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oYSIKH.— Eigenvalue Bounds to the Boltzmann Equation, by C.
Syros*. *Avexowvardn vmo tod "Axadnuaixot x. K. *AkeEomoviov.

The derivation of the time dependent Boltzmann distributions
requires the knowledge of the eigenvalue spectrum of the Boltzmann
operator.

In this note an arbitrary but bounded kernel is considered depend-
ing on the space and velocity coordinates.

In what follows a spectral property is establisned giving a lower
and an upper bound for the eigenvalues. T'he physical system has an

arbitrary convex shape of any number of dimensions.

Definition.
1°. x €R, where R is the set of all p-dimensional vectors, R ( RP.
2°. The diameter of R is finite.

—)
3°. The convex surface of R is S(SCR) and dS is the vector sur-
face - element on S. n is the outwards pointing normal on S.

4°. v e U, where U is the velocity space US VP,

B2, {\p,»(x,v), AMEA} are the solutions and the eigenvalues. All
W}, (x, v) are scalar functions of x and satisfy the equation
VeV, (%, v) v E (x,0) 0, (2, v) = du(x, v)y, (x,v), (1)
where v =|v/|,

6°. y, is the p-dimensional gradient operator acting on functions

of x.

0. fdwu’p fdx’l’ w(" ‘ dvp fdxp xp; Y = Revy,,
U
—i1

R
VP = Imvy,, i, 0 2
The various quantities in Eq. (1) are specified in the following :

Assumptions.

1°. ¢, (x,v)€H; (VA|LEA), where H is the space of all L*- sum-
mable functions defined on R® U.

* KQNET., 5YPOzZ, Ppaypol idotipdv tijg éElocwoewg Boltzmann.
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2°. The linear bounded operator, x(x,v), is the scattering kernel
defined on H by

% (x,v) y(x,v) =ffdxp dve % (x,x’; v, V) p(x’, v).

R U

3°. The total cross-section 3(x,v) is supposed such that
| (w, (%, v), vZe(x,v) W, (x, V)| < oo (WA, Vie|d, nEA).

With these definitions and assumptions we shall prove the following:

Theorem.

Let 1, (x,v), ¥, (x,v) be solutions of Eq. (1) satisfying the boun-
dary condition W, (x,v) =y, (x,v) =0; {(vx|xES)A(vn,v|n.v< 0)}.
Let furtner A,, 4,, Gy, be given numbers.

Then, the spectrum of the linear operator defining Eq. (1) satisfies:

e, Xy < [N &,

where

1 (k)

¢
o = it ot g6 fonkHmdr o -y,

heA J

1

o . f 1l 11 2249 12 21y, —;‘
BT iu}\){ [<v Zn| + 9 |Gl (M, — M;,)" 4 (M + My,)* |2 }

€A | )
and

40, Gw=ffdvp v-dS vy, (x,v) wu(x,v).
S U

Proof:

From Eq. (1) it follows that
Ve V(W) + 20 Ze(x,0) wyw, = Ay, ey, +u oy, (2)
Since v, , }, are scalar functions of x it follows by integration that:
A, x) iy, 2w,) = 2<0Z(x, 0) + Gig- &)

In Eq. (3) <vX>, is given by

(*) X is the complex conjugate of X.
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W By, ) —fd" fdpm » Solic, 9 (4)
and , (x, v)wu(x,v) being scalar function of x satisfies the theorem:

fdvp fdxp vV (v ) = fdvp fv ~dSy, v, - ()
U S
If now is put p =1 in Eq. (8), it follows that the expectation value of
v 2 (x,v) is positive,
v 2 (%, v)0m > 0. (6)

On the other hand, since v, (x,v) =0 for all x on the boundary
surface S and for all velocities satisfying v.n < 0, it follows that the
inetgrand in Eq. () is everywhere on S semi-positive. Therefore G;i is

also positive,
Giz > 0. (7)

Moreover, it follows from Eq. (3) for n = A after some calculations that

{ 1
|A] > inf {[ uzt*ﬂ—k%GAzJ/[M;;Jr M3+ (M5 — M3) ]?'} (8)
reA ( f

and for u==1 we get from Eq. (3)

f ' |
< sup 10 g 1G]/ fonf gy + ouz sy [ o
}

heA [
0 E. D.

Remark I. If »(x,v) is a self-adjoint operator, then it follows
from Egq. (3) that,

= [ v g+ —‘]2— GﬂJ / R - (10)

Corollary: The values of A for which solution of equation (1)
exists are restricted on the annulus defined by A, and A,.

IIEPIAHVYIZ

Yro v meotimodeov thg adoolotinétmrog - I, t@v idiocvvaptioewv thg
yoauromomuévng Elowoewe Boltzmann mooxvmrer uia goacpatint Wdidtng. Alde-
tor GrodeEg O olovdrimore Gouduov dwaotdosmy p > 1 tou RP.
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SUMMARY

A spectral property of the linearized Boltzmann equation is dedu-
ced from the L’-summability assumption of the eigenfunctions. The
proof is given for any number of dimensions p>1 of RP.

‘O *Aradnuainog x. K. "AreEémovrog Lafmv tov Adyov eime 1o £Edic:

Kvoue TTodedoe,

Aapfdve ™y tyuv va magovsidow eig tv Axadnuioy *Adnvav Foyaciov
o0 % Kwveravtivov Zvoov pe tithov «Xagantnootiol wipol tdv yooumx@dy
gElomoemv toU Boltzmann».

‘O % Zbgog elvar quordg 2oyalduevog i v Edgoxaixy Kowémra
*Avowniis *Evegyslag v BouEéhhaig, amo étdv 8¢ doyoreitan petald dhlov e
v €Elowowv Boltzmann. “H 2Elowoig ality mteémer tyv uekétyy tdv dwadoyrdv
noo@dv, tag 6moiag Aaufdver 1 xatdotactg £vog cuvokov couatiov. “H 8EEMEG
v Yéoewv xal TV TayuTiTOv TOV conatiov eivar duvatov va pedetmdi, Grav
eivat yvootn 1 ahinlenidooactc umeraby tdv copatimv. ‘O Goog dAinienidoaoig
Yo Ndvvato va dmhol tag duvduelg, ai 6moial dugavilovral xatd TV cUyxQovoLy
do osopatiov. *Avaldymg, howwdv, tob timov TdV duvduewv EugaviCovral dud-
@ogot poogal tig &Elooewg Boltzmann.

IToo EEamrvou avexoivwoo Evamov dudv Ao due thv meglntmoty vetoo-
viov. Eig éxelvny 1v asolntwoy 6 %. 2Vpog Buerétnoe 10 otatindv modBAnuu.
Eig t\v magotcav dvaxoivwory uelerdral, avudétwg, 10 mobfinuo xatavouts
Boltzmann petafaklouévng yoovirde. To medfinua tovto dvagaivetar, 6odxig
uehetdrar déoun vergoviwv peraPintiic vrdoewe. Ta ocvpmeodopata tig doyaciog
dlatvmotvrar vmo woeenv dewonuartog, Tag Aemwrongoeiag tod Omolov Yo moémer

v 3 A , S 7
va avalntnoy 6 évdiageoduevog eig ta IToaxtind.




