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ABSTRACT

The QED electron self energy equals to a high degree the internal (3—1, 2) tran-
sition energy of the H-atom. New quantum states of the hydrogen atom have been found.
The Lamb shift (1077.63 MHz) is reproduced without parameters to an accuracy of .325%
as transition between the Dirac states and the newly found states. Predicted are also the
frequencies 10922 MHz (.236%), 4463 MHz (3.069%) and 187 MHz (.223%). No hyperti-
ne interaction is required. Spectroscopic asymmetry between hydrogen and antihydro-
gen is also predicted. The method is applicable to any one-dimensional interaction Ha-
miltonian with the Dirac equation.

There are only few cases in theoretical particle physice in which a mat-
ter-antimatter asymmetry is implied. On the other hand, matter appears
much more frequently in experiments than antimatter. The question is why
antimatter appears separated from matter in the degree actually observed.
This question will be examined in the case of the hydrogen and antihydrcgen.

It is a well-known fact that the non-relativistic spectroscopic notation
of the atomic states implies a certain degree of degeneracy. In this notation
the first few states of the hydrogenic atoms are as follows: S,/,, 2 S/,
2 Py/e 2 Pygy 3 Sy/5, 3 Py, corresponding to the total angular momentum
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number j=1/2, 1/2, 1/2,3/2 and 1/2, 1/2. Thus the states 2 S,;,, 2 P,
and 3 S,/,, 3 P,,, etc. appear as degenerate. In fact, however, the experi-
mental states 2 S,/,, 2 P,;, are found to a frequency distance of 1057.873
MHz from one another. This is the famous Lamb shift [1]. The interpretation
given in QED mainly in terms of self energy of the electron and the vacuum
polarization might be difficult to explain if the degeneracy in question were
absent. It seems that in fact there are instances in which degeneracy is absent.
Therefore, additional attempts to explain how the Lamb shift is to be under-
stood in these cases are highly desirable. The lack of degeneracy in the H-
atom follows from the energies of the atom with oppcsite k-values, where
k is the Dirac angular momentum quantum number. These energies are by
far not identical in the frame of the present theory, contrary to what is the
case in the traditional spectral equation.

The purpose of the present note is threefold:

(A) To demonstrate that the relativistic hydrogen and antihydrogen
states are not correspondingly identical to those in the spectroscopic nota-
tion and not of equal probabilities.

(B) To show that the set of the new hydrogen atom quantum states
(and possibly of all atoms) is broader than that given by the traditional Di-
rac set of bispinors.

(C) To show on the Lasis of (B) that the Lamb shift is due 99,679, to
transitions of the type (k=3)—(n'=1, k=2). Here (n’, k) is a hydrogen state
according to the Dirac solution theory and (n’+k) is the corresponding new
hydrogen state found in the present work.

According to the bispinor solution of the Dirac equation found in the
present work with the Coulomb interaction, V(r)=e? | 4me,r alone the energy
eigenvalues for positive k, ¢,, and for negative k, _, satisfy the relation [2]

e +e,. =0. (1)
They are obtained from the spectral equation
—o?, + a2Z?
&= 0'2:1: + o272 ’ (2)

where

oy = Vie—oZ2 —k. (3)
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In eq. (2) a=¢€?/2eohc is the [ine structure constant and Z is the atom-
ic number (fig. 1).
Eq. (2) is of different structure as compared to the Dirac formula [3]
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Eq. (2) gives eigenvalues differring slightly (e,) or much (e-) from tho-
se given by eq. (4), with (n’, k) as is shown in Table I. The largest difference
between the Dirac values and the present work values calculated in Table
I is 4.5.10-5 eV. These differences will be discussed below.
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Fig. 1. The energies e+ (k, Z) as functions of the atomic number, Z, for hydrogen and anti-

hydrogen atoms. For |k|)1 atoms or antiatoms with Z>>137 may be found in states
with finite probability.
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Taking into account eq. (2) and using the spectroscopic notation [4] one
finds the states for hydrogen and antihydrogen given in Table II. Comparing
the columns 4 and 6 one observes that:

(i) In this notation the state S,;, for the antihydrogen is missing.

(ii) The states of both hydregen and antihydrogen are of zero degeneracy.

(iii) The radial quantum number does not appear in the new states.

It follows, therefore, that in the spectroscopic notation the new hydro-
gen states are not symmetric to the antihydrogen states. The lowest anti-
hydrogen state is in this notation the state P, with 1=1, j=1/2 and k=—1.
The energy of this state is e (-1). It is further shown that the relative proba-
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Fig. 2. Hydrogen (k=1,2) and antihydrogen (k=-—1, —2) bispinor components fy, gy

and fg, gi7- They have exactly the same forms for equal |k| -values. However, they have

very different normalization constants. They aie proportional to: (k=1:.99998631, k=—1:

1.2755.10—5, k=2:9.803.10—5, k=-—2:3.189.10—10). These tremendous differences give a

measure for the relative abundances of the corresponding states of hydrogen and anti-
hydrogen in the universe.
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bilities for the states with k=1, —-1 of the hydrogen and antihydrogen respec-
tively are very unequal to the favour of the hydrogen.

This can be proved by using the components f, g of the bispinor. These
have the form (Fig. 2):

sinhq}ﬁ ’ (5)

f (pk)= {coshq+[ klnp——(p‘/i i V:—-—_E v (P))] q

g (o) =|—/ Tcosha+ [ J/ et (=) ¢ ()] 2N

In egs. (5-6) q® (p) is the «discriminator» (Fig. 3)

q* (p) =k2n? 40— (ep — T (p))?, (7)
U (p) =fH" (p) dp , e=E /moc* (8)

U (p) is the integrated Coulomb interaction and m, the rest mass.
It is seen from eqs. (5-6) that the bispinor components { and g have a common
normalization factor. This factor, N, is the commen factor of a constant

bispinor (E:) which provides the solution of the Dirac equation with two
arbitrary constants to be determined from the boundary conditions. The
boundary conditions {—0 for p—0, f-»0 for p—»cc have been applied and
they provided eq. (2) for the energy eigenvalues. Therefore, the integrals
give

P, =J(P*(psk) +g%(p;k))d% and P = f(f*(p;-k) +g%(p;-k)) d% (9)

the measure of the probability for each of the matter state (kD1) and
the antimatter state (kgL-1). In this definition of the relative probabilities
there is no possibility for an ambiguity, because P, and P_ have no common
factor and no free parameter. They result from each other only by the charge
e~—e*) and parity (k—-k) reflexions. Therefore, the normalization constants,
N, defined by

Ny - J(® (s £ k) + g (s L k) d% =1 (10)
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provide the relative probabilities (P,=N,-?):

B, B
Phydrogen = 5~ and Pantihydrogen =5+ - (11)
y P, +P- & P.4+ P

Calculations show that P, diminish very rapidly with increasing |k|.
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Fig. 3. The discriminator q2(p) determines the character of the spinor as bound (q2>0)
or scattering (q2<C0) states. The curve 1 (e=1) gives a scattering state. The curves 2 (e=
.999933), 3 (£=.999973), 4 (¢=.99992) give bound states of the hydrogen atom.

It suffices, therefore, for the evaluation of the relative matter-antimatter
probabilities to find the P (|k|=1) only. This is the ground state probabi-
lity. The results are

P, (k = 1) = .99998668699
P_ (k=—1) = .00001331300 (12)
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This proves the matter-antimatter asymmetry in the universe, where
the Dirac equation is valid.

Next, the proof of the second assertion (B) will be given. In view of
the mathematical exactness of both the Dirac solution and of eqgs. (5-6) it
follows that these represent additional states of the hydrogenic atoms which
were unknown previously.

The reasons why they have not all been discovered by the optical spec-
troscopy is twofold:

(1) In transitions of the type (k+1)—(k) the wave lengths are identical
to the wave lengths of the transitions between the Dirac states of the type
0, k+1)-(0, k).

5/ Sy,

-5
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Fig. 4. The points give the ratio P_ /P- of the relative probabilities for the H- and the anti-
H-atoms. The axis of the abscissae gives the relativistic quantum numbers. A tremendous
decrease is seen of the probability for anti-matter in the universe where the Dirac equa-
tion is valid. Even in the ground state of the H- and anti-H-atoms the probability ratio
is more than 75100.
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(i) The wave lengths of transitions between present work states and
Dirac states of the type (n’ +k)—(n’, k) are of the order of 1 cm. Transitions
of this second type take in fact place and this will be shown in the assertion
below.

The discussion of the properties of these new states is, however, mathe-
matical in nature and, although it has important physical repercussions it
will not be pursuited here anymore.

Finally, assertion (C) explains the main part cf the Lamb shift assigned
in QED to the self-energy of the electron.

From Table I it is seen that for n’ >0 there are small differences between
the energy levels e(n’, k) and e(n’ -+k). These differences are all of the order
of magnitude hvpamy, where h is the Planck constant and vpam, the Lamb
frequency.

The traditional Lamb shift corresponds (Table I) to the difference

P m oc*
ey (142)—c(1, 2) = 8.7510-2 - 27:}1
=1081.195 MHz. (13)

This frequency is the result of only the Coulomb interaction, does not
depend on any adjustable parameter and has not heen corrected fcr the vac-
uum polarization, the recoil or anything else. In particular it does not de-
pend on any hyperfine interaction as the other frequencies in Table I which
traditionally are attributed to the magnetic moments interaction.

The difference of 3.55 MHz found in QED may possibly be explicable
by the number and type of states used to calculate [6] the sell energy, the
vacuum polarization, recoil and proton size. These effects are not taken
into account in the present calculation.

In general the formula for the Lamb shift and other non optical fre-
quencies withcut any correction is

v Mo cz{ o i)t i

gy V1+(n’+\/oli—2)a' : o
— o
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Eq. (14) predicts the frequencies given in Table I. The experimental data
of the last column have been taken from the references 8, 9 and 10. It should
be pointed out that the results of the present work in Table I do not contain
any correction. The Lamb shift «due» to self-energy is 1077.64 MHz. The
comparison with the predicted frequency of 1081.195 MHz gives an agree-
ment to 99.675%. It is understood, of course, that no parameter at all is con-
tained in the present theory.

Summearizing this note the following three general remarks may be
made:

(1) The hydrogen-antihydrogen asymmetry in the spectroscopic nota-
tion is not described by the Dirac bispinor solution, because it depends on
the absolute value |k| of the relativistic angular momentum quantum num-
ber. This means essentially that the Dirac equation has Leen solved [6] in 1928
only for positive k-values. There exist, however, further solutions with phy-
sical meaning [2], and these are given by eqs. (5-6). This bispinor complements
Dirac’s bispinor and no one separately describes fully the behaviour of the
hydrogenic atoms.

(ii) Since the Lamb shift is not due to the self energy of the electron,
one will have to think about the way to understand the self energy in QED.

(iii) Since no adjustable parameter at all is contained in the present
Lamb shift theory, and since in our calculated frequencies no correction what-
soeveris included one will have to understand how to calculate better the neces-

TABLE 1

This table gives the energy eigenvalues of the H-atom in column 3 according
to the usual Dirac formula, E (n’, k). Column 4 gives E (n'4k) according to the pre-
sent work. For n'=0 the differences of the two series of eigenvalues are equal to zero.
For higher values of n’ the differences are very small. They give the fine structure fre-
quencies of the H-atom. These results have been caiculated in double precision with the
UNIVAC 1100 /60 computer. The maximum difference amounts to the energy. 000045
eV. It corresponds to the known hyperfine frequency 10947.836 MHz.

The second difference gives the Lamb shift 1081.195 MHz. This number contains only
the Coulomb part; It is emphasized that the frequencies in column 6 are the direct result
of the new quantum states of the H-atom. They have not been corrected for the vacuum
polarization or for the recoil effects. In-addition they do not contain any adjustable
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parameters and they depend only on universal consta nts. The symbols have the following
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meanings:

k=relativistic angular momentum quantum number.

n’=radial quantum number of the Dirac solution theory. It is absent in the new spinor
solutions. The relation of the two sets of states is k—n"+4k.

m=rest mass of the electron.

c=velocity of light.

n k E(n’, k) E(n"+k) Difference Predicted  Observed
m. ¢? m. c? m. c® MHz MHz
0 1 .99997337406068 .99997337406068 0 0 -
2 .99999334358163 .99999334358163 0 0 -
3 .99999704159731 .99999704159731 0 0 -
4 .99999833589956 .99999833589956 0 0 -
5 .99999893497604 .99999893497604 0 0 -
1 1 .99999334349301 .99999334358163 8.86.1071 10947.836 10922
2 .99999704158855 .99999704159730  8.75.10712 1081.195 1057.873
3 .99999833589771 .99999833589956 1.85.10712 227.359 -
4 .99999893497547 .99999893497604 5.67.10713 70.061 74
5 .99999926039993 .99999926040015 5.47.10713 27.061 -
2 1 .99999704156230 .99999704159730 3.50.1071 4324.766 4463
2 .99999833589402 .99999833589956  5.54.10712 678.370 558
3 .99999893497452 .99999893497603 1.51.10712 186.583 187
4 .99999926039959 .99999926040015 5.47.10713 69.589 -
5 .99999945662033 .99999945662057  2.86.10713 29.161 -
3 1 .99999833588294 .99999833589956 1.66.10~1 1051.175 -
2 .99999893497263 .99999893496039  1.22.1071 1512.431 -
3 .99999926039906 .99999926040015 1.09.10712 135.179 -
4 .99999945662013 .99999945662057  4.33.10713 53.503 -
5 .99999983974942 .99999958397515 2.10.10713 25.948 -

sary corrections in order to achieve agreement with the observed values.
Also, the frequencies 74.187, 558 and 4463 MHz are attributed to the hy-
perfine structure interaction. This assignment will have to be reexamined
because the present results which agree very well with the above frequen-
cies do not take account of any other interaction besides the Coulomb one.
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The corresponding remark holds true also for the calculations of the
muonium [7,8] Lamb shift. Finally, the fact that all frequencies of the
presen work deviate from all but one, 4463 MHz, corresponding experimental
values less than .33% might indicate that an error may be contained in
the assignment of this value.

Concluding, it is found that QED is much more preciser than it was
believed hitherto, but one has to interpret it still better. Also work to under-
stand the hyperfine structure of the atoms appears as necessary in view of
the fact that many spectral lines attributed to the hyperfine interaction are
simply due to transitions of the hydrogen atom between levels in the Coulomb
field. This conclusion is imposed by the reproduction of the frequencies 10947,
70, 187 etc. besides the Lamb shift [9,10] without any interaction of the

magnetic moments.

TABLE I1

A classification of the hydrogen and the antihydrogen states without the radial quan-

tum number, n’. The hydrogen and antihydrogen states are non-symmetrically distri-

buted if the classical spectroscopic notation is used. The S, state of the antihydro-
gen does not appear.

Quantum Total Hydrogen Antihydrogen
number k spin j 1 (1) 1 (1)i

+1 1/2 0 Sy/e 1 P

+2 3/2 1 Py 2 Dy/y

+3 52 2 Dy/s 3 |

+4 7/2 3 Fg/o 4 Gjs)o etbe
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NIEPIAHYIZ
*Acvupetpla "YAng - "Avtiddng xal petatémiols Lamb

‘H elc mv KBavrixny *Hiextpoduvapixiy dmodoylopévn adro-évépyeia (self-
energy) Tob MAextpoviov cvpmimrer xara 99.5% meplmov p thv dvépyeiav petoa-
Baoews Tob drbuov Tod Ydpoybvou éx plag xatactacews Ky edpelelone eig Ty ma-
podoav Epyactav xal Ths xatactacens (n'. ke ) t¥¢ mpoBhemopévng Smod Tig YvwaTiic
oyettoTiniis Oewplag Tob drépov Tob “Ydpoybvov, ke xal ke ) doyind xal Tehik)
Tl 1ol oxeTiioTined xBavrixol &plpod THg oTpopoputic xal 1’ 6 dxTivindg xBav-
Tixds dpfpde. “H peratémioig Lamb xal ol &MAeg ) dmetinds cuyvéTnTeg Tob dTépov
o0 “Ydpoybvov &modidovrar Mav ixavomowmTinée md Tév eig Ty mapoloav épya-
olav edpebetodv *Bavrindy xatastdoewy Tob ‘Ydpoybvov. Ol ebpebeices ouyvh-
™Teg i) Aapvavoudvey O B TV &AWy GuvelsQopdy, ol Gmoieg d&v dmoroyi-
Covran cig T mapoboay Epyactiav, elvar: 10947.8 MHz, 1081. 19 MHz, 70.06 MHz,
4324.76 MHz, 186.58 MHz x.&. ‘H dxpifeix Smoroyiopod t@v &vew cuyvettwy
elvoe &ves Tob 99.65%. *Ent mAéov Stemiotddyn § dovpuerpla Ohng-dvriding el mjv
PAGLATOGKOTLXNY TarpdaTaoty T6h ‘Y'Spoydvou xal Tob &vri-Ydpoyévov. ‘H dvarntu-
¥0etoa puébodac mpdg Moty Tig EEtodaews Tob Dirac épapuéletar el Bheg tig opat-
pixa ouppetpixds 7 povodidotates Xawhtoviavis dAnemdpdcewg. Ol cuyvéryteg
10947.83 MHz xal 1081.19 MHz dvriotoyoly eig & piun xdpatog A, =0.02738m
xab A,=0.2773m.
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