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MHXANIKH.— The T-criterion and its corollaries in fracture mec-
hanics, by P. S. Theocaris*.

Any fracture criterion should depend directly on the loading mode of
the structure and therefore it should be a function of active components of
the stress tensor defining the elastic field at the vicinity of the crack tip. Then,
criteria based, directly, only on a single component of stress or strain should
be considered as deficient. Thus, all criteria based either on the maximum
tangential stress, or the maximum principal tangential stress or strain, can-
not be considered as deriving from some particular constitutive principle
of mechanics, their justification being based only on the fact that their
results corroborate more or less experimental evidence. However, experi-
mental justification of any fracture criterion is not sufficient, if this is
not backed up by some basic law of physics.

The fact irself that only one component of the stress —or the strain—
tensor defines explicitly a fracture criterion is a sufficient reason to doubt
in advance for the soundness of this criterion, in view of the fact that, even
for uniaxial loading, the stress field around the crack tip is always strongly
multiaxial.

On the other hand, all criteria based on local energy density concepts,
evaluated at the vicinity of the crack tip, are based on the physical princi-

* II. . @EOXAPH, To T-xpitfiplov xal t& mapdywya adtob xpitipa elg Thv
pnxavuay Tdv Gpadoewy.
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ple that the energy released during the crack initiation of propagation must
be an extremum. This is because, for equilibrium at the crack tip at some
particular instant, the Lagrangian function of energies there, should be a
minimum, in order to satisfy the instantaneous equilibrium of the system[1].
Then, a crack is choosing its own path, which must minimize the Lagrangian
function, and therefore it should release the maximum energy for the system.

Since in the majority of fracture criteria the stress fields around the
cracks are assumed as totally elastic, the stresses at the crack tip are assumed

OX'O = kGy,o

Oy, = Koy,g

Fig. 1 The geometry of the vicinity of the crack tip and its core region.
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as singular in all directions. Then, the concepts of stresses acquire a physical
meaning only at some short distance from the crack tip and therefore frac-
ture criteria require that the crack extends in a radial direction, which is
defined along a circle of an infinitesimal radius, such that this core region may
be accurately defined by the extent of dominance of the elastic stress singu-
larity. This circle for the maximum strain energy release rate criterion is
substantiated by the circular path, along which the J-integral is normally
evaluated (see Fig. 1).
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Fig. 2 Angular variation of oy, o,,-principal stresses along the Mises elastic-plastic boun-
dary for p=10°.
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Only the T-criterion [2] accepts the realistic view that, even for the brit-
tlest of the materials before any initiation of crack propagation, a small plas-
tic zone is developed around the crack tip. Considering that this small plas-
tic enclave may be represented by the initial yield locus, it accepts this zone
as the core region used in the other criteria. Then, this circular domain is
transformed to the more realistic kidney-shaped plastic enclave.

By evaluating the two components of the elastic strain energy density,
that is the distortional, T, and the dilatational, Ty, components along this
contour and by assuming the validity of the Mises yield condition, it takes
advantage of the fact that the T,-component is constant along this curve
and, therefore, it seeks for a maximum for the other energy density compo-
nent. Then, the Ty-maximum assures the maximalization of the total strain
energy density along a particular direction, which defines the instantaneous
direction of propagation of the crack [3, 4].

The rather small deviations of the results derived from the various
fracture criteria imply that there is an eventual affinity between them, al-
lowing only small overall discrepancies between criteria, which are accentua-
ted only in some characteristic regions depending on the mode of loading
of the cracked plate.

It is well known that the T,- and Ty-components of elastic strain
energy density around an ideal crack tip, for a plate under plane-stress con-
ditions, are expressed by:

1
Ty = ( ??-EY) (0% + %5y — oxxoyy I 370} (1)
m 1 _—-2
I'y = ( 3] V) {Gxx = '3'3'3'}2 (2)

where o;; are the Cartesian components of the stress tensor (i, j=1, 2, 3=
=x,y, z) and E and v the elastic modulus and Poisson’s ratio of the material
of the plate.

Then, the T-component of SED may be written as:

Tp = (1:-;;\’) { (6xx + Oyy)® — 3 (GxxOyy — T%xy) } (3)
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Introducing relation (3) into Eq. (2) one finds that:

1—2v 1—v
TV = (2 (1 2 \)))TD =t R (Gxxcyy—72xy) (4)

If one searches for a maximum of the Ty-component of SED along an elastic-
plastic boundary, where the T-criterion defines the critical 9-angle of crack pro-
pagation and the critical load Pe for initiation of fracture, one has to find
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Fig. 3 Angular variation of o,,, o,,-principal stresses along the Mises elastic-plastic boun-
dary for B=300°.
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the 3Ty /99-derivative along a line where T, =const. Performing this dif-
ferentiation one finds that:

Ty e (1—2v) a(axxo'yy _ szy) ()
09 2E 09

The quantity (cxx0xy— T%y) equals the determinant of the stress components
Gxx, Oyys Txy il plane stress and it is well known that the following relation

1s valid:
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Fig. 4 Angular variation of o,;. cpy-principal stresses along the Mises elastic-plastic boun-
dary for p=45°.
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(Gxxo'yy— szy) = 011099 (6)

where 6y,, 6,, are the components of principal stress tensor around the crack
tip.

Then, in order to find a maximum for the dilatational component of
elastic strain energy density, Ty, it is necessary to have:

dTv :(1_2\') o) (611622) — 0
99 2E o9

Differentiating this last relation with respect to 9 we find out that:

00y

0
e N (7)

This relation becomes zero for the following cases:

i) If 6;;=0,,=0, which is a trivial case of an unloaded cracked plate.

ii) If either 6,,=0 and 96y, /59=0 0r 6,,=0 and 96,,/59=0. That is, when a
principal stress presents an extremum, its value has to be zero. However,
this case never happens as it can be also seen in figs. 2 to 7, which present the
variation of o,, and o,, along the Mises boundary for angles of obliqueness of
the crack B==10°,30°, 45°,60°, 70° and 90°. The dimensionless principal stresses
6, and o, in these figures were normahzed to the yield stress, o,, in
simple tension.

iii) It remains the only valid case where both derivatives of the ay,, 6,,-
stresses are equal to zero, that is when:

90y _ 303 _
99 09

This relation indicates that at the angle 9:=9max, where Ty becomes a ma-
ximum, both principal stresses should attain extremum values.

Then, Eq. (7) proves that the maximum tangential principal stress
(MTPS), or strain (MTPSt) criteria are, in reality, alternative expressions of
the T-criterion. Since a single-stress, or strain criterion is an invalid criterion,
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the proof that the MTPS— and the MTPSt— criteria, are different expres-
sions of the maximum dilatational energy density criterion (T-criterion)
may justify them as potential fracture criteria [5].

The only difference between these criteria and the T-criterion is that
the single stress or strain criteria are evaluated along the circumference of
a circle, whose radius, g,, is arbitrarily defined, whereas the respective core
region for the T-criterion is the initial yield Jocus, a curve defining the plas-
tic enclave, which contributes, among others, to a relaxation of the elastic
singular region around the crack tip, by the incipient plastic deformations.

15

10—

= AN\
- \

(=]
i

| 0-2
}
-05
B=60°
-1.0
15
-180  -120  -60 0 60 120 180

¥ —»
Fig. 5 Angular variation of oy, , @gs-principal stresses along the Mises elastic-plastic boun-
dary for B==60°.
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This difference between criteria for determining the critical 9,-angle
of crack propagation is the main cause of any eventual discrepancies between

the two groups of results.

Another arbitrary assumption in defining the circular core region is
the constancy of its radius for various angles B of inclined cracks and diffe-
rent loading modes of the plate. It is easy to show that the average radius
of the initial yield loci for different B’ s and ;ioj’ s is strongly variable, since
not only the shape, but also the extent of the plastic enclave is strongly
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Fig. 6 Angular variation of ay,, opy-principal stresses along the Mises elastic-plastic boun-
dary for p=75°.



YYNEAPIA THE 6 NOEMBPIOY 1986 297

depending on these quantities (see Fig. 5 in ref.[6]). By analogy, the circular
core regions around the crack tips should have variable radii r,.

Concerning the maximum tangential stress (MTS) criterion it can be
shown that this criterion coincides with the MTPS-criterion for small distan-
ces ro from the crack tip when the singular one-term solution is valid [5].
Indeed, the polar components of stresses at the vicinity of the crack tip are

given by:
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Fig. 7 Angular variation of oy, 5,,-principal stresses along the Mises elastic-plastic boun-
dary for B=90°.
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. 9 e A .
Tg9 = [ COSZT{KI €08 3Kyysin —?2——}

and (8)

il & T . & &
Ty = W (}032—2———{1&1 sSin T — ]\IICOS 2—( 2tan2—2—' — 1)}

It can be readily shown that the following relation holds [5]:
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Fig. 8 The variation of the Tv /Ta-ratio versus the polar angle & for an internal crack in
an infinite plate submitted to simple tension at infinity with o, =0.10 E /0%, inclined to
different angles B, by using either the singular or the two-term solution for this problem.
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which implies that for the critical angle 9, of propagation of the crack it
should be valid that:

0699

... — =0 (10)
68'9='90 r99=8‘0

Relation (10) shows that for the singular one-term solution of the crack
problem the MTPS —and MTS— criteria are identical.

Then, all fracture criteria, based on the singular solution and depen-
ding on some individual component of the stress or strain tensor may be
attributed to the T-criterion, with which they are in complete agreement.
The differences between the T-criterion and the S-criterion are already di-
scussed in the open literature. It remains to state that the philosophy behind
the G-criterion and the T-criterion is along the same line.

Finally, it should be stated that from all the single-stress fracture cri-
teria the MTPS-criterion is in conformity with physical laws since it gua-
rantees a locally symmetric stress field around the crack tip, which seems to
be an inherent feature of the crack propagation process.

In a future article the validity of the T-criterion was further tested by
studying the distribution of the T(- and Ty- components of SED around the
crack tip by using not only the Mises yield condition but also various gene-
ralized yielding criteria. A comparison of the distribution of the Ty /T}-
ratio around the crack tip in a cracked plate under plane stress conditions
loaded in tension at infinity with a load e =0. 1E /o2, was undertaken for a
material with v=0. 34, for parametric values of the crack inclination angle 8.
This ratio was evaluated for the singular and the two-term solutions. For
both solutions the T -component was constant and equal to 0.44 (E /o%)
where o, was the yield stress in simple tension.

Fig. 8 presents the variation of the Ty /T -ratio, versus the g-polar
angle, for parametric values of the slantness angle B of the crack. It is clear
from this figure that all maxima of the Ty /T-ratio and therefore of the T-
dilatational component of SED appearin the interval —90°< 9, £0°. Secondary
maxima in the Tv-component appear for all 3-angles except for p=90°, where
the Ty-distribution is symmetric about the 9=0° axis. However, these
secondary maxima, appearing in the interval between 0°0< 9, < 180°, are much
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smaller than the principal ones. The zone of appearance of the principal
maxima for the Ty-component is the appropriate one corroborating with
extensive experimental evidence. Finally, in-between the zones of maxima,
the Ty-component passes always through an interval where Ty=0 indicating
the sectors where the plate is submitted only to a shearing loading, creating
the Ty-component.

The variation of the same ratio was also calculated by using a parabo-
loid type of criterion, where the inherent anisotropy of the material during
loading was taken into account through the strength differential factor
R=a,,[0,, Where o,, and 6, are the yield stresses in simple compression
and tension respectively. The criterion in this case takes the form:

3J,+1, (R—1)s,=Re?, (11)

where I, and J, are the well known first and second invariants of the stress
tensor. In this case the T,-component varied with the polar angle 9. How-
ever, for internal anisotropies varying between R=1.00 (isotropic material)
to R=1.30, the Ty /T -ratio versus angle $ remained exactly the same as for
the simple case of the Mises yield locus (R=1.00). Since the range between
R=1.00 and R=1.30 includes all the ductile metals and all polymers, the
constancy of the variation of the Ty-component of SED indicates an inde-
pendence of the T-criterion from the inherent characteristic properties of
materials.

In conclusion, it has been shown in this note that the T-criterion is a
general criterion encompassing all other criteria for fracture and failure of
the materials and it is in agreement with the existing extensive experimental
evidence and the physical laws.
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