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by Nicholas Chako*  Avexowvddn Omd tod "Axadnpainod x. "Todvv. Eav-
Sdun**

1. INTRODUCTION,

In the theory of diffraction of electromagnetic waves by circular aper-

tures and discs, one is let to evaluate integrals of the type
L ! e 1

(4) [ TnsitfadJ a0 (€ - gyt
in order to calculate the diffracted field and the transmission coefficient
of a plane wave normally incident on the aperture or disc.

Integrals of this type were obtained by Bouwkamp () and by Levine
and Schwinger (*), when the unknown field distribution over the aperture

or disc is expressed by
® ® 1

(a) ulpa)= g A B (V1=s"), (b) u(pa) Z B ( ,(s=~:),
where p’=x’-}y’, and A, , B, are unknown quantities to be determi-
ned from the boundary values of the problem, and a is the radius of the
aperture or disc. Integrals of type (A) will be called Bouwkamp - Levine -
Schwinger (BLS) integrals. We shall show that the Bouwkamp expansion
(a) is more approproate than (b). The coefficients A,, ,B, are found to sa-

tisfy an infinite system of linear equation involving integrals of type (A);
their convergence properties have been thoroughly studied by Magnus(®).
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The main object of this paper is to investigate the following inte-
gral (¥) K:
(B)  Tapwa (bza)=f e =V To ()T (at) (0= 1) £ d,

o
where p,za are real and the parameters afect, are fixed real or com-

plex quantities. The necessary and sufficient condition for the integral
(B) to exist is that the following inequality holds:

(a) Re (A %)> 0.

Furthermore, by an appropriete choice of the parameters (B) sati-

fies the so called axial equation of the wave equation in cylindrical coordina-

il . ou
tes and the boundary conditions u=0 on the screen or disc, or 52—.—_u =
z

=0, on the screen or on the disc (p a), and the Bouwkamp - Meixner edge

condition.
The problem of diffraction by a slit or a strip is likewise solved by

the integral representation (B)of the wave equation.

2. EVALUATION OF THE INTEGRALS.

In evaluating (B) and its derivative I, ’ it is found convenient to wri-

te it

——=_.  J ot i@t .! (pt)J (at)

. —12\/1 t? o« B —z\/t"’

(1) Iopo=i] e - t2o—a—f dt — e
Vi—t? \/t’—l
o 1
t20—a—f dt,
. 1 -

with y=— &5, 2A=20—a—B, since these values cover most of the cases

of interest.
With the aid of Cauchy’s integral theorem, (1) can be trasformed as

; )

an integral

1 [ —izt Ja (P\/l—fg)Jﬁ(a \/1‘12) l

# Gepa=if e s | 9
2

=8

L 2
1—iw

+ i . 7 8 . s

(+) This transformation is carried out in the same way as in Watson’s «Bes-
sel Functionss.

*The intergal form of the axial equation can be easily derived from Whittaker’s

representation (Math. Ann,, (1902), 57, p. 333) in cylindical coordinates.
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(8) Japo=1 _/ s Gl gt 13 } ~dr.
1—iw

For the integrals to make sense, one must impose the following con-
dition:
(b) Re(a4p+1—20))0.

Since the analysis of evaluating (2) and () is rather long and invol-
ved, it is sufficient to give the final forms which are suitable for finding
their limiting expressions as z—>0. For this purpose, we write (2) as fol-

lows:
(4) Ia»Bro = I]_ + 12 == A“rﬁyc + i Bavﬁ:d)
Ve ()P (D7 5 ot b
Blos Fyom 2 sinmo T (o +1) Z (=) TTass+D sFu(—n,—n—
—Bia+15x")Jnto (2),
VY 5 e b
(6) 2 7 7 2sinmol (1) ; n'I‘(ﬂ—'l'ﬁ—'Fi‘)_ sFi—n, —a—Riatlx)
J—-n—o(Z),
where p’=a’x* and ¢ is not an integer. The function Ba,p,e is given by
1 il
() Bapes=— f _ (Z\/l—-t’)]a ()] (at) (1—1t7) 5 t2o—a—Bt
(e \efa\B2\o 1 a\2n (z \2m+n+o
14X \/ﬂ(§) (2_) (z_)_ Z (—1) 2 nn+o+ 2) (z_> (2_)
2T (a+1) m!n'Tn+p+1)I(n+m—+o-+1)

0,0

1
B, (n4o0+ 2 n+m-+o+1;041;—x%7)
valid for 0<z<p, 0<p<a. Another form of (7) is

O s tgr(erd) § e W7 S (L)
T'm + )o,o

Tkt (p)Jntp (a).
On the other hand Aqgp,c is equal to the real part of Il plns 12- The
expession for 12, suitable for taking the limit z=0, is of the form
k 1 /z\2m 1 1
I 1/e\a (a\B (2)\20 & (—u)" (=Vv)o+ — (5 r m+o+? I‘._m——2
0 ke G O 2 e Vil
0,0 m!n!I‘(n+a+1)I‘<[3+ ]2 —a—n)

Z
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1 3
an(m+o+7’n—|—G—(3+1;m+7;V)

b3 B (o)

1 F, n+c—m,n+c—l3_m;1__m;v)
o0 minT(n+o+1)T ([3—1—7—~a—»n) v

2

where u and v stand for p’/a’ and z%/a’ respectively. This expres-

sion is valid for 0Lz<a, 0<<pZa. The limiting value of I2 as z—0 is

2 1
(10) lim I _12 2\%;}3;(3;1%)( )ﬁ 20( ) Z [ (p_) nr(n-l-EZI;(n—u)l"(u-—ﬂ—n)

Z>()
F,(n—}—o—!——;— ’ n——c—!—m;a—f—l;—?)'
On ther hand the limiting valne of Bag, is easily derived from (7-8).
This is
- a\2n
e 5 n+o+
(11) Bo—\/ﬂ(p )a ?-)ﬁ > (—1pn - (2) ( ’ ))le(ﬂ+a+73—m+o+l st __..)

2\2/ \2 = (@Tn+B+ 1T (n+o+1

=\_/12;‘(;_) < ) ( + 2, ( )k(a*)nr(“+°+%) Jita (p) Jnts (a)

kIn!l'(n+k+o41)

valid for z=0, 0<pa.

Combining (10) and (r1) and noticing that Aa,pe is equal to 12 plus e‘o™
(sinon)= Bag,s, we get the final limiting value of Iap.s,
(12 Tepulpdz=0) = T(pa) = Bo+1;

for 0<<p=Za, provided o is not an integer. Similarly, omne can derive

e‘dﬂ:

sinmo

expressions for I, and Bap,s valid in the region a<<poo Since Bgg, is an

even function of z, we have only to interchange o« with $ and p with a in
the above formulas. To derive expressions for Agpe requires rather len-

gthy manipulations, which we shall not discuss here. The result foa I3 is

2n
0 4—2 ® I n4— »I‘(a—n)I‘(o —a—n)
(13) I, _ m;m(o ) (2) 0( )[3 Z —1)n (2) ( -
2V arp+1) .

,F.(c—n,c~a—n:6+1;agz>

To obtain the limit of J as z—0, we either differentiate I and let
z—>0, or evaluate J and afterwards take the limit as z—>0. The result is
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; Lhfesl~
(14) Jolpaz=0)= (g%) £ = _Eﬂ%::ﬁ_)(;_)cu(g_)2o+l_ﬁl’(o+ 2F>(:E:)+ 5 5)

1 2

1
9F‘(O'-{—-g——' [3,0'-{--2—,(1—}—1, ':7?) y (O < l_éa).

3 EXTENSTION FOR INTEGRAL VALUES OF o.

In order to derive expressions for Iap,s and Jape when o in an inte-
ger, we replace z by Vr'—¢® in (5) and (6). After some rather heavy and
involved calculations, we have found the following expressions:

1 1
n:(P )a(a )6(2 )o i (— 1)_m_nr(m+“+7)r(m+“+? ? “)

(15) Iarﬂl“(rvp)a)= g § 2— Q‘ r_ 1
00 F(m+a+1)F(n+ﬁ+1)F(“"‘7"“_“)“‘!“‘
e \2m/a \2n(r \m4n . (2)
X (F) <F) ('2—) Hm+n+a (x),

,l
(16) Japolrma) =2(& (5% 1) HH(EEE)?

2w a \2 1 1
$ (g (&7 ) "<£—)m+"1‘<“+“+§"F(ni+“+~r°—n_)H(,) 2
0,0 m!n!l‘(m+a+1)l"(n+ﬁ+1)F(a+—é——o—n) m4n+odl '

valid for 0<<p<r, 0<<a<lr, and furthermore (rg) is wvalid for z=0, since
it is continuous across the plane z=0, whereas (16) is valid for z>0, as J
is discontinuous.

In a similar manner one obtains expressions for I and J valid in the
region 0<<p=Zr’, 0<<a<<r’ if we take r’ = \/p’——vf—z—’,where p satisfies the
inequality, 0<<p.Za.

The limiting values of (15) and (16) are obtained by setting r=o

The result is

@

(17) s s MHERTUEY X orise

0,0
m/a \n il 1
(5—) (5) ‘"(““’*7)“ <m+°‘+?—°—“)

m!n!l"(m+a+1)l"(m+[3+1)l‘<a+ 12-0_11) m+n+o
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B2 \2o+1—a < (a_)%r(“”“”%)
(18) Ju,ﬁ,c(rzp,P,a)':Jo (P)a)z(g_) (;) 6+ e Z (_l)n 2 T
" a1 atg o)

for z=0 and 0<<a="p. For 0<<p==a, we interchange the roles of a and B,

p and a in (18).
As a final result we evaluate Iap,6 for p=a. This is obtained directly

from (17), ed.
(19) Lo (a)=i 5(3 ) TP S (= pymen

)

r (m+u+ %'“““)F ( e %) H® (a).

mn!MNm4et-1)Cn4-B+1)I <u+ -é_——o—n) m4-n4-o

This expression is a generalization of integrals of Bouwkamp - Levine -
Schwinger type (A).

4. APPLICATIONS TO DIFFRACTION THEORY.

The connection of our integral with diffraction problems has already
been alluded in section 1. If the parameters take the values a=m,f=m-}

8 o 5
+ants L—_% or 20=2m-+2n-1, then Iapes satisfies the axial wave

equation, the boundary condition I; = Jo = 0 on the screen z=0, Som-
merfeld’s condition and Bouwkamp - Meixner condition. With these values

of the parametets J, is of the form
k. f® 1 k& I'(m+n41)xm
(22) o= —;Ta{ Jm (Xu)]m+2n+} (Wugdu=— -2]% B 3

I'(m41)I' (n+% )

,

an(Hl—}’“n-‘f—ly - n —%;m—[—l;x’>x

where p=ax. The integral above is of well known, namely, Sonine - Schaf-
heitlin type, which reduces in our case to a hypergeometric polynomial, or
a Gegenbauer polynomial. Using the well known transformation of hy-

pergeometric functions, (22) is also given by
(23) Jdoa)= —y/ & T __ po (VI=x7), for 0<pLa.
2a 2mF(m+n+ = m42n+4-1
=0 for p>a.
If the field distribution over the aperture is expressed in terms of Jo,

in the form
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PR p
(\/1 —Xg), (X*—'a7>’

(case of oblique incidence), then Af:’ Bnnl satisfy infinite systems of linear

m

(24) ulp,@ya)= Z An cos me + B sin mg) P
n

0,0

m4-2n41

equations with coefficients involving integrals of BLS type. For normal
incidence, we have m=0, so(23) reduces to the Bouwkamp expansion (a) of
section 1. Therefore, Bouwkamp’s expansion is obtained directly form our
integral representation of the wave equation.

On the other hand, if a=m, f=n-412=n—m, a=1, we get the
Zernike Polynomials (%)

(25) Zﬁl () =(~1) 2 e ©
which are orthogonal over a unit circle. These polynomials have been used
extensively in the diffraction theory of aberrations.

As a final observation, one can derive as special cases of the gene-
ral formulas given here other functions of mathematical physics, especial-
ly the important functions of Lommel, Struve, Lambda and other functi-

ons entering in various branches of physics.

NMEPIAHWYIZ>

To mpdBlnpa i weprdhdoswe Hmd xuxhixod dvolyuxtoc 4 Sloxov ddverar v
hodg S yevixol 6hoxinedpatos Alcewg Tiic xupaTidic FEicdoswe xal ixavomwotaty-
Tog xaTaAAnovg quvBixag. Aldovror dvtabda Exmweppacuévon woppal, Emiong Seixvie-
Tot, 6TL 7O &vamTuypo Tob BOUWKAMP 3wk t6 medlov mépav Tol &volypatog eivat
&pecog cuvémelx THe Opaxdic TiwFc, i Omolx ixavomoreltor OmWO  THe dhoxAmnpwTixdic

TapasThoewe Thg Aoewe TH¢ xupatinde EEohoewe.
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