generator of its cohomology. By MU we denote MU (N),
the Thom space of the universal N-dimensional complex bundle, pro-
vided N is very big in comparison with m. Let UeH?N (MU ;Z) be the
Thom class of the universal N-complex bundle.

y . . 2k
Our next Theorem gives a computation of

Theorem 0.3. We have eriEH if and only if there exists
ae KU (MUACP?) such that chysrs:(a) = (xU) - t.

Since the KU-cohomology of the space MUACPZ can be computed
and its Chern character too, then the above Theorem provides in prin-

ciple a complete description of 1211:“' It should be noted though that if

* ETAYPOY TTIATTAZTAYPIAH, Zxécelg Swaipetdtnrog petakd ortoyeiwy moAAa-
TAOTHTWY.
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we have to decide for a specific class of H*(BU ;Q) if it belongs to any

one of the groups IZE, IZEH, I:‘;H, that may be a very hard technical

question. Our next result illuminates a small aspect of this matter.

2k

Theorem 0.4 If xelj then (k41)!(x)ely .

The paper is arranged as follows: In section one we reduce the
problem of computing I:‘ to a homotopy question by applying some ideas
of Brown-Peterson (see [3]), and we prove Theorems 0.2 and 0.3. In sec-
tion two we prove Theorem 0.4 by calculating certain Chern characters.

For an application of those ideas see [9].

REDUCTION TO A HOMOTOPY QUESTION

Let K(Z, m —2k) be the well known Eilenberg-McLane space and
i its fundamental class. If m = 2k we put K(Z, m — 2k) = point.

Next we consider the m-dimensional bordism groups Qum(K(Z, m—2k)),
whose elements consists of equivalenceclasses of pairs (M, f) where M is
an m-dimensional w.a.c. manifold and f: M —> K (Z,m—2k) is a map.
For details on bordism e.t.c. a good reference is Stong’s book [8].

Following Brown-Peterson, (see [3]) we define a map
1: H*(BU; Q) > Hom (Qm (K (Z, m—2k)), Q)

by the formula

1(x) (M, f) = (v (x) - £*(i)) (M)e Q.
Note that (M)e Hy (M; Z) is the orientation class of the w.a.c. manifold M.
It can be checked that | is well defined.

We will adopt the following notational convention: If we have an
object which can be defined for both integral and rational coefficients,
(i. e. the homology and cohomology of a space or the group Hom (A, )
where A is an abelian group e.t.c.) then we denote by s the map induced
by the obvious inclusion Z—> Q, provided that such a map exists. So in
this terminilogy a cohomology class of a space is called integral if it
belongs to the image of s.

The next Theorem provides a reduction of the computation of I:‘

to a homotopy question.
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Theorem 1.1. The group Ii’f consists of those elements
x e H™(BU; Q) such that 1(x) belongs to the image of s.

For the proof of this Theorem we need the following Lemma :

LLemma 1.2, ILet M be an m-dimensional, closed, connected,
oriented manifold. Let xeH9Y(M;Q) a rational cohomology class.
Then x is integral if and only if for every yeH™9(M;Z) we have
(x-s(y)(M)eZE Q.

Proof. Consider the following commutative diagram :

H (M; Q) - Hom (H™ (M;Q),Q)

s 4 As

HY(M; Z) - Hom (H" ™ (M; Z), Z)

where f; is defined by the formula f;(x)(y)=(x-y)(M)eQ for x in
Ha(M;Q) and y in H®™9(M ;Q). The map f, is defined similarly.

By Poincare duality we have the isomorphisms H™~9(M; )=Hq (M; )
and by the universal coefficient Theorem we have epimorphisms
He(M;,) > Hom (Hq(M;,),«) where 4 is Z or Q. Further more in the
case where , is Q the epimorphism is an isomorphism. So f, is isomor-
phism and f, is epi.

Since homomorphism into Q kills torsion we have an isomorphism
s : Hom (H™9(M; Z), Q) > Hom (H™9(M;Q), Q).

Because of the previous remarks, the commutative diagram above

is transformed to the following one:

H®(M; Q) <> Hom (H™ 9(M; 2),0)

s4 ts

HY(M:Z) 3> Hom (H™ %(M; Z), Z)

where both g; and g, are induced by the cup product pairings
He(M;Q)xH™9(M;Z)—>Q and HI(M;Z)xH™9(M;Z)—> Z respecti-
vely. But since g, is isomorphism and g, is onto, our Lemma follows
free of charge.

Proof of Theorem 1.1. Let us assume that 1(x) belongs to the
image of s. By the definition of 1 this means that (vi(x) - f*(i)) (M)eZESQ
for all m-dimensional w.a.c. manifolds M, and all maps f: M—>K(Z, m—2k).
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By the fundamental property of Kilenberg-McLane spaces f*(i) could be
any cohomology class of H™ % (M;Z), and according to the previous
Lemma the previous remark means that v¥(x) is integral hence by defi-
nition x belongs to I,

Now we are ready to prove Theorem 0. 2.

Proof of Theorem 0.2. (a) Let us assume that xelff. and
let M be any w.a.c. m-dimensional manifold. Consider the manifold
MxS™—m.  The sphere S™~—™ can be given an w.a.c. structure because
its normal bundle is trivial, and so we can make the manifold MxS®'-m
w.a.c. Because the stable normal bundle of S™~™ trivial we have
Vargsm'—m (X) = vy (x) ® 1e H* (MxS™-™=;Q). But v} m'—m(x) is integral
by assumption so v*(x) is integral which means that x is an element
of Ii:.

(b) It is well known that

Qm(K(Z, m—2k)) = J'II2N+m(MU VAN K(Z, m—~2k)+)

and under the identification of the two groups the map 1 is interpreted
as follows: Let a:S*™+® > MUAK(Z, m—2k); be a map and (a) the
corresponding homotopy element, then 1(x)(a)= a*(xU- i) (S+tm)¢Q.
For all those things a good reference is Stong’s book. On the other
hand K(Z,1) = S' and K(Z, 0) = point, and the groups Q. (point)
and Qn(S') are isomorphic under the suspension isomorphism :
ontm (MU) = ftongm+1 (MU ASY). Furthermore if for a map a: S¥N+m > MU
and xeH*(BU;Q) we have that a*(xU)(S*™+m)¢(Q is an integer then
it will be the same for the suspension of a, b, namely b*(xU - i) (S2¥+m+1)
will be an integer. And that ends the proof.

Proof of Theorem 0.3. For abbreviation let us call
X =MUAK(Z, 2);+, it is known that K(Z, 2) = CP".

Following A. Hattori we consider the following commutative diagram:

KU (X) - Hom (mon4ax 42 (X), KU (S™F42) )
a—— ¥ chyiin
B (X Q) > Hom (mansas (X), HEHIEH (30484 )
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The vertical maps are defined via the Chern character. Tthe map g
defined by the formula g(x)(a) = a*(x) for all x e H®N+2+2(X : Q) and
a&Menyac+e (X), and the map f is defined by the formula f(x) (a) = a*(x)
whenever x is an element of KU (X) and a is an element of monyorss(X).

Since the rational Hurewich homomorphism is an isomorphism :
1 (X)®Q = H4(X;Q), then the map g is an isomorphism.

Since the Chern character of an element of KU (S2N+2+2) {s integral
of follows that the image of the second collumn chyyiryy is included in
the image of s. e

Furthermore A. Hattori proved that the map f is an epimorphism,
(actually Hattori proved it for the case X = MU but the proof is the
same for our case the main property being the fact that the space
K(Z,2) is free of torsion).

With the above remarks it follows that the element

xU - teH2N+43(X ; Q)

is mapped by g into the image of s, if and only if it belongs to the
image of KU (X) under the map chyyix4+1. Those remarks with the inter-
pretation of 1 given in the proof of Theorem 0.2 (b), namely that
XE€ IZEH means that g(xU - t) is integral, complete the proof.

The Theorem just proved provides a computation of the group IZEH,
because the KU-group of the space X and its Chern character can be

computed, (see [1], [2], [5]).

CHERN CHARACTER CALCULATIONS

In this section we are going to prove Theorem 0. 4. The proof fol-
lows from Theorem 0.3 after some calculations. First we need a Lemma.

Let ze¢KU(CP”) be the canonical line bundle over the infinite
dimensional complex projective space. It is well known that ch (z) =e".
Besides let & be the element of KU (CP”) determined by the trivial
bundle of complex dimension one.

Lemma 2.1. Let d be an integer which is a multiple of (k+1)!

Then we can find integers ag, a;, as, ..., ax+:1 such that if
b =age + ajz+ asz*+ azz®+... + axqq zkH!
then we have chi(b) =0 for i=0, 2,3, ..., (k+1) and chy(b)=d-t.

1144 1977
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Proof. Since the Chern character is multiplicati;'e we have
ch(z!)) = e so ch;(b) = (1/i!) (a; Fa52'+a33 + ... + axt1(k 4+ 1))). So
we have to prove that the following linear system has an integral solution:

ag+a;+a+...+ax =0

a;+2a+3a3+ ... +(k+1)ax =d
a; + 2%, + 3%3 + ... + (k+1)%ars; =0

a; + 2kHg, 4 3xtag + .. (k4 1)kHtagy, = 0.

The matrix of the coefficients of our system of the (k1) last
equations, is
Ft @ 8 oroifle 40
1 2 ¥ ... (k41pP

L1 getigid (k4 1)k

Let us call A this matrix and |A| its determinant. I.et B be the

following matrix:

L
1 2 ... (k41
Lroox . (k1)<

Then |[A|=(k-+1)!|B|. But |B| is the Vandermonde determi-
nant, (see [6] p. 15) and so it is non zero. Hence our system of equations
has a unique solution. We must prove that the solution is integral, if d
is a multiple of (k4 1)!.

Let A; be the matrix that we get from A by deleting the first row
and the 1-th collumn.

Let C be the matrix

1 14 ... 9
P g

1 26 (k4 1) |



ZYNEAPIA THZ 19 MA'I'OY 1977 381

and let C; be the matrix which we get from C by deleting the i-th
collumn. Clearly C; is an kxk matrix, and A;= ((k+1)!/i)- C;.

If we apply the rule of Cramer for the solution of the linear
systems we get a;j=((—1)'d |Ai|)/|A|=((—1)'d|Ci|)/ilB|. But both
C; and B are Vandermonde matrices and their determinants are known
(see [6] p. 15), and from the computations we have a; = +d/i!(k 41 —i)l.
If the a;’s are integers for i=1,2,...,(k-+1) then d must be a
multiple of (k—1)!.

IVEP T AYH S

Eivat yvwotov 8t dolopéva onra otovyeia (rational characteristic clas-
ses), yoauuxdv deoudv, elvar GréQoio LUOURTNOLOTIXG GTOLXETO it TG EQomTo-
uévog déopag dagoguudv mohkamrotirov tiig adtic dtuotdosme (BAéme eic BiBA.
goyaoiag towv Hattori xai Stong.). Eic mv #oyaciav adtiv 2Eerdlopev o got-
vopevov avto dud mohlkamhotiitag Siaotdoswg xata 1 3 2 peyahuréoog thg dua-
OTAOEME TOU YAQUKTNQIOTIXOY OTOLXELOV, %ol eVoloxouey GAa TG LOOAXTNOLOTLRG
otougEla o Exouvv avtny v WddtnTa, eig T daotdoelg adtdg.

[Ceopetoinas épaouoyas tdv ovunegaoudrov adtdv, dvdétouey &g [9].
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*

‘0O Axadnuainog . ®. Basideiov, mapgovoidlov v dvotéom &oyaciay
elme ta £Efc:

Eic v éoyaciav tob %. Ztavgov I[Mamactaveidn, ue tov ayyhxov tithov
«A note on the integrability of characteristic classes», éoyaciav v 6motav
#ro &xfomg v v va avaxowvdom eig v CAxadnuiav *Adnvav, 6 cvyyoa-
@evg eldinog gmotiiuwvy tod Iavemiotnuiov *Adnvadv avayweel amd tov 6oLouov
wdg «oyedov uyadiniic mohhamrotnrog». KEig xdde oyedov uiyaduuny morhamio-
ro 6pllovrar dowopéva otovyeia, Asydueva otouyeio tov Chern, eloaydévra o
1946 and tov dueowavov padnuatiwov Chern pé oxomov v perétmy tov wiya-
dudv morhamhotitwv, Gnwg . ¥. Tig uetowriic Hermite x. d.

Me v avdrtobwy i "Alyefouriic Tomohoyiag, ta otoyeia Chern dmore-
Aodv tag whéov onuaviixag aAyefowxag dvaklowwroug dia v perétnv TdV diapo-
ow®v woMamrotitoy, dnws Aettonsods AvaméQel 6 oUYYOUMEDS £ic TV Tapolouv
goyactav tov. ‘Evdsuxtindg dvagégovror &d®, dg’ évog 1) Um0 tod Hirzebruch
yevopevn GmodelEig tol Aeyouévov «Yeworjuarog tol deintov» — Fewofuatog
gxpodlovrog tov detntny widg daqoginils morhamhdrnrog 3z molvwvipov orot-
yelov tob Chern, xai ap’ étépov ai doyasiar tdv C. T. C. Wall »ai J. Milnor
S T@v 6molwv Grodetnvietar, 8t td otoixein Chern xadooifovy wote ula Sra-
goowl] moldamhdtng eivar 0 olvogov widg dAAng mordamhdtnrog. Iloémer va
onuetmdi, 6t ta ®3 dvew EEaydueva Byévovro pe tov cuvdvacudv ahyeBouxdv xal
yewpeTou@v pedodmv, ocuvduaopOv TOGOV YoQARTNOLOTIXOV T®V EmiTupldy €ig
v *AlyeBounv Tomolroyiav.

Eig v nagovoav avaxoivwoiv, 6 cvyyoagevs 60iler (g yaoaxtnolotindy
ctoyetov oxedov uryadinils modhamAdtnrog doouévov 6poyevec molvdvuuov otot-
yetwv Chern xai g yagantnolotnov aoiduov oxedov uryaduniic molhamidrn-
tog €va yooaxtnEotixov otoxelov Pfaduod Gnwg ebvar ¥ didotasig tiic moAha-
ahdTnrog.

’Ano tov Milnor xal dilovg elyev 1dn dmodeiyd7 1L dolouévor yooaxtn-
owotixol Gordpol ixavomoolv oyéoels twvag Sapetdtnrog. Atetvrddn pdhota

tote, ®ai 1 eixacta, Grv SAar ai towadtal oyéoeig diapetdTnrog moémer Vi wooép-
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c ’ 2

Lovror Gmo to Asyopevov Yedonua tdv Riemann - Roch, sixacio 1 6molo doyé-
tegov Gmedeiydn 6ol Gno tovg padnpativovg Hattori xai Stong.

[Tagéuevev uwg dvorrtov 10 medPAnua tiig evpéocwg TV cYéoewy daetd-
rog O’ dha Ta yogaxrtnoloTing otogela, olovdimote Padtuod, By O& wévov T@V
YOQAXTNOLOTLXOV GoLIu@mYV.

‘O ovyyoapevg tiig magovong avaxowvdoemg Avet 10 medPAnua avtd €ig TV
neglnrowory fadudv xatd 1 1 2 wxporéowv tiig diaotdoswg tiig molhamxidintoc.

Aemtopeosiag Oéher elon 6 évdiagepduevog elg ta Iloantixd tig Ana-

dnulag.



