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OEQPIA APIOMON.— On sums of like powers of the numbers less
than N and prime to N, by G. S. Kazandzidis.* *>Avexowvdrdn tnd
1ot *Axadnuaixod x. “O. ITviagivod.

1. Algebra of C-generalized subsets.

Let C be the ring of common integers and let E be any nonempty
set. Iff (if and only if) A is a subset of the cartesian product C X E
exhibiting for every eeE a unique corresponding pair («, €) as element,
we take A as defining what we call a «C-generalized subset» B of E,
where every e€E appears as many «times» as an element, as the cor-
responding integer o, whether a =0, a=10, or a<0 and we call this
integer a the multiplicity of e in B.

Note : From the point of view of the construction that follows, we
consider A as identical with the set of those of its pairs (a, €) for which
a0, but the presence of pairs (0, e) provides comfort in exposition;
because of this, even when one comes to a set of pairs (a, e) whose
second elements e do not cover the whole of E, one thinks of it enriched
with the set of pairs (0, e) for the lacking e’s.

Let A be the set of all subsets of C X E of the kind considered
above and let B be the set of the C-generalized subsets of E that they
define.

For any given A€A, any given 1eC, and (-this provided E be
multiplicative with right cancellation-law) any given u€E, we define

(1) the left scalar product 1A

(2) the right scalar product Au
respectively as

(1’) the set of pairs (Aa, €)

(2) the set of pairs (a, eu)
taken from the pairs («, e) of A on multiplication

(1”") of the first elements a by A

(2”’) of the second elements e by u
The left C- and right E-scalar product

AAu = MAu) = (AA)u
becomes clear.

* . =. KAZANTZIAOY, ’ABpoicpata SpoBoubuiwy Suvdpewy TOY PUOKGY dpt-
Opdy T@Y pupotépwy @uonod &ptbuod N>1 xal mpdtwy mpdg tov N.



SYNEAPIA THE 8 MA-I'OY 1969 149

We define addition and multiplication in A as additions and multi-
plications of the first elements of the pairs with common second
element: For every e€E, the corresponding pairs in A+ A’ and AA’
are, by our definition, respectively (a-4a’, e) and (ao’,e) where
(a, e), (¢" e) are the corresponding pairs in A and A’.

We write A™ for the set of pairs (a, e") taken from the pairs
(e, €) of A on raising the second elements to the n'® power.

We transfer the above operations and notations (conservatively of
the correspondence A <—> B) into the set B of the C-generalized subsets
of E and we have this B automatically as a left C-algebra and (— this,
provided E be a ring without right null-divisors) a right E-modul (linear
space).

Finally we define union and intersection in B as follows: The
multiplicities of any given e€ E in BUB" and BN B’ shall be respecti-
vely the maximum and the minimum of its multiplicities in B, B’.

The «structure» B thus obtained is an extension of the structure
P (E) of all ordinary subsets of E and offers comforts that the power-set
P (E) lacks ; samples thereof were given in [1] and we are about to give

here another.
Since every C-algebraic operation in B (addition, multiplication,

C-scalar multiplication) is meant solely as an operation on multiplicities,
1*  every C-algebraic relation

@ (B, B;, .. ., By =18

in B stands for the set of similar relations

(i) fle,, ay..., 00)=1a

in C, each among the multiplicities in B,, B,,... By, Bof ane€E.
Hereby, since the multiplicity of e® in B™ is the multiplicity of e in B,
2*¥  the C-algebraic relation (i) entails

(i) £(B™, B®,...,B®)=B™

We characterize an element B of B as finite or infinite according as
the number of elements of non-zero multiplicities in B is finite or infinite.

Whenever it has a meaning and is unambiguous, we speak of the
sum of products ae of the elements by their multiplicities in a BeB,

2. ae
B

symbolically of
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as of the sum of elements of B. If the set E is a C-modul itself, in parti-
cular if E is a ring, there is always a definite sum of elements of every
finite B and, moreover, then by 1%

3 every C-modul (linear over C) relation

(iv) »B,+A4LB,+...+ABy=B
amnong finite elements B,, B,, ... By, B of B

entails the similar relation
(v) l,%uie—}—l,;a,e—k.. .-|—AVBZaVe = %ae
1 2 v

among their sums of elements.

Note : Obviously, by defining

1) the left scalar sum A A as the set of pairs (A} a,e) and (in
case E is a ring).

2) the right scalar sum A -} u as the set of pairs («, e - u), where
the (a, e) are the pairs of A, one makes of B also what we can
call a C-left ring and an E-right ring.

2. Sums of like powers of the numbers t(N).

In what follows

1) N is any given natural > 1 and p,, p,, .. ., pv are the distinct
prime divisors of N ;

29) T)=g, TN)={1,2,...,N—1};

3) t(l) = @&, t(N) is the set of naturals less than N and prime
to N;

4) [N], is the sum of the n'* powers of the numbers t(N).

We are about to establish the general formula

Z Q—p—p...(1— p’;‘l)(n—i_ 1) by, Nn+1—=

=0

-

where b,=1 and b,, b,, ... are the «Bernoulli-numbers of small type»,
i.e. those defined by the recurrent

1+(“'{'1)b,+(n;‘1)b2+ ...+(“’n“)bn O P
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Proof. We take as set E of §1 the ring C itself and, in the algebra
B of the C-generalized subsets of C, we consider the set

B= 2 u(d)T(N/d)d
d/N

where w(d) is the Mobius function and, by the notations adopted in §1,
w(d) T (N/d)d is that set, say Bg, of B, in which the elements of
T (N/d)d (the products by d of the elements of I'(N/d)) have multipli-
cities p(d), in particular By is the zero-set of B:

(i) Every integer t& T (N) has in B multiplicity zero, in particu-
lar B is finite as is also every summand p(d)T (N'd)d.

(ii) Let teT'(N) and let the greatest common divisor (t, N)=3J;
then te’l'(N/d)d iff (if and only if) d/d and so the multiplicity of t in B

equals the sum
Z (@ { e }
et it 8>1]

d/d )

Thus
B = t (N).

Hence, by theorem (1, 2%),
= @it al = wd{Teyalma
aN /N

(n)

Now for every natural x, the sum of elements of {T (x)} is expressed

by the Bernoulli polynomial

1 ~ (n41

[{1(1)” =2 and s.(1) =0]; and so, by theorem (1,3*), the sum fo

elements of {t(N)}(“), i.e. our

[N], = Z u(d) <n—1—1 { Z) (n—{— 1>bx (N/d)n+1—n} n>

%=1

h n-i—lnno{z u(d)du_l}(njl)bnN“‘{’l—x
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whilst trivially

S oudd =1 —pi) (1—pr ") ... (1—pi).

a/N

Formula 1* has been established.
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