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OYPANIOZ MHXANIKH.— The Keplerian orbit of a projectile around
the earth, after the thrust is suddenly removed™*. By Dem.

G. Magiros *. "Avexowvddn 06 100 % “lodvv. Eavddum.

Introduction.

In the following we discuss the elements of the Keplerian orbit of a
projectile around the earth, after the thrust is suddenly removed, in the
cases of sudden or gradual application of the thrust, if the thrust acts con-
tinuously either for infinitesimal time to or for non-infinitesimal time r.
Formulae are given for the elements of the Keplerian orbit in terms of the
elements of the Keplerian orbit either the original or that which corres-
ponds to time to. For the calculation of the elements of the Keplerian or-
bit when the thrust is removed, the position vector and the velocity vector
at that time must be known. These vectors are given in a suitable form in
a previous paper [1], «paper I» contained in the present volume. We treat
first the case of infinitesimal time, then the case of non-infinitesimal time,
if the thrust in both cases is suddenly or gradually applied. The numbers
¢ throughout the paper, if multiplied by 100, give the percentage of in-
crement of the corresponding element.

1. 7he case of tnfinitesimal time.
If the thrust, acting for infinitesimal time to, ceases at the point M,

ORIGINAL ORBIT

NEW ORBIT

Fig. 1.— The velocily r, tangent to the new orbit at the point Mo, is the re=
sultant of the initial velocity ro and the thrust Is. The original and the

new orbits have the same focus E, the earth.

say, of the original orbit, Fig. 1, then the position vector and the velocity
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vector at Mo are given, according to the formulae (10) and (r1) or (10.1)
and (11.1), of the «paper I», by:

26 (to) =T, i;(to) -'—"_l.'o +_Io. (l)
After the remarks on the impulse Io made in Chapter III of «Paper I»,

we proceed to calculate the elements of the orbit, after the thrust is sud-
denly removed at t=to, these elements being designated by the subscript I.

a. The sem-major axis ai.

For the original and the new semi-major axis, a and ar respectively,

we have [2].
1 2 To)
1 2 (ro + Io)?
S a” =i (2.2)
(lI To n
which give
11 1 . 3
ZA B == B (2ire Towcosidt- To”) (2.3)
then
) ) ) 1
Fig. 2.—The points of the regions A —c? = Y (24)
give hyperbolic orbits, those of the
region B elliptic orbits, and their with
boundary, the curve: Io* 4 2 Io r.,—
u - i . i : (2.5)
~ = 0, parabolic orbits. Pp=1 . (2 ro Io cos & + Io) :
We also can have:
i 1
g —a—(l+e) ge=1 — 1. (2.6)

I
In the above ro, i‘o, Io are magnitudes of 1o, .10, Io; and 9§ the angle of ro.
and To.

The conditions for the kind of the new orbit are:
s . ___u_ 4
Io + 2 Io ) i 7 o (3)

for elllptlc parabohc and hyperbolic ones, respectively, rl is the projection
of l'o along Io, r,=r0 cos #. The graph of the conditions (3) is given in Fig. 2.
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b. Zhe angular momentum vector Hy and the angle between the origi-
nal and the new orbits.
The original and the new angular momentum vectors, H and Hi, are,
by definition, given by the vector products: .
H=1X15, Hi=roX{r+I) (4.1)
If AH is the increment vector, we can write:
Hi—H+AH, AH=rXL.
The length of H and AH are:
H=r, ro sin ¢, AH=r1, Lo sin o,
¢, being the angle of ro and io, @ that of ro and Io, Fig. 3a. The vectors H

and AH are perpendicular to the ro, io -plane and to the ro, Io -plane, res-

Fig. 3.—a) The vectors ro, ;-o,_lo define a trihedral angle with vertex Po. b) The new

angular momentum H' is the resultant of the original angular momentum H and its
increment 4H.

pectively. If & is the angle of these planes, ¥ must be the angle of H and
AH. The new angular momentum vector H Is parallel to the H, AH -plane.
Fig. 3b helps for calculation of the length Hr of Hy and its angle ¢, with H.
From the triangle P, PPy we get:

(P, Py) =0 =ro{ (1o sin ¢,)* + (Lo sin @,)*— 2 toIo sin @, sin @, cos 9} /2,

sin &, =(AH/P) sin 9.
From the triangle P,PO we get:

(PO)={H"' o (%)2 + Ho cos 1‘),}‘/’, sin @y =((P,0)/ (PO)) sin 9,.
13
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Then
Hi=2 (PO)=2 {H2 +(—g—>9——Hg cos ﬁl}ll’

sin (p5=%{ . +<£)5+%cos 1‘)}_1/’. sin 9, .

c. The perwod Pi, and the mean angular motion ni.

We have:
2z *, 2 il |
P—K\/E“ ’ K\/”(u)
2= 3, BB g — LM
e i PI"K\/“(uI) ,
then
Pr=P{l+e), m=1l4s)
with

Y is given by (2.5).

d. The eccentric anomaly Eo, and the eccentricity ey.
From the formulae for the original orbit [3]:

To To

e sin Eozzﬁ

- T
e cos Eo= e
o
we get:
ro ro
tan Eo \/—A _
o-ro ’

o (i) | (am)

po :

Applying (6.3) we have for the eccentric anomaly Eor:

tan Eor= \/ . (;'o cos @; + Lo cos @),

&= l‘o’lp
@, the angle of ro and I_o, @, that of 1o and L.

Therefore:
tan Eor=(1 + &,) tan Eo

(5.1)

(5.2)

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)
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with
£,=(a—ro)\/ v (1+—?°—2§~°"L)—1. (6.7)
() g ro'lp To coSs [N
For the new eccentricity e; we get:
1 T
e; = T X la (71)
with :
= % ro® (fo cos @, + Lo cos @u) + (@ — rap)?, (7.2)
then:
er=¢e(1+4¢) (7.3)
with :
IS : =
6=Vp X {a(rorocosq),)’—f—u(a—ro)’} —1. (7,4)

e. The «Perigee> q1, <parameter» or <latus rectum» py and «<true anomaly Vor.

For the perigee we have:

1 oY,
q=a(l—e), ql=ax(1—e1)=% (I—TX ! )

then:
qr=(1+¢)q (8.1)
_x'l
€= h\; = 1. (82)

For the parameter:
p=all—e), pr =o (1—¢?)

then:
P1 = (1 + 85) P, (91)
o’—X
& == m — 1. (9.2)

For the true anomaly Vor we use the formula [4].

-~ cos Eo—e
C0S Vo= 1 ¢ cos Eo

which, with the help of (6.4), can be written as:

a—0 €—Io

cos Vo= e

when:
or—~ar e’ ~1o __ a(a—rop)—X
To €] T royX' 4

cos Vor==
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then:
cos Voy=(1 + &) cos Vo (10.1)

7e{u((1——ro\P)—‘X_)_ 1 (10.2)

WX (a0 e*—r1o

£g ==

f. Orientation cosines: Py, Or, Wy.

The orientation cosines P, O, W are unit vector; P the <perigee ve-
ctor» from the earth towards the perigee; Q vector directed along the la-
ctus rectum; W=P X Q. The P and Q are given by: (5]

Ij‘ = }V‘o‘r _\/_ sin Eo. Yo (11-1)
1 ‘SinEo a3 ]
9=\/1—e’[ ot - (cos Eo—e). _l (11.2)
0 w

For the new P; and Qy, by taking into account (1) (2.5), (6.1), (6.2), (7.1),
(7.2), we get:

EI _—;&?/1,” To — P';Z.X/Q To I:o COS (p, (Jl:o +¥o), (121)

Q= ) "/—— COS @, To.To + \/al‘px (a(a—row) —X) <ro o Io) (12.2)

We can omit the subscript o from the formulae (12.1) and (12.2) since
the orientation cosines do not vary with time, then they are independent

of the position of the point M, on the orbit.

g. Orientation angles : iy, wy, Q.

The «inclination» i is the angle between the plane of the orbit and
that of the equator or of the ecliptic. The «argument of perigee» o is the
angle between the nodal line (to the direction of the ascending node) and
the semi-major axis of the orbit (to the direction of the perigee). The «lon-
gitude of node» Q is the angle (on the equator) of the nodal line to the
ascending node and the intersection of equator - ecliptic.

For the new inclination i; we notice that the inclinations are mea-
sured from the plane of equator and the angle ¢, of the original and the
new orbits from the plane of the original orbit. If i, i;, ¢s are positive
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in the same rotation as shown in Fig. 4, we can get the relationship:
=i+, (13)
@; being given by the formula (4.3).

Now, for the new angles w; and ), take the orthogonal xyz-system
as it is shown in Fig. 4. If Pix, Py, Pr, are the components of the new pe-
rigee vector Pr along the axes of this system, we can get the following
formula: 3]

Pix=cos ;. cos Q;—sin w;. sin Q. cos i,
Pry=cos w; sin Q; + sin w; cos Q; cos i, (14)
Ppz=sin w;. sin ij.

NEW ORBIT

ORIGINAL ORBIT

EQUATOR

Nl
N ASCENDING EASTWARD

NODES

Fig. 4.—The location of the original and the new orbits
with respect to the equator. The arrows in the orbits

show the direction of the projectile.

We have the same formulae for the components Px, Py, P, of the original
perigee P by omitting the subscript I from (14).

By using the foamulae (12.1) and (13), the only unknowons in the sy-
stem (14) are the angles w; and Q. The last equation of (14) gives the new
argument of perigee wy:

sin w;=Pr./:in ij. (15)

Inserting the known value of w; into the first equation of (14), we can
determine the new longitude of node Q; :

1 1
IP]x cos oy + 0 (0” + cos® w; — P’1x) /”}, (16.1)

Cos QI = g'+COS’mI l
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with :

o=sin wy. cos ij. (16.2)

-

The second equation of (14) must be satisfied by the values found above,
and this gives indication for the selection of plus or minus sign of the
formula (16.1).

11. 7The case of non - infinttesimal time.

We consider in this section the case of a thrust of special type sud-
denly or gradually applied to the projectile and suddenly removed either
after infinitesimal time to, case I, or after time 1, case II.

The formulae for the elements of the Keplerian orbit in case II are
given in terms of that of the case I. The procedure can be used as a mo-
del to treat the calculation when other types of thrust are given.

ro'lo
ORIGINAL ORBIT

NEW ORBIT

Fig. 5.— The dotted are Mo M shows the part
of the orbit during the action of the thrust.

Take the direction of the thrust parallel to the initial velocity .Lo, that
is T(t)=A(t) i)‘ A being the factor of proportionality, and its magnitude con-
stant for sudden application, or according to the law shown in Fig. 1
«Paper I», for gradual application.

The impulse I, in the formulae (10) and (11) of «Paper I» is given by

To=2-at, s 1o in case of a gradual application with parabolic law in
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0= t=Zto; and by Lo = ato " ;ro in case of a sudden application of the
constant thrust T=ato'/> 1.;0. If we write: where m=1 for sudden applica-
tion, and m=2/3 for gradual application of parabolic type, the formulae
(10) and (11) of «paper I» can be written as:

G . : 1 :
r(t)=’l 1 — 5t —to) } fo 4 (t—to) {1+mtok+ ?(t—to)k}io. (17)
_r(t)=_ r(:) (t—to)£0+{1+mto;\+(t—to)k}‘ ioy (]8)

where L=at,'l.. These formulae describe the motion of the projectile at
time to << t==rt, when the arc of the orbit is represented by the broken
arc of Fig. 5.

a. The semi-major axes ay, ay.

From the formulae (2) we have:

1 2u—(l4mtel'rore! 1 2u-tor

oy uro 'oag ur

then we can write:
1

1
;ﬁ=;]“(1 + &) (18.1)

with :

To 2u—r o
1:— - — 1 ;
T oo ot (14 mtod)? (19.2)

r and r are the magnitudes of r and r_ given by (17) and (18).

b. The angular momentum vectors Hy, H.

For the angular momentum vectors H, Hy, Hu we have:

H=rX1, Hi=(l+mtd) oXe, Hy=rXm

then for their magnitudes:

H =roro sin @;, H;=(1-4+mted)’ ro fo sin ¢, Hp=rrsing,

@, being the angle of ro, .£° and @ that Of £, ‘_1:
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We can write:
H,=H,(1+}¢.) (20.1)
with:
o rrsin )
8 = TH (1+mtoh) sin ¢,

==l (20.2)

The plane of the original and the new orbits are the same, then we have
the same direction for the original and the new angular momentum ve-

ctors, and the inclination remains constant.

c. The periode P, Py and the mean angular motions ny. niy.

For the new periods we have:

*s

2n *la
Pllz'__—_all )
K\/u

o 2n
PI == K \/-}f (03]
then :

P”=PI (%)ah:})l(l'}'&) g/2= P[ (1"“'3—?1> (21)

for small &, which is given by: (19.2).
In the same way for the new mean angular motion we can get:

iy =0y (1 +—g—s, ) (22)

d. The eccentric anomalies Fop, Eoy, and the eccentricities ey, ey

By using (6.3) we get:

tan Eo; = V‘;—‘ to fo (14mto A) cos P

[ — fo
Y E TGOS ar(l+g,) -1 rr cos @
tan Eojp = v a—r V " " Tap(Fe)-1—r
then:
tan Eo" = (1+EQ) tan EoI (231)
with :
1 rrcos g oy —ro
=== i . .-
( 2 8’) ro r'o (14-mto 1) cos ¢, ay (1—e;) —r 1' (@52)

For the new eccentricities, by applying (6.4) we have:

- { ro ro (14mto 1) cos o, }* 4 (g — o)
B ay ar?

(croose) | {m(l—e)—r}
p(1—e)og (1—2g)og®

€1

L
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then:
ey’ =eff (1+ sxo) (241)

with :

(l-e)oa(rr cos @) + pl(l—edoy —1]* = (24.9)

S &,) [ {ro ro (14-mto ) cos ¢, }* oy + p (o — ro)’

e. The perigees q1, qu, and the parameter py, pi.
For the perigees we have:

QI=al(1—el)y QI1=0‘11(1_€‘11)=01(1”—€7) '{1—31(1"‘%810) }',

then :
au=(1 — &) G — 5 fwares; (25)
and for the parameters:
p=o; (1 —e?) pu=o0y(l —e)=0;(1—¢) { 1—e(14ey,) },
when, for small & and &, we can write:

B == (1 — fv) Pr— €0 €5 (26)

HEPIABYWYIE

‘H mapoiox Epyasia amotelel supmifpwpo xal cuvéysixy mponyoupévng dpya-
otag mepieyopévng ele Tov mapdvtoe Topov Tdv Ilpaxtinéy oek. 96 —103. Eig wvv
mponyoupéyny perétmy peletdtor 7 xiviorg dxAuatos wépl Tig yig Omo TNy émi-
dpaowy THe ElxTindic Suvdpews THe yg xal pidg GoTindig duvapswe. i Thy wapol-
oav &éetdlovrar ta oroxetx ¢ Kemhepelov Tpoxidig Tob Syxhpatog, Gtav § dotind
Sdvaptg wadoy amotopwe v évepyf éml Tob Syrpatog. Afdovrar Timor cuvdéovreg T
ovoryeio viig Kemhepelov Tpoyidic wpog & aroyeia viig Kemhepelov Tpoyidc eive e
Goxwdic (6rav Hoyioe dvepyoloa | dotd Sdvaps), elte THe dvrisTourodong elc Tov
xe6vov to. Of apidpol e elg Todg idopévoug Timoug, Exatovramhasialdpmevor, 3tSouv
T6 700370V éml Tolg ExaTov THg adEfcewg THY dvTioTolrolvTwy GTotyElwy.
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