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INTRODUCTION

We discuss here phenomena or situations posed by reality which
are changes of variable quantities that influence and interact to each
other in an organized behavior. We call such a situation a «real system».
A real system, either physical or social, corresponds to a «physical or
social problem», mathematically expressed.

To describe quantitatively and explain the entire spectrum of the
functional behavior of a real system, a «theory» of the system is needed,
that is a set of statements concerning the behavior of the objects of the
system. This theory, in general, implies a mathematical expression of
the relationships between certain quantities of the system, that is a
«mathematical model» of the system, associated with the «data» of the
system.

The main requirement that the solution of a model is expected to
satisfy is: «to interpret the real system in an adequate way». Such a
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solution of the model we call an «actual solution» of the system. There
are non-actual solutions, called «formal solutions», which only satisfy the
equations of the model and the data.

The above requirement would be fulfilled by the actual solution if
this solution satisfies certain mathematical restrictions, called «Hada-
mard’s restrictions». If this is so, the correspondent model must have an
appropriate mathematical structure. This structure of the model shows
the existence of an actual solution, although this solution is unknown.

Models with actual solutions are called: «well-posed», and with
formal solutions: «non-well-posed».

In this paper we discuss a procedure by which «well-posed-models»
may be constructed, and «actual solutions» be determined. Three impor-
tant phases in the procedure can be distinguished: (a) the formulation
of a theory concerning the system, which will lead to the construction of
a model of the system; (b) the selection of a «well-posed-model», by
applying the «Hadamard’s restrictions»; and (c) the application of
mathematical methods to find the solution of the «well-posed-model».
The discussion, interpretation and evaluation of the results will complete
the cycle of the research.

THE CLASSICAL PROCEDURE

1. Theory and models of real systems. (3), (4), (9).

The construction of a mathematical model is, in many systems, the
most important step of the study of the systems. It presupposes a «theory»
of the system, that is, a set of statements some of which are verified
by the experimental observations, while some others may be postulated.
The objects and the formulation of the statements are the two constitu-
ents of the theory.

For a real system, the investigator needs a detailed knowledge of
the observational and experimental facts, the pertinent laws, a penetra-
ting insight, a mature judgment.

The data of the system, that is the results of observation, experi-
ments and measurements related to the system, must be completely stat-
ed and known approximately within an accepted error, thus called
«admissible data».
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The domain on which the system operates must be known. This is
related to the selection of the «major» variables, among the variables of
the system, which define the process of the motion of the system, that is
the main subject of the theory. The other variables of the system, the
«minor» variables, are either «parameters» of the system, thus defining
the «environment» of the system, or a «noise». A good theory of the
system depends on the appropriate selection of the major and minor
variables of the system.

All the above considerations, and many others of special interest,
constitute the theory of a real system, and a satisfactory theory of the
system makes the system «correctly stated».

Correctly stated systems can be represented in a mathematical form,
called «model of the system», which gives the functional behavior of the
system in a quantitative way.

The «strong interactions» between the variables of the system can
be expressed explicitly in a mathematical form and give the basis of a
completely deterministic (non-statistical) model. The «weak interactions»
are not represented explicitly in the equations, but they are an essential
part of the system related to statistical mechanics.

Arbitrary assumptions, decisions and choices in developing a theory
and the model of the system, have as a result the construction of various
models to the same real system.

The model summarizes the data of the system, and if one repeats
an experiment or gets numbers, by using the model, and these results
agree with the data assumed in constructing the model, the model is
acceptable.

The applicability of a model depends on the possibility of esti-
mating their parameters from the data.

Models, parts of which cannot explain given experimental facts of
the system, are not acceptable. But if these parts of the model are can-
celled, then every feature of it is related in some way to the experimen-
tal data and the model becomes acceptable.

Usually, the models are «boundary and/or initial value problems».

2. Hadamard’s restrictions, well-posed-models.

Among the possible models of a real system correctly stated, one
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can distinguish the «well-posed» ones of which the solutions are «actual
solution» of the system (7).

As we know, if the equations of the system and its data are
such that :

a. the model has a solution corresponding to the data,

b. the solution is unique, and

c. the solution depends continuously on the data,
we say that the solution satisfies these three «Hadamard’s restrictions»,
and that the equations of the model and the data give a «well-posed»
or «reasonable» problem, and we have a definition of «correctness» of
the problem in the sense of Hadamard (2a).

1f the solution fails to satisfy even one of the «Hadamard’s re-
strictions», it is a formal solution, and the problem a «non-well-posed»
or «non-reasonable», or «improperly posed» problem.

Much attention has been given to such problems in recent years
6), ().

Appropriate continuity and differentiability properties of the mathe-
matical expression of the «well-posed-problem», by means of known
existence, uniqueness and continuity theorems, assure the existence of
a solution which satisfies the Hadamard’s restrictions.

It remains now to see that the solutions which satisfy the Hada-
mard’s restrictions are actual solutions of the real problem.

We remark that (3), (5):

First : The well-posed-problem must necessarily possess a solution.

The existence of a solution and its determination are different
concepts, and we try to determine a solution only if we know it exists.

Second : 'The solution must be just omne.

The existence and uniqueness properties of the solution express
our belief «in causality» or «in determinism», a principle according to
which one can repeat experiments with the expectation to get consistent
results,

Third : 'The continuous dependence of the solution on the data has
as a result that small changes in the data imply small changes in the
solution.

The data, as results of observation, experiments and measurements,
are given with small errors, when the solution has an uncertainty and
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its estimation an error (2b). If the above continuity property of the solu-
tion holds, then «the smaller the error in the data, the smaller the error
in the estimation of the solution», and «admissible solutions» correspond
to «admissible data» (1). The above continuity property holds for finite
time. If it holds for any time, this property becomes a «stability prop-
erty» of the solution in the sense of Liapunov in a «parameter-space»,
which is here the «data-space» (5).

The above remarks make clear that solutions which satisfy the

Hadamard’s restrictions are actual solutions of real systems.

3. The determination of the actual solution.

Having now found the «well-posed-problem» corresponding to the
real system, we try, next, to determine its solution. Heuristic scientific
reasoning toward the ultimate solution can be frequently used. The
«principle of approximation» can be introduced to achieve the solution
needed. The continuity property of the Hadamard’s restrictions helps to
apply this principle.

To the «well-posed-problem» M we try to find an appropriate
«approximate problem» M,, of which the solution A,, containing the
index n, will be determined. The limit A of the solution A, as n—> o0,

A =lim A,, is the solution of the well-posed-problem, that is the actual
n—»

solution of the real system (2a).

4. Summary and Conclusion.

Summarizing the preceding we see that the research for finding

S : real system

Sc : system correctly stated

M : well-posed-model

Mn: approximate problem to M
Apn : solution of Mjy

A —1lim An: solution of M
n-—» o0

Figure 1.

actual solutions of real systems is constituted by a set of steps, which
makes a complete cycle, shown schematically in Figure 1.
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(i) Step: S —>S. ; We need the theory of the system, which will
make the system correctly stated and the model-
ing possible.

(i) Step: Sc &> M ; We use the Hadamard’s restrictions, which will
help to get the well-posed-model of the system.

(iii) Step: M —> M, ; We select the appropriate approximation to
«W-p-mb».

(iv) Step: M,—> A, ; We find the solution A, the problem M,.
(v) Step: A, > A ; We find the solution required of the system, by
using the limiting process, as n—> oc.

The step (i) is a decisive step. It requires ingenuity, experience and
knowledge of the field to which the real system belongs;

The step (ii) helps to get the reasonable model on which the whole
investigation is based;

The steps (iii) and (iv) need a constructive imagination and a com-
plete knowledge of mathematics to be applied;

The step (v) is an application of the principle of approximation,
which can be succeeded by applying the continuity property of the
Hadamard’s restrictions.

5. Remarks on the classical procedure.

The classical procedure for finding actual solutions of real systems
shows a general orientation of thought on the problem. It is based on
the Hadamard’s definition of «correctness», of «well-poseness».

It was found that the Hadamard’s definition of «correctness» rules
out as «non-well-posed-problems» important real problems, as, e.g.,
problems of geophysics, and some authors at the present time present
different notions of «correctness» and various approaches to the formu-
lation and investigation of the «non-well-posed-problems» (6).

There are difficulties in the application of the classical procedure
in some scientific fields. Problems of modern physics especially present
these difficulties (2b).

The exact laws governing the behavior of the system under consid-
eration may not be known, and, in this case, a complete theoretical

description of the system is impossible.
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Problems of fundamental particle structure and reaction present
the difficulties in an acute form.

More often the situation is analogous to that of problems of atomic
and molecular structure, where the interactions are known, but where
the structure in a particular problem may be complicated.

In problems of classical dynamics of compressible fluids, the differ-
ential equations supplemented by boundary conditions are not always
a sufficiently complete framework for an adequate description of phys-
ical reality.

The above remarks must be considered, when one tries to present
a mathematical description of real systems.

Selected applications from different scientific fields should show
the importance of the above procedure and remarks.
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HEPIAHWYIZ

Eic v mogotcav goyaciav meoiyodpetar uédodog 2oedvng 1 6mota Gpood
elg v elpeoty «uondg dentdv> padnpatindv Mioswv el QUOLKG %ol ROLVOVIAG
mooPfMuara. Al xdgar @doeig tiig nedédov eivar: (a) “H Zosvva Snwg xatheowdi
uto «Yewpia tol cvotinatog», 1) 6sola v xadhotd 1o cvotnua G’ Evog uev xaldg
gnmeqoaopévov, Gg’ Etégov 8¢ va HmoPon i eig T elipeoy nadmuarindy meotimmv
100 ovotiuatos” (B) H éxhoyn &vdg «wakie tedeévov mootdmov» tol ovotii-
notog, O 6molov v 6dmyR eic &v «xaldg tedewévov padmuativov medBAnua»,
1o 6molov va weoodiogiodfy 1 Mo xal (y) “H etoeoic tiic Mioemg tob doyinod
ovotiuatog, Bdost Tig evgedelong Mioswg Tob nakdg tedéviog madnuatixod
woofAMjuaroc.

“Yrdoyovv media 8oedvng, 6mov 1 uédodog eival 1} dvonokov 1 adivartov va
gpaonootil, aAl’ Suwg Smov alitny divatar v Bpaouosdii td Gmoteréouata dV-
VaVTOL VO EQUNVEVGOUY TNV QUOLXIY TOAYUATI®OTNTO oTd TOAD (%aVOTONTIROV
0OV,

Eig érouévny goyaciav da dodotv Eqaopoyal — amd didgooo media Eoev-
vng — S tdv Gmoiwv Yo dacagnviletar 1) mopsta g medddov xal Vo xata-

dewnvietal 1 onuaocio .

‘O "Axadnuainog «. Iw. Zavldung xata v avaxoivoow tig foyactiag
o0 %. A. Maysigov eime 1o €Efg :
7 A\ A\ .Y ’ k] \ 3 ’ 2 ’ ~
Exo ™y wyuy va wagovotdon eig ™y Axadnuiav Zoyoasiav tod x. Anu.
Mayeigov ©m0 tov tithov: «Aextal Madmuatxal AMioeig guoxdv moofAnudrmv»,
Eic mv oyasiav tadtny 6 cvyyoapevg éxdéter piav uédodov 2oevivie dgpoodoay
elg v eloeowv padmuatndv Aoswv puomdy meofAnudtov dmodentd®v Gmd gu-
ol Gnopems. Al ol @doetg tiig uedddov eivar ai €Efc :
a) ‘H dwrdnwog was «dewolag 1o ovotiuatoe» 1 6mola v xadiotd
G’ €vog uev xakdg Exmeoaopévov tO olotnua, ag’ tégov & va vmoBondi eic
v evoeoty padnuatix@y mEoTiTmV TolU GUGTHUATOC.
e 2 \ c \ ’ / ~ ¥4 N c -~ \
B) ‘H &xhoyn &voc xatallilov meotdmov tol cuvotiuatos, O Gmolov Vi
€ ~ :-) [4) ~ 7 N ’ A\
0dmyf &lg &v xaldg tedewévoy padnquatndv medfinua xal
e (44 ~ 2 ~ f- ] ~ /’ ’ ~ e B
y) “H elgeois tiig Moewg tob doywod ocvotiuatog Bdoet tilg edoedelong

Moews tob xadig tedévrog nadmuarizod moofAijuartoc.
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O ovyyoapevg avapéger 6tL dmdoyovy medio £0evvng, Gmov 1) pédodog avtm
: 4 3 /’ 3 S / \ 2 ~ < cr (<4 & A
elvar elte dvoxolov elte adivatov va Epaouoodil. “Omov Spwg adtn dvvatal va
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PUOLKIY TQAYUATXOTNTO X0Td TQ6mov Alay Txavomountixdy.
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