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MAOHMATIKA.—On the Generalized Poincaré Conjecture and the
Structure of Manifolds, by George M. Rassias*. *Avexowdby bro

700 "Axadnpaixed x. ©. Basuielov.

I. Introduction. H. Poincaré was the first who invented the
connection between the topology of a space and the number of critical
points of a function defined on it.

Then, M. Morse continued the work of Poincaré and he created a new
theory known as “Morse theory” studying the connection between the topo-
logical structure of a manifold M and the Morse functions defined on M.

S. Smale [14, 15], verified the importance of Morse theory in attack-
ing long-standing unsolved problems of the field of Topology. S.Smale
proved a fundamental theorem on the structure of manifolds the so called
(h-cobordism theorem) which is one of the deepest and most important
theorems in the fields of Topology and Geometry.

He also proved the generalized Poincaré conjecture, (that is, any homo-
topy n-sphere, n>4 is the n-sphere), and also the generalized Schoenflies
conjecture.

Through that work, he generalized the well-known construction of
any closed orientable surface in the form of a sphere with handles, by
inventing the construction of attaching handles to higher dimensional mani-
folds.

2. The connection between the topological structure of a manifold
M and the number and type of critical points of Morse functions defined
on M, is expressed by the following Morse inequalities. Let M be a clo-
sed C* differentiable manifold, and f a Morse function defined on M.
Denote by c¢; the number of critical points of index i of f, and by R; the

* I. M. PAXIIAL, ‘H yevixevpévn eixacia Poincaré xai ¥ douRy Tt@v moA-
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i-th Betti number of M, i.e., R; is the rank of the homology group
H; (M). Note n = dim M. The Morse inequalities are the following :

cox Ry
c;—eo R, — Ry
cg— 01+ o= Rp— Ry + Ry

The last of the Morse inequalities in fact is an equality and equals
to the Euler characteristic of M, a topological invariant of M.

A corollary of these inequalities is that ¢; X R;.

The advantage of the Morse inequalities is that they are expressed
in terms of the Betti numbers of the manifold which are topological inva-
riants and can be calculated using Algebraic Topological (homology) techni-
ques. See, R. Bott [1].

The following theorem expresses the relation between the Morse funct-
ions on a manifold M and the topology of M.

Theorem (1). Let f be a Morse function on M, i.e. a C* function
on M, constant on M with only non-degenerate critical points Py, Py, ..., Py,

such that

f(P) < f(Py) < ... <1 (Pm).
Let M;&M be the submanifold

M; ={xeM/i(x) L}
where ¢; is a real number where §(P;)< ;< f(Piyy).

Then MeMe...eM,=M

-

and I\[l ~ ‘\[1 . U DKi XDu-Ki
;

where K; is the index of { at the critical point P; and

®;: aD% xD" i oM, _, S M; ,
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is a differentiable imbedding (i.e., a critical point of index %; corresponds
to attaching a thickened cell of dimension k;).

Therefore, any Morse function f on M induces a specific geometric
decomposition of M

M =~ D% xD" 0 y DX1 xD""F1y ...... U DEm xp"Km

@, D

which plays an important role for the understanding of the topological
structure of M.

3. The Generalized Poincaré Conjecture is that every closed n-mani-
fold which has the homotopy type of the n-sphere S", is in fact homeo-
morphic to the n-sphere.

We are going to indicate the main theorems of S.Smale that gave
a proof to the Generalized Poincaré Conjecture for n X 5.

Theorem (1). Let M" be a closed (C*) differentiable manifold
which has the homotopy type of the n-sphere S", n 5. Then M" is homeo-
morphic to S".

Definition. Let M" be a compact manifold with boundary oM,
and consider D* is the x-disk.

Assume f:(0D®) xD" ¥ M is an imbedding.
Then, H(M; f; x), is defined by imposing a differentiable structure on

My D¥xD" ¥
f

and identifying points under f.
Similarly, if

fi: (6DF) xDI ¥ M, i=1 m

B y teey

are imbeddings with disjoint images, H(M; f;, ..., f,,; x) can be defined.
In the case where M is a disk, then H (M; f;, ..., f,; x) is called a
“handlebody”.
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Theorem (2). Let n22x+ 2, or if x=1, n25, M"™" be a simply
connected, (x—1) - connected closed manifold and %y (n, m, %) the set of all

manifolds which have presentation of the form,
(Mx[0,47, Mx1; f;, ..., fn; »).
Now, let C€E €y (n, m, x), N=0C— MxO,
Wi BN (G5N s g oo o Ty, 200l

and assume that the map =, (MxO) - =, (U) is an isomorphism. Assume, also,
if x=1, that
7 (H(C, N; hy, ..., hy. m; 2))=1.

Then, [Te(g:\[(lh v—1In, K+1).

By taking M to be the (n— 1)-sphere, we have the so called “hand-
lebody theorem”.

A consequence of the handlebody theorem is the following theorem
which implies the e ven dimensional part of the Generalized Poincaré
Conjecture (for n X 5).

Theorem (3). Let M be a closed (x—1) - connected C* 2u-manifold,
% 2. Then, there exist a Morse function on M whose type numbers equal the
Betti numbers of M.

Definition. Two closed (i.e. compact without boundary) C*
differentiable manifolds M and N are h-cobordant if there exists a
C* differentiable manifold W whose boundary 6W = M — N, and each of
M, N is a deformation retract of W.

The o d d-dimensional part of the Generalized Poincaré Conjecture
follows from the following restatement of the so called h-cobordism theorem.

Theorem (4). Let M, N be closed simply-connected manifolds of

dimension n > 5, which are h-cobordant. Then, M, N are diffeomorphic.
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This theorem has many important consequences in Topology, such

as the following corollaries.

Corollary (1). Two simply-connected, closed manifolds of dimension
n> 5 which are h-cobordant, are diffeomorphic.

Corollary (2). Let C", n 26 be a compact, simply-connected mani-
Sfold with simply-connected boundary. Then, the following are equivalent, (a) C"
is diffeomorphic to the n-disk D", (b) C" has the homotopy type of a point,
(c) C" has the homology of a point.

Rem ark. The above corollary remains true for the case n =5 pro-
vided oC" is diffeomorphic to the 4-sphere.

Corollary (3). Let M be an imbedded (n-1)-sphere in S". If n 5,

then the closure of each component of S" —M is diffeomorphic to D".

4. In this section an application is made of the Morse theory to prove

theorems of Algebraic Topology.

Theorem (5). The Euler characteristic of any closed odd-dimensional

manifold M equals to zero i.e. x(M)=0.

Proof: Making use of the last (equality) of the Morse inequalities,

namely,
.20(— Diei(f) =Z (- 1) 'R (= x (M)).
he i=0
let f:M— R be a Morse function of type (cy, ..., ¢4), and a<f(x)<b, for

all x& M. Thus we assume that f: M —[a, b] is a Morse function such that
oM =1{-) (a) Ut * (b)

where a, b are regular values.

Applying the following

=

x(M)= 5 (—1) Sex (1)

1=0

Il
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to f and —f, we obtain
n

x(M) = 5 (—1)%ex (= 3 (—1) Fea_x (—I) =

K=0 K=0

=(—1)" 3 (—=1)"" Cox (— 1) = —x (M).
Hence, x (M) =0 Q. E. D.

Theorem (6). The Euler characteristic of the boundary of any

compact topological manifold is an even natural number.

Proof. If dim M=2k, then dim (0M)=2k —1, where oM is the
boundary of M. Therefore x (6M) =0 because of the previous theorem.

If the dimension of M is odd, then we consider the «double»

manifold of M,

N=MyM
oM

which is compact without boundary.

Then, x(N)=2x (M) —x(oM)

and therefore
x (oM)=2 x (M)

because the dimension of N is odd, and so x (N) =0.
Hence, x(oM) is even.

Q. E.D.

Theorem (7). Let M and N be closed, orientable manifolds. Then,

x (MxN)=x (M) . x(N)

Proof. Let f:M- R* be a positive Morse function defined on M,

and let xy, ..., x, be the critical points of f.

Also, let ¢;=1(x;), be the critical values corresponding to f, for
=, ..., B
Similarly, let g:M— Rt be a positive Morse function defined on N,

and let y;, ..., y_ be the critical points of g.
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Also, let d; =g(y;). be the critical values corresponding to g, for

j:1,. ey 8

It may be assumed that c,d; (=T(x)) g(y;)) are pairwise distinct.

Then the function defined by

h(x,y)=1(x) g(y)
is a Morse function on the product MxN.

The critical points of h are the pairs (x;,y;), and if x, is a critical
point of index p of f, and if y, is a critical point ol index q of g, then
(x;, ¥;) 18 a critical point of index p 4 q of h=fxg,

Consequently, if C, is the number of critical points of index p of f,

and if D, is the number of critical points of index q of g, then the number

of eritical points of index r of h = fxg is the following:

B, = 2 Cp : Du
ptg=r
Thus,
m+n m n
x (MxN) = 3 (1) - B, = (3 (=1)° C) - (Z (—1)" Ca) = x(MD) - x(N).
r=0 p= q==0

Hence, x (MxN) = x(M) - x (N).
Q.E.D.

IIEPIAHVYIX

‘H mapobon 2pyacta dvagépetar el iy Oewpia Tol Morse d¢ xal cig g
¢pappoyds ™ cig T Oepehiddec wpbBanua THe Talwounccwg TEGY ToOMAamAo-
ThTwy 6oV &popd THY Sowy adTdVv.

Eidwdc avagépetar clg iy anddz&y 7o Oewpuatos 7od h-cupopaypod,
the Tevixevpévne Bixosiac ol Poincaré dg xal dpiouévev dZiorbywy Dewpnua-

Ty The "AlyeBowtc Tomohoyioc.
T‘ﬂ ) |
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