174 MIPAKTIKA THS AKAAHMIAS AOHNON

MAOHMATIKA.— On the completion of ordered fields, by Carla Mas-

saza*. *Avexowwddn 00 1o TAnadnuairod x. K. Iaraindvvou.

INTRODUCTION

The principal aims of the present paper, which follows two pre-
ceding Notes ([5], [6]) on ordered fields and is a prepublication copy of a
forthcoming Note, are to construct an ordered field which is the comple-
tion of a given one, and to prove that:

The completion of a maximal ordered field', in the uniform topology
induced by its order, is still maximal ordered.

To this aim, given an ordered field K, I take, in the set II (K) of
K’s sections (n. 1), the subset D(K) of its Dedekind’s sections, and I
prove that it is possible to introduce in D {K) one and only one structure
of ordered field, which is an extension of K’s one; moreover, D (K) is
the maximal ordered field in which K is dense.

Having proved that D (K) is the completion K of K in the natural
topology of K (n. 2), I reach the proposition by proving that, if M is a

maximal ordered field and Beﬂ(i) a root of a polynomial with coeffi-

cients in M (i) i=V —1), every neighbourhood of f has a nonempty
intersection with M (i).

~

Then, I observe that K is the least overfield of K which is maxi-
mal ordered and complete, and I show in an exemple that, in the gener-

A~ A

al case, we have: K % K K = K ; this fact enables us to construct non-
archimedean fields, which are not maximal ordered but are dense in
their ordered closure, and solve, in this way, the problem proposed in
[5], pag. 15.

After reaching these results, I knew that S. P. Zervos had already
obtained that theorem, in a paper of 1961. His method of completing an
ordered field consists in considering ordered fields as topological fields,
and in showing that the complete ring of an ordered field K is an order-
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1. A «maximal ordered field» is what they call, sometimes, in English, a
«real closed field».
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ed overfield of K. From a certain point of view, his method can be
considered as a generalization of Cantor’s method for the construction of
the real field, while I followed Dedekind’s method. S. P. Zervos reaches
the main result by using his theorem about the continuity of the roots
of a polynomial as functions of its coefficients.

The different method which I followed, and some other propositions
which can be found here, lead me to publish this Note.

1. Overfield of Dedekind’s sections.

I. Definition. We say that a subset € of an ordered field K is a
section if :

P.1) e+ g, E+K

P.2) Haeft/b<a=bekt

P. 3) & has not a maximum.

In particular, we set: £, = { xeK: x<a}.

We call a section & a «Dedekind’s section)n if it verifies the additional
property :

P.4.D.) VeeK*+, Haet/ategkE.

We define f:K—>II(K) by f(a) =E& and denote by I the map
K— f(K), where T(a)=f(a), for all aeK; one can than, obviously,
transport through T the structure of an ordered field possessed by K on
f(K); then, T becomes an isomorphism of ordered fields.

We say that a subset H of II (K), containing f(K), admits a structure
of ordered overfield of K, if it admits a structure making it an ordered
overfield of f(K), such that the order relation is the restriction to H of
the inclusion relation defined in the set P (K) of K’s subsets.

While the set of sections of an ordered field K, which is not archi-
medean, does not admit a structure of overfield of K, we have that:

1I. The set D(K) of Dedekind’s sections of an ordered field K admits
one and only one structure of ordered overfield of K.

Let us denote by 1(K) the «natural topology of K» or open-interval
topology, a base of which is the following:

u={UK(x,e)}(x, g) € KxK+, where Uk(x,¢)= {yeK:lx—y] <s}.

In [6], prop. I, we have seen that:
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I11. Let H be an ordered overfield of K: the restriction of t(H) to K
is t(K) iff we cannot find positive elements of H which are less than every
positive element of K.

In particular :

IV. If H is an ordered algebraic extension of K, t(H) induces 1(K) on K.

Using this property, we show that:

V. If X is an ordered subfield of H, and t(H) induces t(K) on K,

the map :
j:teD(K)—>j() ={heH:dket/h<k},

is an imbedding of the ordered field D (K) into the ordered field D (H).

In this situation, we say that D (K) is an ordered subfield of D (H),
by identifying D (K) with its image jD (K).

According to [5], prop. III, we define:

¢:aeD(K)—>E.eD(D(K)).

Then we have:

VI. The set D(D(K)) coincides with ¢ (D (K)); so, it can be identi-
fied, in a natural way, with D (K).

From V and VI we deduce that:

VII. KLH<<D(K)— D(H) = D(K).

Furthermore, the field D (K) can be caracterized as follows:

VIII. D(K) is the greatest ordered field in which K is dense.

2. Completion of an ordered field.

Another characteristic property of the ordered field D (K) is the
following :

IX. D(K) is the completion of the ordered field K, in the uniform topo-
logy of K.

In particular, if K satisfies the first axiom of countability, we have
these propositions :

X. D(K) is the completion of K with respect to Cauchy’s sequences.

This result agrees with the well known construction of the com-
pletion for an archimedean field. Also, of course,

XI1. The series S = Sa,, whose elements belong to a non-archimedean
field X, satisfies the Cauchy condition iff lim a,=0.
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XII. In a complete, non-archimedean field, a series converges iff its

general term tends to zero.

3. Ordered fields which are maximal and complete.

Let K(i) be the algebraic extension of the ordered field K, by
means of i=V—1; we call natural topology of K (i) the product topo-

logy of the natural topology of K. The following facts are true:
XIII. M (i) is complete iff M is complete.

XIV. Let B(x)= %bh x" (b, > 0) be a polynomial whose coefficients
h=0

belong to M(i), where M is maximal ordered. If § is a root of B(x) in the

algebraic closure 1—\:/[(1) of M (1) and ¢ is a positive element of M, the circle
V (B, €), centered in [ with radius e, has a nonempty intersection with M (i).
As easy consequences of prop. XIV and VIII, we find that:
XV. Each maximal ordered field M is dense in its overfield I?‘/I
XVI. The completion of a maximal ordered field is maximal ordered.

Hence:

XVIIL. K is the least K’s overfield, whick is maximal ordered and com-

plete and whose topology induces t (K) on K.

4. Non-archimedean fields, which are dense in their ordered
closure.

In general, we have: K £ K, K —%Iz. In fact, if K=0Q(x) is

A
ordered by setting x greater then every rational, O(x) is not maximal

ordered, for otherwise it should contain an ordered closure of K, while
= AN el AN o0
Vx & Q(x); moreover, O (x) = O (x), because the series e'/* =5 (n!x")~1
n=0
o5
belongs to Q(x), but is transcendent over O (x).
Using this fact, we can construct non-archimedean fields, which
are dense in their ordered closure, solving a problem rised in [5], pag. 15.
More generally, we can say that:
XVIII. The ordered non maximal fields, which are dense in their order-

ed closure, are the non maximal fields whose comvletion is maximal ordered.
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NMEPIAHVYIZ
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