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TEQMETPIA.— On geometrical equivalence and on a certain group
of plane curves, 4y Chr. B. Glavas ¥, “Avexowvdddn Um0 tod =

"Twdvv. Eavddun.

Let fi(a;,b;) =0, f,(as,by)=0 be the equations of one and the same
plane curve in the two plane coordinate systems (a;, b;) and (az, b;) respe-
ctively. These two equations will be equivalent if one can transform ana-
lytically one to the other. The latter depends upon the possibility to find
formulae of analytic transformation between the systems (a;, by) and (az, by).

For example the relations x?+ y?=a? and r’=a’ are analytically equival-

* XPHET. B. TKAABA, "Enl tiis yeapetpiniig looSuvapiag nai 1ivos Spddos napmvrbv 100 ém-
wéSov,
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ent equations. The dual case has already been examined (4 and 5). Let
f(a,b)=0 be an analytic relation. Given two plane coordinate systems
(a;,by) and (ag, b;) one gets by substitution in the last relation the two
equations f(a;,b;)=0 and f(ap, b;)=0. The latter represent two different
plane curves which obviously correspond to the same analytic relation
f(a, b)=0. But here a=a;=a, and b=b;=b,, which means that the corre
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sponding coordinates of the two systems must be equal by pairs. This is
possible in certain cases as it will be seen immediately.

Take the polar and the cathetic systems. In the latter system the
coordinates of a point Q (Fig. 1) are the angle 6 and the segment g=0B
where B is the intersection of the axis OA with the perpendicular on OQ
at Q (3:123-27). Let a circle be drawn with center at O and radius OP
intersecting with the axis at B. From B draw a perpendicular on OP inter-
secting with the latter at Q. Then if the points P and Q are defined by
the polar and cathetic systems respectively we shall have r=OP=0B=g,
9 being the same to both systems. It is now clear that the coordinates of
the two points are equal by pairs and that one can go geometrically from
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P to Q and vice versa. Thus the curves f(r,8)=0 and f(g, 8)=0 described
by the points P and Q respectively and represented by the same analytic
relation are geometrically equivalent because r=g and one can go geome-
trically from one to the other. In conclusion, while analytic equivalence
depends upon the existence of formulae of analytic transformation among
the coordinate systems in use geometrical equivalence depends upon the
existence of a rule for a geometrical transformation among those systems.

Beside the well- known form (r,8) of the polar system there is ano-
ther one (r,t), where t=tan@. Given the point Q and OI=1 on the axis
OC draw a perpendicular from I on OQ intersecting with the axis OB at
T. Then it is easy to see that the coordinates of Q under the new polar
form are OQ=r and OT =t=tan® (3: 146 - 50). The systems (r,t) and (x,y)
are geometrically equivalent. Really, if a circle with radius OQ =r is con-
structed and from C a tangent to this circle is drawn intersecting at the
point R with the perpendicular on OB at T, the cartesian coordinate x=0T
of R is equal to t and y=TR=0C=0Q=r.

Given an initial relation f(x,y)=0 its analytically equivalent one in
the (r,08) system is f(rcose, rsing)=0. The geometrically equivalent of the
latter in the (g,0) system is f(gcos@, gsin®)=(. The formula of transfor-
mation from the (g, 0) to the (r, 8) system is r=gcos@. Therefore the latter
equation is transformed to the f(r,rt)=(. Finally this is geometrically equi-
valent to f(y,xy)=0. This process is symbolically expressed as follows

a g a g
f(x, y)=0~ f(rcos8, rsin@) =0~ f (gcosp, gsing) =0 ~ f(r, rt)=0 ~ f(y, xy)=0,

where a and g mean analytical and geometrical equivalence respectively.
If we apply the same process to the relation f(y,xy)=0 we shall get:

a g
f(y, xy) =0~ f(rsing, r’sin@cosp) = 0 ~ f(gsing, g’sin@cosd) =

=Oif(rt,r“’t)=0’g\/f(xy. xy?) =0

It is now clear that each relation f=( is produced from its preceding
one if one substitutes in the latter y for x and xy for y. The corresponding
geometrical picture of this process is seen in Fig. 1. The point P(x,y) of
the initial curve f(x,y)=0 is the same with P (r=OP, 9). But the geometri-
cally equivalent point of the latter is the point Q(g=0B,8) which is the
same with Q (r=0Q,t=0T). Finally Q (r,t) has as its geometrically equi-
valent the point R (y=TR,x=0T),
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f (X| Y)=0
— y
f(y, xy)=0 f(-x—, x)=0
f(xy, xy)=0 f(—’;i, %)—_—O
f(xy‘Z) x2y3)=0 f(;{?y 3;7‘):0
f(x%?® x*y%)=0 f(%, —}y{—,)=0
. ¥y =t
f (x%5 x°y®)=0 f((g ) ?) =0
f(xUnyUn-l-l’ xUn+1yUn+2)=O f(x(-l)nUn+2y(—1)n+1Un+l,X(—l)n+lUn+l
y(—1)n Un)_:o
DIAGRAM I

The outcome of the previously described process is the left column
of Diagram I. If this process will be reversed then we shall get:

g a a
f(x,y)=0~f(t, 1) =0~ f(tang, gcosO):Oif(tan@,rcosG):O\'f (% , x)=0

Taking f(y/x,x)=0 and repeating this same process we get f(x?/y, y/x)=0.
Continuing in this way we produce the relations of the right column of
Diagram I. Each relation of this column is produced by dividing the first
and second terms inside the parenthesis of the two preceding relations.

It is now necessary to find the general expression for the relations of
both columns of Diagram I. But if the general term of column I will be
found it will be easy to write the corresponding one of the right column
by looking at the way each relation ot the right column is produced from
its corresponding one of the left column.

Looking at the exponents of the variable x of the first term inside
the parenthesis in the relations of the left column we see that they form
the sequence 0,1,1,2,3,5,8,.... Here each term of the sequence is equal to
the sum of the two preceding ones. Then the general term (1:364) is

1

(1) iy = v (a=—t — pt),
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where a=(1 +\/;)/2 and b:(l——\/g)/z, ie. a and b are the roots of the
equation z?—z—1=0.

The exponent of y of the first term inside the parenthesis of each re-
lation of the left column is the immediate successor to the exponent of x
in the sequence. Therefore the exponent of y will be Un4i. Then the ex-
ponent of x of the second term inside the parenthesis is equal to Un41
and the exponent of y of the same term is the immediate successor to the
exponent of x of the same term in the sequence and is equal to Un+oe.
Finally the general expréssion of the relations of the right column is ea-
sily found.

We define the following law of composition symbolized by a small
circle for any two elements (relations) of the set of Diagram I. Given any
two elements f(A,B)=0, f(C,D)=0 of this set, where A,B,C,D are functions
of x and y, [f(A,B)=0]o[f(C,D)=0] means to substitute C and D for x
and y respectively in A and B. For example:

[£(y,xy)=0] o [f(xy? x*%°)=0]=[f(x%* x%%)=0]

In the above example the combination of two elements under the
defined law of composition gives a new element of the set in question. It
must be shown however that this holds for any two elements of the same set.

Consider first the combination of any two elements each belonging
to each column of Diagram I. Then we get:

[f(xUnyUntt xUntiyUnt2) 0]t (x 0" omt 1y(—-1)m+1\1m +1, < om

y(—x)m Um) (] = [f [(x(—l)mUm+2y(—1)m 5

=51 Un+1

Um+:)U"(x(_1)“‘ 1Um+ly(~1)m0m)‘

+ Un+1 Un+2

m m--1 m-+1 m
(2) (X(—l) Um—|-2y(—1) Um+l). (X(~1) Um»Hy(—l) Um)

]=0]=

e (X(~l)m(Um+2 Un—Um+1 Un+1),, (—1) ™ (Um Un+1—Un Um+1),

¥

(x(- ™ (Um+2 Unt1—Um+1 Und2(=) " (Um Undo—vmdt Unt1)] 0]

We shall first show that any of the exponents of the powers of x and
y of the last expression is of the standard form (1). Taking the first ex-
ponent of x and making the necessary substitutions:

(—1)®(Un +2 Us—Un+1 U+ =" | (@m+1 —bm+1) (a1~ b21) —

—(a®—b") (2" —b") | =
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Z(LIE [am+n —go—l pmtl_ a’m-{-l pr—! s pm +n _am+n e a"hm oz amh? — bm+n }:

#=[som(- 1) e =S
m[anbm D) _ gy (220 ) ] o DR (i get)
= \/5 (an—-l bm mbn-—l)

Suppose now that nym. Then n>m + 1 or n— 1= m. Therefore we

can put n—1=m + k where k 2> 0. Substituting m +k for n —1 in the last
expression we get:

(—1)2m

(=1m m+k{m__ ,mjm+k (__1_@}3)_111. k__KHk —bk
NG (amtk pm — gupm+k) — NG (a*—b¥) = < (a¥—Db*)

It now becomes clear that the exponent in question is of the stand-
ard form (1). One can prove likewise that the three remaining exponents
of (2) are of the same form. Thus the exponent of y in the first term in-
side the parenthesis of (2) is Up—m + 1 and Un-—m + 2 respectively. There-
fore (2) becomes:

[f(xUn—m yUn~ m——l' XUn—m+lyUn—m+2) _ 0]

But this relation is the (n—m)th element of the left column of Dia-
grsm I. Similarly, it is proven that if m ) n (2) gives the (m—n)th element
of the right column. In case both elements belong to the same column one
finds in a similar way that the final result is the (n + m)th element of that
column. We have thus proved that the combination of any two elements
of the set of Diagram I under the defined law of composition gives a new
element (composite) belonging to the same set.

Theorem I: The defined law of composition for the set of Diagram I
is commutative.

Proof- We shall restrict ourselves only to two elements of the left
column of Diagram I, the proof being the same for any other elements.
Using the result of (2):

[f(XU“ yUn-i—l’ xvn-}-l Un+1) 0] o [f Um+1 xUm+1yUm+2)=_0]=

- [f (XUn-l—myUn-{—m-i-l, XUn+m +~lyUn+m+2) =0]
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And:
[f(xUm yUm+1, XUm+lyUm+2) 0] o [f( Un Un+l XUn+1yUn+2)=O]=

- [ f (yUm+nyUm+n+l, XUm+n+lyUm+n+2) =0 ]

Comparing the two results we see that they are the same.

Theorem I7: The defined law of composition for the set of Diagram
I is associative.

Proof: We omit the proof which is a matter of routine substitutions
and computations.

Theorem I77: The defined law of composition for the set of Diagram
I has a neutral (identity) element.

Proof: This element is the initial relation f(x, y)=0.
[f( Un Un+1 XUn+1yUn+2)=0]o[f(X‘ ]_[f(xUn Un+I XUn+lyUn+2):0]:
=[x, y}=0 o [f{xnyln+!, xVntiylnis)q]

Since the set in question is closed under the defined law of compo-
sition that is commutative, associative and has a neutral element it then
constitutes a commutative or Abelian monoid (2:4- 5).

Theorem IV - The set of Diagram I is an Abelian group.

Proof: Since the set of Diagram I is a commutative monoid it is
enough to show that each element of the set has its inverse in the same
set. Taking two corresponding elements of the two columns of Diagram I
it suffices to put m=n in (2). Then:

[£(xUnyUnt+l xUntigUnt) 0] o [ £ (x\— 1)“Un+2y(—l)n+l)Un+1’

el , -
=i Unt1y (- 1)"Un) =0] = [f(xUoy¥, xViyU:)=0]

But from (1) we take:

1 1 1 1 b—a a—b a’—b?
U0= 75— (*a*—T)_-—_ \/% o = \/5 =1,U1=O,and Uz:WZI
Therefore we shall have as the composite element of the two correspond-
ing expressions the element f(x,y)=0, i.e. the neutral element. Thus every
element of the set in question has its inverse and the set of curves of Dia-
gram I constitutes an Abelian group.
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HTEPIAHWYI=

Elvar yvwotdy, 67t ploe xapmddn elvar Suvatov va moplotatar 6mé dbo Sxpd-
pwY Ve huTIX®Y ayéoewy, Exmeppacuévmy elg 300 Staxnerpipéve cuaThLaTH GUVTETOY PLé-
vwyv. Al oyéoeig adtar elvanr «avaduTixde iooddvapor 7 petateéipors 1 pie elg iy
&hhny, 6Ty Omkpyouv &valutixol TOTOL pETAGYUXTIGHOD éx TOU EvOg GUGTAUXTOG
ele T0 &M\ o. Mix avalutindy oyéorg elvar Suvatdv va wapotd dbo Stoxexprpévag
xaumdlae, 6ptlopévag 670 ddo Sxpdpwv cusTHLXTWY cuvTETaypévwy. Al xapmdlat
adtar elvar «yewpeTpudg tooddvapor A petatpédipory ¥ plx el v &Ahny, dTav
Omdpxy YewpeTpinde Tpdmog metaBhoewe 2E Evdg ompelov, Gplopévou Gmo ToU Evog
cucThpRaTOog, elc Sva &Aho 6pulbpevoy Uo Tob ETépou TEV GUGTHREATWY.

To Tekevutatov cuviotd Thy &pyhv i xAndelong yewpetpindig looduvaplag, s
6motag Eywey %dn dvdmrubic xal yofiowe el wponyoupévag moaypateiae (PN Ioa-
wtnd tijs " Axadnuias “AInydv, 32 (1957), 6. 122-131 el 6. 507 - 518). "Ane-
Jely B pahota xal 8v yevixoy dewpnpa xatavopsc TEY xapmukdy Tob mmédou elg
6uddog Bdoer Goropévou vépov suvdésewe (IToaxt. *Axad., téu. 34 (1959), 6. 413-422).

Kata toc o3¢ dvw Bpyxoiag Expenoipomoridnoay b0 custrhpaTta cuvteToypé-
vav. To yapaxtnoistindy Tic wapolong moaypatetag eivar f ypnoipomoinalg weptago-
Téowy TGV OV0 CUSTNUATWY GUVTETXYUEVWY, GUYXREXPIMEVLS Teaadpwy. [Ny Tév
YVOOTEY (¢ GvaduTixde %l YEWUETPIRME looduvdpwy cusTyudTtwy, Tév (r, 0) xal
(g, 0), elodyovrar xal dewxviovtar Gpolwg loodlivapa T custhpata (r, t) xal (x, y).

AapPavetar v apyfi wix Tuyxolon xapmddn Exmeppacpévn elg xXPTEGLAVAS GUYV-
Tetaypévae. H &Eiowaig Tadtng petatpénetar elg mohwndg ouvtetaypévag. ‘H Telev-
Ttaix gElowolg petatpémeTar elg TVY yewpeTpbs icoddvapdy Tmg el TO oloTpe
(g, 6). 'Ex tabtne soplonetor f dvalutinde isoddvapds tne Tod ocusthuatoc (r, t).
Téhoe 4 2Elowowg altn petasynpatifetar el Thy Yewpetprdg iooddvapdv Tng Tob
xapTectavod custhpatoc (x, ¥), Myw THc dpotapmévng yewustomdc petatpedipndtn-
Tog petald Tév dbo custruatwyv. Oftw Ex T dpywdig rapmdlng, éxmeppacuévng
el T0 olotnua (x, ¥), wapdyetor Tehde wla &M\ dnmeppacpévn xal abty elg To
1oy oboTnpe.

‘H Zpyaoix abityn dmavadapPavetar axpifds 6potwg G¢ xol wponyoupévwg &Aha
pe ey ExaoToTE %aumOAnY TNy Telwdde eOpLonomEvny THG TEONYOLMEVNG TEEPL-
nrdoewe. Oftw mapdyetor &v olvoloy xapmuldy elc 0 obotqua (x, v). Eav tdpa
# mopet T dpyastag dvtioTeaed xal % WBix dpywh xapmddn el ©o adornua (x, v)
peTaTpand el TV yewpeTomds 1oodlvapdy Tng TOb ocusthpatog (r,t), &v
ouvexeter # Tedevtalw ele THY dvadluTixdg lsoddvaudy tng Tob (g, 0), Emertx elg
Thv Yewpetpwde loodlvapdy tng Tob (r, 8) xad Téhog eig ThY dvaduTindg isodivapoy
0B (x, ¥), elvar pavepdy Gtr Sk THig ouveyolg dmavadfbews THg pedddov TabTng &
mapayH Evepov olvodov xapmuldy, dxmepoacuévoy el To deyixdv olotnux (x, ).

To clvodov 16y 0lTw Twg TapayOorévwy XXPTUAGY &TodewxvieTar 6Tl GUVIGTE
0pdda 0o hpropévoy vépoy cuvdéoewe. [lpog Tolto ebploreTan 9 wapdoTasig Tob ye-
yixol Gpou éxkoTou TEYV GmOsUVOAWY TH TEONYOLUREVNS TapaypKpoy xal &V GuvexElx
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SwmisTobTar f) ThMipwots Ghwy THY cuvdnxdy Suvduer TEY dmolwy TO &v Aéyw obvo-
lov cuviotd "ABehaviy Suadax.

Abo dEwonueiwta moplopata Tig dpyasiang TadTg elvar mpdToy, 6T d&v Hoi-
otaton ayéolg looduvaping petaEd dlo oruciwy Tob Emmédou, Gplopévev ik TG
meprypagelone %9 wedddov TEY Tesokpwy GUGTNUETWY cuvTETaypévey. EmeTal, dT
dtv xadoraTar duvaty fi xaxTavopy TEHV xapmuldy Tob Emmédou elg Suxxexpipéva
olvoha - Ouadag, 6mmwe cupPaiver dux d00 dvaluTixde kol YEWUETELRGG LG0dVVA LA GU-
othpata. Totto dpethetar elg To yeyovde, 67t T& Ypenoipomorodpeva 836 Téacapx Gu-
othpata Oty clvar Gl petalld Twy YewpeTpdg xal dvaduTidg io0dlvape, GAh&
uévov Twa TodTwv. Acltepoy, | ompacix THg Epapmolopévng pedddov Eyxevton elg
Thy duvatétnTa, Gmwe wix dodeioa 2Elowaig xapmwding el xapTeciavig cuyTETRY ME-
vag Exppacdf Tehmde O dAhng elg TO Idwov oboTnpe, AN % douyxpitwg dmwlou-
otépag % xal yvwotdc. Tdte 3 dvrioTpdpou mopeiag EmituyydveTar 9 Emavodog %ol

Smopévwg N kX TAGXELN TG dpyinTis ropwOANG.
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ANAAYTIKH XHMEIA — Xpwporoyooapioa &mi ydorov. Médodog dvaymotr-
opod %al Avixvevoems TAV oroL eiwy Tiig Onddog Tov Aevxoxevoov
xol Tov yovood !, 970 Kewver. B. Bacidewddov xai I'ewoy. Mavov-

adxn*. "Avexowwddn o 1ol % Aswv. Zéofa.

Ieprypdpeton pédodog Saywpiopod xal dvixvedsews txvéyv otouyeiwy Tig Opd-
So¢ Tob Aeuxoxplcou dik THg ypwpaToYpxplag Eml ykpTou ik THG Y ENOLLOTOLHGEWS,

G¢ eldunod avTidpasTnpiov Eppavicews, HdaTIn0D dhdpaTog HIpoyAwpixic Jraviotdivng.

1 *Ex 10b "Eoyactnolov *Avogydvov Xnuelas rot Havemornuiov Osooaovinns.
* B. VASSILIADIS and 6. MANOUSSAKIS, Chromatographie sur papier. Séparation et déte-
ction des élements de la famille de platine et de I'or.



