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1. Introduction.

The purpose of the present note is to give an extension of previous
results referring to spectra of topological tensor product algebras [4] to
the case one replaces the complex numbers by an infinite - dimensional
topological algebra as the range of the algebra homomorphisms invol-
ved. The motivation to the present study was a paper by H. Porta and
J. T. Schwartz [9] dealing with representations of the Banach algebra of
bounded operators on a Hilbert space to another such space, the results
reported in the following being obtained in an attempt to put certain of
their results into a more general setting as an application of the techni-
que developed in [4], [B]. Applications along the lines of this note to cer-
tain topological analytic function algebras will be given elsewhere [8], as
well as proofs and more details of the results presented herein.

2. Terminology and preliminary results.

The category of topological algebras we are dealing with in the
sequel is that of (complex) locally convex topological ones with (ring)
multiplication jointly (: in both variables) continuous. Thus, if E, F are
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objects in this category, we denote by Hom (E, F) the respective set of
morphisms, i.e. the set of continuous (algebra) homomorphisms between
the corresponding topological algebras. We topologize the set hom
(E, F) with the relative topology induced on it by Ls (E, F), i. e. the space
of continuous linear maps between the respective topological vector spa-
ces equipped with the topology of simple convergence in their domain
of definition.

Referring to the topological space Hom (E, F) as above, we say that
a set A< Hom (E, F) is locally equicontinuous if for every h € A there
exists a neighborhood U of h in Hom (E, F), which is an equicontinuous
subset of Hom (E, F) € L, (E, F).

In all that follows we denote by A the category of topological alge-
bras into which we are working, as indicated above.

Thus, let E,F €A and let E® F be the corresponding tensor pro-
duct algebra. We say that a Hausdorff topology 1t on E® F (we denote
the respective topological space by E ® F) is admissible (with respect to

the tensor product structure of E® F and the given category A) if
E® FEA.

Furthermore, we shall usually require for admissible topologies as
above to satisfy one or both of the following two conditions :

(2.1) The canonical bilinear map of EXF into E® F is separa-
tely continuous. i

(2.2) For every GEA and for any f € Hom (E, G) and g € Hom (F, G),
one has f® g€ L(E®F,G).

We remark that the projective tensorial topology = on E®F
(A. Grothendieck) is an admissible one in the preceding sense, which
also satisfies the preceding two conditions (cf. [4], p. 176, Prop. 3.2 and
[2], Chap. I, p. 80, Prop. 2).

A stronger version of condition (2.2) is the following one, which
we shall also use in the sequel :

(2. 3) For any equicontinuous subsets A © Hom (E, G) and B & Hom
(F,G), one has that A ® B is an equicontinuous subset of L(E ® F, G).

We remark that the preceding condition is also satisfied in case 1=mn.
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Moreover, if G € A is a commutative algebra, then condition (2. 3) implies
that A®B is actually a subset of Hom (E®F, G), and a similar remark
holds also true for condition (2. 2). '

Now, for E,F€ A, we call the subspace M (K, F) of the non-zero
elements of Hom (E, F) endowed with the relative topology (of the simple
convergence in E) the generalized spectrum (with respect to F) of the
algebra E.

For E, F given as above, the generalized Gel’fand map is the (algebra)
homomorphism g of E into C(Hom (E, F),F) the algebra of continuous
F-valued maps on Hom (K, F), given by

(2.4) g x> gx)= x: hi—> g(h) : = hix),
for every x€EE and h€& Hom (E, F). On the other hand, for every x€E,
the map §=g(x): Hom (E, F) > F, defined by (2.4), is called the
generalized Gel’fand transform of the element x € E.

We shall usually consider the range of g equipped with the topo-
logy of compact convergence, so that concerning the continuity of the
map g, one has the following.

Theorem 2.1. For any K, F €A the corresponding generalized
Gel’fand map g: E - C(Hom (E, F),F) is continuous, when the range
space is endowed with the topology of compact convergence, if and only
if every compact subset of Hom (E, F) is also equicontinuous.

The preceding theorem specializes to a familiar situation for G=C
(: the algebra of complex numbers) and E an m-barreled locally convex
(topological) algebra (cf. [7], p. 305, Th. 3.1 as well as p. 306, Corol. 3. 1).

Now, as a first auxiliary result to the main theorem of the next
section, one has the following theorem, which combines, into the context
of the present note, results in [9] and [4]. That is, we have

Theorem 2.2. Iet E, F, G € A such that E, F have identity elements
and let t be an admissible topology on E®F, which satisfies the condi-
tions (2.1), (2.2). Then, there exists a homeomorphism

(2.9) ¢: Hom (EQF,G) = Hom (E, G) X Hom (F, G),

whose range are those (f,g) for which f(x) g(y) = g(y) f(x) in G, for every
(x,y) E E X F. Moreover, by restricting (2. 5) to the generalized spectrum
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of E®F, we get the following injection, which is also a homeomorphism :
(2. 6) v: M(E®F,G) 1> M(E,G) X M(F, G).

In particular, for G a commutative algebra, the preceding homeomor-
phisms are, moreover, surjections.

In connection with the preceding theorem, we remark that for any
E,F,GeA with G complete, if t is an admissible topology on E® F,
then the completion E® F of E®F is again an object of the cate-

gory A under consideration, and moreover there exists a (canonical)
continuous bijection of Hom (E® F,G) into Hom (E® F,G), so that,
T T

by the preceding theorem, one obtains a continuous bijection of Hom

(E/®\ F, G) onto the range space of the map ¢ defined by the relation

(2.5) above. That is, we have the following continuous injection
(2.7) y:Hom(E® F,G)—> Hom (E, G) X Hom (F, G),

which is also a (continuous) bijection for G commutative, and analogous
considerations hold for the generalized spectra of the respective topolo-
gical algebras as indicated in Th. 2.2 above.

Now, the map 7y, is not, in general, a homeomorphism : 'This has been

conjectured in [4], even for the particular case G=( and the subcate-
gory of A consisting of the locally m-convex topological algebras, and

positive answers thereof have recently been given in [1], [3].
The next section is mainly concerned with conditions ensurring
that the preceding map is actually a homeomorphism.

3. The main results.

Our primary objective in this section is Theorem 3.1 below. We
start with the following :

Lemma 3.1. Let E, F,G € A such that E, F have identity elements,
and let T be an admissible topology on E ® F, satisfying the conditions
(2. 1), (2.3) above. Moreover, let Hom (E, G) € Ls(E,G) and Hom
(F, G) © L, (F, G) be locally equicontinuous sets. Then, Hom (E ® F,G)

S L (E®F, G) is also a locally equicontinuous set.



80 ITPAKTIKA THZ AKAAHMIAZ AGHNQN

The interference of local equicontinuity in the preceding lemma is
explained by the following lemma and Prop. 3.1 below. Thus, we have:

Lemma 3.2. Let E, F €A such that F is complete and let £ be
the completion of E. Moreover, let S be a set of generators of E. Finally,
suppose that the following condition is satisfied:

For every h€ Hom (E,F) there exists a neighborhood U
of h in Hom (E, F) € L, (E, F) such that for every z€ R

(3.1) and for every mnet (x;) in E converging to z, the net
(Qi ) (: generalized Gel’fand transform of the net consid-
ered) converges to P uniformly on U.

Then, the topology of Hom (£, F) < L (,F) is the «weak topology»
defined on it by the maps §, x € S.

The preceding lemma has been motivated by the following result,
which is fundamental for the next theorem. That is, we have

Proposition 3. 1. Let E,F €A such that F is complete and let £
be the completion of E. Moreover, suppose that Hom (E,F) < Ls (E, F)
is a locally equicontinuous set. Then, Hom (E, F) satisfies the preceding
condition (3. 1), so that one has Hom (E, F) = Hom (I, F) within a homeo-
morphism, with respect to the topology of simple convergence of the res-
pective spaces.

In connection with Prop. 3.1 above, we remark that it is in the
last relation of this statement, that one really draws profit from the
completeness of the algebra F.

We are now in a position to state our basic result. That is, we
have the following

Theorem 3.1. Let E, F, G be objects of the category A with identity
elements and with G complete. Moreover, let Hom (E, G) < L, (E,G) and
Hom (F, G) € Ls (F, G) be locally equicontinuous sets, and let t be an
admissible topology on E ® F, which satisfies the conditions (2.1), (2. 3)
above. Then, there exists a bicontinuous injection

(3.2) ¢: Hom (E® F, G)I—> Hom (E,G) X Hom (F, G),

whose range space is determined as in Theorem 2.2 (cf. the relation
(2.5)). On the other hand, by restricting (3.2) to the corresponding
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generalized spectra of the algebras involved, one obtains a bicontinuous
injection
(3. 3) v: M(E®F,G) - M(E, G) X M(F, G).

Moreover, when G is a commutative algebra, the two preceding maps
are homeomorphisms (bijections) between the respective spaces.

The preceding theorem specializes to previous results in [4], [5] for
the case G =C, as well as to results in [9] concerning representations of
operator-valued analytic function algebras by operators in a Hilbert
space. A brief report of the same theorem has been given in [6]. On the
other hand, applications, along the lines of results in [9], concerning
vector-valued analytic function algebras are considered in [8] within
the context of the present more general setting.
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OHEPIARWYIZ

Eig thv nagotoav doyaciav émrvyydveran énéxracig moonyovuéveov dmote-
Aeopdrov 10d ovyyeagéng [4-7], dvagegopévov elg tomoloyind TavvoTixd yivé-
ueva tomodoyix®v Glyefodv xal v oxfolv petaly @Y Gvrictolymv Qaondrmv
v Yewgovpévav dhyefodv, &g v meplmtwoty xotd v Omolav of pyadixol
S \ 3 P c hY ~ -} /’ \ 72 ’ -
aguruot avrixadioravrar vmo wdc Ghyéfoag (N memepuouévng diastdoewe), davy-
xovong el plav doxovvrog yevixiyy xatnyoglav tomohoyix®dv dhyefodv.

*Agoouiyv €lg v magotoav upehétnv Edwoe mpdogaroc Eoyacio THOV
H. Porta xai J. I'. Schwartz [9], dvagegopévn eig mogactdosig GAyefodv amd
teeotag €vog ydoov tod Hilbert xal dqaguoydg el dvrioroiyove mapaotdoers
S ~ - ) ~ ’ 7 A ~ -~ c 3
ahyeBodv avalvtin®v ovvagtiioewy megLocotéewy myadindv netafintdv. “H épao-

A\ -~ ’ ~ 3 /’ 3. \ 3 ’ \ \
poyn t@v uedddwv ®v dvantvocouévov eig tag foyactag [4-T7], xadmg xal
{3 3 ’ ’ \ ~ ’ /’ 3 2 \ 37 A
N énéxtaolg oty dud tiig magovone perétng, Emiroémer perafy dAdwv v dua-
oy xal énéxtacy TV drmoteleopdroy T®V AvoTéom cvyyoupémy, TOV Gva-
pepopévarv gig GAvéfoag dvalvtindv ouvvapthcewv, eic T mhalowa tiig yevixiic
Yewolag 1@v tomohoyix@v tavvotixdv dlyefodv [6, 7].

Aemropegeotéga Exdeorg g xal Epaguoyal eig v negintwory tomohoyixdv
alyefodv dvalvtin®dv ovvagriicemv dml yEVIix@®Y myadiudv ymoov, eig 1 miaioa
tiic dewelag t®v tromohoyixdv Seoudv, meguéyovrar elg mEooExEic dnuootevoelc

(eph. [8]).
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