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ANAAYTIKH T'EQMETPIA.— A Conics’ Treatment by the Method of
Analytical and Geometrical Equivalence, by C. B. Glavas*,
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The ordinary treatment of a conic f(x, y) Ax’+4Bxy+Cy*+ Dx-+
+Ey+7Z=0 involves in general two successive analytical transformations.
One is the «translation» of the rectangular axes to a new origin; the other
being their wotation» by a certain angle. By the former transformation one
obtains the elimination of the terms in x and y in f(x, y) = 0 while by the
second the term in xy. The equation of the conic (ellipse or hyperbola) is thus
finally reduced to its standard form :-: -+ ;): = 1. With certain modifi-
cations one arrives at parabola’s equation y* = 2px.

The equation f(x, y) = 0 refers to the rectangular system Oxy, while
the standard form to another rectangular system with origin O’ and with
its axis of the abscissae making an angle » with Ox. The standard form
equation as the by-product of two analytical transformations is algebraically
different from the original f(x, y) = 0 but represents geometrically the same
curve with it. For this reason the conic f(x, y) = 0 is geometrically obtained
by the construction of the corresponding one to the standard form equation.

In this paper it is proposed to study the conies by the application simul-
taneously of analytical and geometrical equivalence. The procedure which
is going to be followed consists (1) by the statement of the new method as
applied for the study of conies through (1.1) rectangular systems and (1.2)
oblique ones (2) by the examination of the transformation of conics simul-
taneously in rectangular and oblique axes (3) by the establishment of certain
theorems on sets of conics and (4) by the examination of a particular problem
related to special sets of conics.

1. Given the equation f(x, y) = 0 of a conic we first apply the transfor-
mation x = x" 4 a, y =y’ + b, where (a, b) are the coordinates of the new
origin O” (Fig. 1). Then the equation f(x, y) = 0 becomes

* XP. B. TKAABA, Mix pdoSog onovdig TOV AoVIXGOV TOMGV Si& Tig &vaAvTinfic nai yew-
petpiniig igoSvvapizg.
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f(x" + a, ¥y ++ b) = 0. The latter is analytically equivalent to the original
f(x, y) =0. Now we take the geometrically equivalent of f(x'+a, y'+ b)=
= 0 in the system (x, y). This is f(x + a, y + b) = 0. The next step is to

y ‘\j”
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n

Fig. 1

apply the analytical transformation x = x" cosw —y”’ sinw, y = x"" sino--
+y” cosw in the equation f(x 4 a,y +b)=0. This gives the equation
f(x"cosw — y'’sino + a, x" sino + y’cosw + b) = 0 in the system
(x”, y”). Finally we transform geometrically the latter equation to the
system (x,y)and get f(xcose — ysinw + a, xsino -+ ycosw + b) = 0. The
above set of transformations may be represented as follows:

fil=y) = © rif(x’—i—a,y’—}—b):() o (x+a, y+b) = 0 ~ f(x"coser —

— y"sinw-+a, x'sino + y'cosw+b) =0 ~ 1 (xcosw — ysinw + a, xsinw -+
+ ycosw + b) = 0.

We determine a, b and o as usually so that the above last to the right
equation represents the standard form of the conic f(x, y) = 0 in the same
system (x, y). Note that in the traditional treatment the standard form
equation refers to the system (x”, y”) (Fig.1). We have therefore to construct
the conic corresponding to the standard form equation in the system (x, y)
and then trace the original f(x, y) = 0. o

1.1. Suppose that the final conic (standard form) was constructed.
In order to obtain the original, it is necessary first to show that the systems

(x,y), (xX'y), (x""y"") are analytically and geometrically equivalent as the mean-
ing of these terms is defined . The existence of formulae of transformation

1. C. B. Glavas, «The Principle of Geometrical Equivalence and Some of its
. Consequences to the Theory of Curves», Proceedings of the Academy of Athens, 32 (1957).
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among these systems establishes their analytical equivalence. On the other
hand, given the point M in the system (x,y) (Fig. 1) one can take x'=0'A'=
= 0A = x and y' = A’'M’ = AM = y, which shows that the systems (x,y)
and (x’,y’) are geometrically equivalent. Also it is easy to show that to the
point M (x,y) there corresponds the point M’ (x”,y"’) such that x"=0"A"=
=0A = xand y’ = A= AM =gy.

In the set of transformations of the previous section the systems employed,
although the same in different positions, are considered independent. Then
the emphasis is placed on their being analytically and geometrically equivalent.

Now suppose that M is a point of a conic in standard form (Fig.2).

Fig. 2

The corresponding point of the geometrically equivalent to the latter conic is
M"”, which is found by taking OA” = x” = OA = x and A"M"” = y"” =
=AM=y. Then M" is taken as a point of the conic f (x+a, y-+b) =0 in the
system (x,y). For this reason we drop the perpendicular M”A’ on Ox. The
next step is to determine the geometrically equivalent of M" in the system
(x’, y') with origin O’(a,b). We take O'A’ = x" = OA, and A'M" =y’ =
= A’'M”. Therefore the point M’ is the required point of the given conic
i) = 0.
—> —

From the equal triangles OAM, OA”’M"’, we conclude that |[OM =|OM""

and that the angle of OM, OM" is equal to w. Also from the equal triangles

> —>
OA'M”, O'A'M’, we see that OM"* = O'M’. If we denote the conics corre-
sponding to M, M’, M by C(M), C(M"), C(M") respectively, we conclude

5
that C(M’) can be constructed if from O’ (a, b) we draw a vector O'M’ of

.
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s .
equal magnitude to OM and making with it an angle equal to . This may

be obtained by drawing from O’ first a vector equal to O_K/I and then turning
it counterclockwise by .

A first remark is that a one-to-one correspondence may be established
between the points of C(M) and C(M’) and that the two conics are equal.
This was to be expected becauserotations and translations as isometries pre-
serve distance, but the above result is obtained by the application of the
method of analytical and geometrical equivalence.

Conversely, given the conic C(M’), one may construct its corresponding

— —>
«central» C(M") or G(M) by drawing vectors OM’* or OM equal to, or making

=3
an angle -« with, OM' respectively.

Example 1.1. Let the conic f(x,y) — x* + xy 4 y* — 3x — 1=0
be given. If we apply the transformation x = x’ 4+ 2,y = y — 1 we get
f, (x',y) = x* + x'y + y'* — 4 = 0. Its geometrically equivalent in the
system (x, y)is f, (x, y) = x* + xy + y?— 4 = 0.

V2 _V2

Then we apply the transformation x = 3 (x"—y"), y= ) x"4y"),
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2 2
24 r

which gives f,(x”, y') — ):T + J
8

— 1 = 0. Its geometrically equivalent

in the system (x,y) is f,(x,y) — /» + Y 1 = 0. The above set of trans-
8

formations may be written as follows:

F(x,3) = 0, (x,7) = 0, (x,y) = 0~y (X7,7) = 0ty (x,) =0

We first construct the ellipse f, (x, y) = 0 which is represented in Figure
=
3 by ACBD. We take the point O’ (2, — 1) and we draw O’A’ equal in length

+
to OA and making an angle with it equal to » = 45°. We do the same thing
for the points C, B, D, etc. constructing finally the required curve f (x, y) =0
which is represented in the figure by A'C’'B'D".

2. We now come to the case of oblique systems. Let the rectangular
system (x, y) be given and the oblique (x’, y) with Ox" coinciding with Ox
and Oy’ making an angle ¢ with Ox (Fig. 4). The formulae of an analytical
g transformation between the two sys-

ol tems are well known to be x = x’ +

-+ y’cose, y = y'sing. If the oblique

- system (x’, y’) has a different ori-

& gin O’ (a, b) then the formulae be-

come X = a - x’' + y'cosg, y=b +
() b + y'sing.

The system (x,y) and (x',y’) are

Fig. 4 geometrically equivalent. For given
M(x,y) one can determine M’ (x’,y’) with x’ = OA = xand y' = AM'=AM=y.

Example 2.1. Let the same conic f (x, y) = x* 4+ xy + y*—3x —1=0
be given as in the example 1.1. The transformation x = x" + a,y =y + b
gives f,(x',y') = x'* 4+ x'y’ + y'* — 4 = 0. Its geometrically equivalent is
f, (x,y) — x*+xy-+y*—4 = 0. Then we apply the transformation x =x" +
+ y”cosg, y = y"sing and take after certain manipulations:

f, (x"y') = 5 -+ y'a (1-+-singcosp) + x"y"’ (2cosg + sing) — 4 = 0
Putting 2cose -+ sing = 0 we find tanp = —2. Substituting this value
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in the equation f, (x”,y"") = 0 we get X + % y’2’ — 4 = 0. The geometrically

equivalent of the latter equation is x* + % y?> — 4 = 0. The above set of

transformations may be put as follows:
a g a
fxy)=0~1, (x,y)=0~1 (xy) =0~1, (x"y") =0 <, (xy) =0
The conic f, (x, y) = 0, i.e. x* 4 ?; y*—4 =0 is in standard form in the
original rectangular system (x,y) and may be easily constructed. Let the
conic f,(x, y) = 0 be represented by the curve ABA’B’ (I'ig.5). Let M be a
point of this conic. Its geometrically equivalent is M”, which is found by

drawing PM" parallel to Oy” and taking PM"" = PM. The point M"” has co-
ordinates x/ = OP” and P”"M"” = y” in the system (x, y). The geometrically

Fig. 5

equivalent of M” in the system O'x’y’, where O’ has coordinates (2, — 1),

- -
is the point M’, which is found by drawing the vector O'M" equal to OM".

It is not difficult to trace the conic f (x, y) = 0 which is represented by
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CDC'D’. Note that the latter is the same with the one represented in Figure
3 by A’C’B'D’. Therefore by the two different methods of examples 1.1 and
2.1 one may check the correctness of one and the same curve’s tracing. Also
we observe that to one and the same conic there correspond two different
central ones if the applied two types of transformations are different.

Example 2.2. This example refers to parabola. Let the equation
f(x,y) — 4 x* + 4xy 4+ y* — 4 = 0 be given. We apply the transformation
x = X' 4 y'cosg, y = y'sing and get after the necessary manipulations the
equation f(x',y') — 4 x"* + (4cos’p + sin’p + 4cosesing) y'? -+ 4 (2cosp +
+ sing) X'y’ — 4 = 0. We put 2cosp + sing = 0 from which we get as before
tang = —2. Substituting this value in the equation f(x',y’) = 0 we take
f(x')y) = 4x'* — 4 = 0 or x* — 1 = 0. Its geometrically equivalent curve
is f (x,y) =— x* — 1 = 0. Hence we have the set of transformations:

f(xy) =0~ f, (X,y) =0~ 1, (x,y) = 0

For the construction of the given curve f (x,y) = 0 we must first construct

f Y

<2 - 0 [ 2 X

~2

Fig. 6

f, (x,y) = 0 or x*» = 1. This equation represents the pair of lines x = = |
(Fig. 6). Its geometrically equivalent curve is f, (x'y’) = 0. To construct the
latter we must draw Oy’ making with Ox an angle ¢ such that tanp = —2,
Now take a point M on the line x = 1. The point (1,0) corresponds to itself.
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For M we must draw a line through (1,0) parallel to Oy’ and take a length
on it equal to the ordinate of M. It is clear that the line x = 1 is transformed
to the line through (1,0) parallel to Oy’. Also the line x = —1 is transformed
to the line through (—1,0) parallel to Oy’.

Hence the curve f, (x’,y’) = 0 is a pair of lines through the points (1, 0)
and (—1,0) parallel to Oy’. And of course these lines represent the curve
f(x, y) =0 which is geometrically the same with f (x,y’) = 0. In this case
the conic f (x,y) = 0 is a degenerate one. é

Note that, since the lines parallel to Oy’ through (1,0) and (—1,0) must
have an inclination equal to that of Oy’, they must pass through the points
(0,2) and (0, —2) which is the case if the drawing is very accurate.

3. The above study of conies by the application of analytical and geo-
metrical equivalence has certain further consequences for the theory of these
curves. To facilitate the discussion we recall that «central» is a conic whose
equation is in standard form in a rectangular system Oxy taken as «basic».
By the term «set of transformations» is understood a certain sequence of
analytical and geometrical transformations by which a certain conic f (x,y) = 0
is transformed to another one {'(x,y) = 0 in the same basic system Oxy.
By the notation (o, O’) and (¢, O') we mean the type of transformations de-
scribed respectively in sections 1 and 2 of this paper. With these remarks we
proceed to the establishment of certain statements about conies.

3.1. In Section | we saw that to the non-central conic f(x,y) = 0
there corresponds the central f, (x,y) = 0 under the transformation (o, O').
The conic f, (x,y) = 0 is unique for the angle » and the point O’ (a,b) are
determined uniquely. By the transformation (o, O') to the same non-central
f (x, y) = 0 there corresponds a different central [, (x, y) = 0. Of course if
we can find other types of transformations we may determine another central
{”, (x,y) = 0 corresponding to the same non-central f (x,y) = 0, ete.

Henece we establish the proposition that to a given non-central conie
there may correspond more than one (possibly infinite) central conics. The
conics which correspond under the transformation (w, O’) are equal, those
corresponding under (¢, O) being unequal.

Of course, given a central conic one can geometrically construet the cor-
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responding in each case non-central one. Thus a central conic may be con-
sidered as «generator» while the non-centrals as «derived» ones.

3.2. If we reverse the above process, to one and the same central conic
there may correspond two non-centrals, one under the transformation (w,0’)
and the other under (¢, O’). More clearly, given a central conic f, (x,y) = 0,
if we apply the set of transformations of examples 1.1 and 1.2, two non-
central conics will be found for each point O (a,b).

Now let a point M of a central conic be given. In order to find its corres-
ponding points under transformations (@, 0’) and (9, O') we draw MB per-

pendicular on Ox (Fig. 7). From B we draw BM' = BM making an angle
> —-> —>

@ with Ox. From O" we draw O'M’ = OM and turn O’'M’ by an angle w, thus

determining the point M, of the first non-central conic. From M’ we draw M'B’

parallel to MB and from B’B71>\/I, == B—1\/>[’. The point M, belongs to the second

non-central conic.

Y

Fig. 7
Under the above conditions, given any one of the three conics, the central
and the two corresponding non-centrals, one may determine geometrically the
other two. Really, let M, be a point of the second non-central conic. We draw
M,B’ making an angle ¢ with Ox axis. From B’ we draw B'M" = B'M,. We
turn O'M’ by  counterclockwise. The point M, belongs to the first non-central.

- -
If from O we draw OM = O'M’, the point M belongs to the central conie, ete.

3.3. Let us consider now the case of transformations of the type (o, O’).
Let a basic system Oxy be given and a central conic Cy, (Fig. 8). If from O
and all the other points of the plane O",0”,... wedraw a set of vectors equal
respectively to the set of vectors corresponding to the points of C,, then,
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according to the conclusions of section 1, there results a set of conics
Co =[Cos, C'g0, C”00,- - - . The conics of C, are equal to Cy,. If similarly to the set
of vectors of C,, we draw vectors making correspondingly an angle «, with the
vectors of C,, then another set of conics is produced C, = [C,,, C'o,, C70yy. . .]-
Thus we produce other sets G,, C,,... . We call C the set of the sets C,, C,,
@y . e G =40y, G, .. }

Y
————— e
Fia < 1
7
s’
/ w K Bl W _
/ 0 // * / 9 /’
0 A
Z—~Co0 .2 "%o0
\\_—/’ p T
Co C'a,
.0"

Fig. 8

It is clear now that all conies of the sets of C are equal, but not «similarly
placed» in the plane. By definition two conics of the sets of Care equal, if
and only if w, = o,. For example C,, is equal to C';,, but not to Co,. This
definition of equality of conics leads to an equivalence relation. Really, it is
obvious that Coy = Ggp. Also if Cop = G, then G, = Cg,. For the first equality
implies «; = ,, which can be written w, = ;. Hence G,, = Cg. Finally, if
Cor = Cop and Coy = Coy, then Gy = Co. This is easily proved and since
the three properties of reflexivity, symmetry, and transitivity hold, we assert
the existence of an equivalence relation in the set C. Hence there exists a
partition of the conics considered into equivalence classes, which are evidently
the sets Co, C,, C,,... of C. Each of these classes defines a conic of the ones
considered here. As representative elements for each class we may take the
conics Cooy Cogy Cogye - o

We define an operation « % » on the set of conics considered by putting:

Co;‘ * Cop, = Co(l—‘r'u)’ where W)= Wy - (O
It is evident that our set is closed with respeect to the operation defined.

8
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For Copt) 1s @ conic of the same set. The operation in question is associative.
Take (Cop, % Cop) % Coy and Cgy, % (Cop # Coy). The conics represented by the two
expressions are equal since (o), +,) + ©, = o, + (0, +o,). There is an
identity element for this operation namely C,, (or any element of the set
Co)- Really Cyy, % Coo = Cgy. Of course this element is unique since all elements
of C, are equal. Finally, if we designate by - w, the angle 2x - w, it is clear
that to a given element C,, there corresponds an inverse Cq—3) for which
©—3) = -0y, if by definition w, = 0.

From the above considerations we conclude that the set of conics in
question constitutes a group under the defined operation. It is not difficult
to show that the group is Abelian.

3.4. We recall from the previous subsection 3.3. that to a given central
conic C,, there corresponds a set C=[C , C,, G,,...] where G, C,, G,,...
are equivalence classes of conics. Suppose for a moment that C,, is the

ellipse k- - i— = 1. The conclusions of the following discussion may be eas-
a’ 2

ily adjusted with minor modifications to the other conics.

If we take new values a’, b’ let the new conic be represented by

(1) . ) (1) (1) (1) (1)
Coo- To this conic there corresponds a set C = [C,, C,, C,,...], where

CS), Cin, C(,”, ... are equivalence classes of conics, etc. Take the set
K =t é:,)o,C(:: ,-..]. Then it is clear that to each pair (a, b) of real num-
bers there corresponds a unique element of K and conversely. We have in
other words a one to-one correspondence between the set R X R and the set
K. Let us take the set L = [C, C™, C?, ...]. We observe that there exists
a one-to-one correspondence between the sets K and L. The set K is the set
of central-generator conics while the sets of L contain the derived non-cen-
tral conics. It is clear that the product of the one-to-one mappings
R X R<«—> K and K < L is the one-to-one mapping R X R <— L.

3.5. From the previous discussion we see that given a central conic

Coo, the ellipse for example );— + i 1, one can determine analytically and
2 EL?

geometrically a family of sets of conics C = [C,, Cy, C,, ...]. The problem

now is: (a) to establish the conditions which a conic given by its equation
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f (x,y) = Ax? 4 Bxy 4 Cy? 4+ Dx + Ey + Z = 0 must satisfy in order to
have C,, as its corresponding central and (b) to determine Co,.
We shall examine first the case of a conic (ellipse) whose equation is of
the form f, (x,y) = Ax? + Cy2 + Dx + Ey + Z = 0 and which of course is
(1) (2)
an element of one of the subsets denoted previously by C,, C,, C,, ...

2 2
We observe that if f,(x,y) = 0 has C,, or % 4 y—z = 1 as its correspond-
©

ing central then the type of transformations in this particular case must be:
2 2 ” 2 £ 2 2 2
N A R el B an R s

=1

22 u 2 u? 22 u?
We want the last equation on the right in the above set to be the same
with the given conic f(x,y) = 0. Hence equating the coefficients of equal
powers in both equations we get:
2 2b o 2
i gy & Diietelies st i
y ) 02 22 u? 22 u?
Eliminating 2, @, a, b in the latter five relations we take:

Dz E2
g i o ety
wmtac

We have thus established the required relation which must be satisfied

by the coefficients of equations f,(x,y) = 0 corresponding to conics which

(1) (2)
are elements of one of the subsets C,, Gy, G, ,. ... This gives the answer to

problem (). The equation of Coo is evidently Ax* + Cy? = 1. Also it is easy
to determine the coordinates (a, b) of the origin of the coordinate system
E

D
Ny hich are a=—, b= —.
(Y)W — ok b= o

Example 3.5. Let the equationx?  2y? + x + y — % = 0 be giv-
en. It is easy to see that the coefficients A =1,C=2,D =1, E =1, and
Z= ——Z -satisfy the condition established above. Therefore the correspond-
ing conic (ellipse) has equation x* 4 2y*> = 1 and the center O has

coordinates a = % 3 b = i - It is not difficult to verify that the above set
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of transformations applied to x2 4 2y2 = 1 produces the given equation

x4+ 2y 4+ x+y— % = 0. Of course this set of transformations is not of

the same type with that of section 1.1 (Example 1.1).

An analogous condition could be established for the two other conics
(hyperbola and parabola). Also the above problem can be generalized in case
the given conic’s equation is f,(x,y) = Ax% + Bxy + Cy? 4+ Dx + Ey +
+ Z = 0. In that case we must apply the transformation x = x'cosw —
— Y'sino + a, y = x'sino + y'cosw 4 b. The new condition for the co-
efficients of f, (x,y) = 0 will have as special case the one established above
for o = 0.

The problem 3.5 may be put in another way. Given a central conic C,,
one applies the transformation x = x" 4+ a, y = y’ + b in the equation of
Coo- The new equation represents geometrically the same conic Coo but in the
system O'x"y” where- O has coordinates a, b with respect to the basic system
Oxy.

The latter equation is transformed geometrically to the system Oxy.
The new conic Coo will be an image of Coo With its center not coinciding with
the point O’. But Coo does not coincide necessarily with the arbitrarily taken
conic f, (x, y) = 0. In order that the latter happens we must have the est-
ablished condition satisfied by the coefficients of f, (x, y) = 0. All the conics

satisfying that condition are elements of one of the sets denoted in section
3.4. by Coy CooCo s -

3.6. The condition of section 3.5 may be interpreted geometrically
as follows. Let two rectangular systems Oxy and O’x"y" be given. Let a conic
(ellipse) f, (x,y) — Ax2 + Cy? + Dx + Ey + Z = 0 be given. The condition
that this conic has as its image under the set of transformations of section
3.5 a central conic is that its center O is symmetric to O’ with center of
symmetry the point O (Fig. 9).

Really, let A” be a point of f(x,y) = 0. Its image under the above
mentioned set of transformations is the point A. From the triangles formed
in Figure 9 it is easy to see that OA = O”A” and that NM” = N'M. Hence
it is clear the curve OAM is the image of O”A”M"” and is a central curve.

From the above considerations we arrive at certain conclusions. Any
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curve (ellipse) f, (x,y) = Ax% + Cy?® 4 Dx 4 Ey + Z = 0 which satisfies
2 2
the relationf—A + 21% — 1 = Z has as its image under the set of transforma-

tions of section 3.5 the curve Ax2 4 Cy? = 1. In this case the origin O’ of

= — X D E
the auxiliary rectangular system O’x"y’ has coordinates a = Y b= %
yl
Y
|
A
NI
’ X
i "“\lm 0
L
N [, b
45 0 >
/‘———- \\\‘1“. > ~ /’/A *
v \ \\~~-1—-—”
4
\\ O” /A”
~ A
\\‘_ .___,//
Fig. 9

Really if we apply in Ax? + Cy? = 1 the transformation x = x" - %,

E D E
=y —, then we get A (x’ —)2 4+ C (v — )2 =1 and after
y y+2C g (x+2A)+(y+2C) nd a

the necessary manipulations:
AX? 4 Cy? + DX’ + By + (ot —=—
4A - 4C
But because the coefficients of f, (x,y) = 0 satisfy the well known relation
we finally arrive at the curve Ax? + Cy? + Dx 4 Ey 4 Z = 0. And this
proves our assertion.
All curves (ellipses) f, (x,y) = 0 which have the same A and C and differ
in the other coefficients but satisfy our condition have as image the same

1) =0

central, namely Ax? 4 Cy* = 1. In order to construct any one of them we
determine the point O” with coordinates 8" = —a = — .4 » B = —b =

= — 2136 With center O and axes parallel to Ox, Oy we construct the ellipse
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Ax? + Cy? = 1 directly without using the rest of the constructions of Figure 9.
The above discussion may be easily extended to the other conics and
generalized for any conic Ax? + Bxy 4+ Cy? + Dx 4+ Ey + Z = 0.
Finally a topic for further investigation is the transformation:

DZ E2 a D 2 E 2
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Here the origin of the system O’x’y” has coordinates a = - b = 2

and the ellipse Ax?> + Cy2 4+ Dx + Ey ++ Z = 0 is transformed to the central
D E?
Ax2 - Cy2=-— 4+ ——1Z.
- 4A+ 4G
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MEPTAHRYIX

‘H omoudh 1év xmvixév topdy Ex i diehozdg Twv el dploywviovg Kapre-
oLAVaG GUVTETOYREVIS TrpaypaToTtotelTat cuvilawe ik Tg pappoyiic dbo Sradoyixév
3 Lo ~ (4 3 kA ~ '3 [/ Z A, ~
avaATXGY petacynuatiopdy. Obre &v dpyd) yivetor «mapdAAioc LeTapopa) TEHY
GEbvev elc véav dpyhv ol &V cuveyeiy «oTpoeRy Tobtwy xal’ dpropévny ywviay.
A T neB60v TadTng EmituyydveTar Tehdg N edpesic THe xahovpévne mpoTHTOL
eilowocns Exdotng xwvixiic. "Emeidl) mpdxeito wepl celpdic dvahuTindy peTacynuo-
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TIOUGY, 1) mpdtumog EEicwotg, #Tig dvagépeTal eig &Aho, Sidpopov Tol &pyixol,
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abotnua dpBoywviey dEbvey, TaploTd yewpetpwds wiay xal THY adTiV kepTOATY
pé Ty ey étcwov. ‘H dolcioa 80ev xwviny xatasrevaletar éx T¥¢ mpoTiTOY
gELotoems T,

Eic miv dvaxotvwowy tadtyy yivetar 9 omwoudy) Tév xwvikdy Six g Epuppoyiic
TEY oy &V THe dvedhuTixdic xal yewpetpiris looduvaplag, d¢ abrar xabBopifovrat
elc mponyovpévag avaxowaosig [Ipaxtina tijs *Axadnuias *Abnvav, 32 (1957)
xol 39 (1964)]. Mpdg tolto SiSeton Zpoacig elg Td ypnouwomotodpeva dpboyd-
Vi 7 TAAYLOY@VLL GUGTARATE GUVTETaYREVGY, T& 6Tola dmodetkvhovror dvahu-
Tide wal yewpeTps loodtvapa xal ¢ Torxlta Bewpolvrar dvekdornTa xal
8ray dnbduy medrertar wepl ol idlov oveTHpatos clg Srapdpoug Bészsic Tob émumédou.
‘H Srapopa Tijg (eBbdov tadtng dmd v mponyoupévny Eyxretrar xuplwg eig 7o ye-
yovée, bt fy dpyn Elowolg THg nwvirig uetatpémetor elg EAAY mpoTiTOL Wop-
@¥ig, N omola Suwg avagépetar clg To tdiov cloTyua cuvretaypévey pé THY do-
Ocicay. *Ex tHc xovixiic, mod mapietd 7 wpbrtumog EElcwetg, xatacxevdleTol
Baoet xavévog 7 apyIxT] KoUTOAY.

"Ex g d¢ dve omoudiig TdY xeovikdy mpoxdmrouy Gpiopéval SaTeTohostc.
Ado Sudpopor xwvixal pd xévrpov v deymv xal &Eovag éml Tév dEGVWY TEY ouv-
TeTaypévoy (xevrpieal) Suvatoy v Exouy, T SLapbpous LoPROE LETAYIATIOLMY,
&g elxbva THY adTHY Pl REVTEIXNY XGVIXY %ol GYTLETEOPOC. 1o 6hvodoy TG xwVixdy
7ol émmédov Pdost xaTedAhov Gplopol iobtnros petabd TodTtwv xatavépeTar clg
xhaoetg iooduvapiuc. Anbuyn Sewvdetar, 71 16 v Abyp clvodov dmotelel Spddo
oo Gpropévov vépoy cuvbésews. *Ev ouveyelq tifetor t0 mpoBhnue, &v, Sobeiong
pedg xwviniic Tob émméSon Sia Tig EELadoedds TYg xul MPLEUEVOD TUTTOD GVOAUTIXGY
*ol YEQUETPIKAY UETATYNUATIOREY, clval Suvatdy Vo mpoadioplody) pia xevrpuen
xoviy 0¢ elxdy s, ‘H oyetiny Epsuva xatadiyel elg v Statimwoty pLig oyé-
oewg peTaElh TV cuvtedsoTdy TG doleiong EEiodicewg Mg auvlixng Emhdcews Tol
mpofhuatos. Tie oyéocme Tadtyg SideTor xul yewpetpiny) Epunveio.

Mepaitépm dewnvderar, 6t al xovixal, Tév omolwy ai EEiodoeig Exouy Tolg
adTodg GuVTEAEGTAG TEHV Gpmy X2 xal Y2 xal ixavorotoly T &v Abyw oyéaw, Eyovv
TV adTHY REVTPLKY xeVixiyY Gg cixbva, AT edyepds SVvatar va Tpocdioplehi.
‘H xoraoxevh) xdotie 16V xwvixdV TobTev Emituyydvetor Baost amiol xavévoe.

To ouumepdopata Thg GOg dve Epyaciag dvvavrar va yevixeuBolv sig dAhag
mepunthoets. “Ev Téher Siatumolrar &v yevirdrepoy mpdfhnue mpds Teputtépw
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Epsuvay.



