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MA®HMATIKA.— Global analysis. Morse Theory on Hilbert Mani-
folds and the Plateau’s Problem, by 7. M. Rassias™. ’*Avexoi-

voddn Um0 tod "Axadnuainod x. @. Baciheiov.

1. It is L. Euler who started a new field in Mathematics, now
known as Variational Analysis. L. Euler in 1744 deduced the first gen-
eral rule, now known as Euler’s differential equation, for the charac-
terization of the maximizing or minimizing arcs. Much of the terminology
of the Variational Analysis was introduced shortly thereafter by J. L.
Lagrange. One of the earliest papers along this line was Hilbert’s famous
address in which he posed some [23] problems. Of these the 19th problem
was to prove that the regular solutions, of any analytic regular varia-
tional problem are analytic and the 23rd problem was vaguely to develop
a theory of variational analysis (cf. [8]).

The Morse theory of critical points of a point function ¢ is con-

cerned with relationships between topological characteristics (Betti or
Connectivity numbers) of the graph of ¢ and the numbers of local minima,

local maxima, and different kinds of saddle points. The Morse theory
goes back to that of H. Poincaré and G. D. Birkhoff, concerning the
theory of dynamical systems. Abstract critical point theory can be applied
to the theory of functions of a finite number of variables, for example,
to harmonic functions of two or three variables, to problems of floating
bodies, to problems of celestial mechanics. The theory of critical points
has been applied to problems of differential equations in the large by
F. Browder, W. B. Gordon, J. Marsden, C. B. Morrey, M. Morse, R. Palais,
H. Poincaré, S. Smale, et al. Many questions fromMathematical Phys-
ics concerning stable points in a force field with an associated potential
are related to the part of Morse theory. Variational analysis has played
an important role as a unifying influence in mechanics and as a guide
in the mathematical interpretation of many physical phenomena. It is of
interest to remark that if the configuration of a system of moving par-
ticles is governed by their mutual gravitational attractions, their paths
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will be minimizing curves for the integral with respect to time, of the
difference between the Kinetic and the Potential energies of the system.
This is known as Hamilton’s principle after its discoverer. C. Carathéo-
dory has devised a quite new approach to a considerable portion of the
theory of variational analysis. In his theory the extremals appear as
so-called «curves of quickest descent».

One of the difficult problems in Global Variational Analysis is
Plateau’s problem. This is the problem of determining the surfaces of
minimum area spanned in a given curve or subject to other boundary
conditions. Lagrange raised the question of finding a minimal surface
for a given contour and Plateau gave a physical realization by means of
physical experiments. Accordingly this problem proposed by Lagrange
is now known as Plateau’s problem. During the last century Plateau’s
problem has attracted the attention of mathematicians such as G. D. Dar-
boux, D. Hilbert, B. Riemann, H. A. Schwarz, K. Weierstrass, et al.
Among the questions of special interest in the study of Plateu’s problem
is the one concerning the existence of an unstable extremal. It is remar-
kable to mention the very interesting work of M. Morse and C. Tomp-
kins [13], M. Shiffman [21] which independently and almost at the same
time studied the question of the existence of an unstable minimal surface.

2. It is well known that R. Palais and S. Smale (cf. [17], [18], [22])
have found an extension of Morse theory of critical points to a certain
class of functions on Hilbert manifolds. This theory is applicable to some
variational problems and partial defferential equations (systems) on
vector bundles. A. Tromba has very recently worked out a modification
of the Morse-Palais-Smale theory on Hilbert (or Banach manifolds) to a
considerable general nature which allowed him to answer some important
questions on the Plateau’s problem. It is an outstanding question to
answer if the Morse theory on Hilbert (or Banach) manifolds can be
applied to Plateau’s Problem. This is a problem which has resisted solu-
tion up to now (despite some recent results by A. Tromba). It is my
intention here to state some of my results concerning the application of
Morse theory on Plateau’s problem following A. Tromba’s approach
(cf. [25]). The proofs will appear elsewhere.

Consider the function space: K= {all vector functions q(u,v)€ H®
(D; R® where D is the open unit disk in R? and s>2. q maps the (boun-
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dary) 0D monotonically onto I', where I' is a given Jordan curve in RS
Moreover I' = (x,y,z) = (a(0), B(0), v(0)) where (a(0), B(0), v(0)) is
a momnotonic increasing representation of I', q|sp:9D—1T is a homeo-
morphism, has nowhere vanishing derivative and a,f, yE HS*’;‘ (aD).}

Note: The definition of the Sobolev space H® can be found in
J. Marsden [10].

It can be easily shown that K is a Hilbert submanifold of the space
of maps H®(D;R?%, s>2. We can also prove that K has the homotopy
type of S. We define the tangent space of K at q € K, as follows:

TqK = {all maps heHs(D; TR?, s > 2, s a finite real number,
such that
1) wxoh=q where q€K and x:TR3>—> R
2) h(éD)c TT'}

It is understood that every h €T, K is a six dimensional vector ;
however we can think of it as a three dimensional vector by considering
only the last three coordinates of h. More precisely, every h&TqK can
be brought to the origin of the space R®and thought of as a three dimen-
sional vector, i.e. determined in three coordinates h;, hy, hs.

A weak Riemannian structure can be defined on TqK by giving
a weak inner product on Ty K as follows: Let h, g€ T, K then

<h,g>,4 =ffD<Vh, vg >, dudv

_fah &h _ [ 9og ag> .
where yh = (—a—u—, W)’ Vg = <6u 'y v ) To be more precise we

write

ac ahl 6g1 6h2 agz 8h3 3g3
< Vb Ve ou oJu # ou odu # ou du

oh,; Jdgy oh, 0g» oh; 0gs
+8v 6v+r3v 6v+6v ov

where h = (h11 h2v h3)v g = (gl y 82 g3)) Vh = RB, A4 € RG-

Theorem 1. For every qEK there exists a unique vector field
V(q) € TqK such that

(1) [[o< va, vh>dudv = [, < vV (a), vh > dudv
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for all h € TyK, where by V(q) we denote the last three coordinates of
V(q) € Tq K.

Remark 1. It is important to notice that V (q) is a three dimen-
sional vector, corresponding to the last three coordinates of V(q) € T(K.
We are working with V(q) and not with V(q). In other words from
now on we can forget V(q) and just work with V (q), for which (1)
makes sense.

Theorem 2. For every q €K there exists a unique vector field
V(q) € T4K such that V2V = y2q, V2 = Laplacian, V and q are three dimen-

stonal vectors with boundary conditions

oV 9q A
y 2 b
and (q, V) (6D) = TT

which means for all (u,v) €D, (q, V) (u,v) = (q(u,v), V(u,v)) = a pair
with first element q(u, v) and second element V (u, v).

Remark 2. Itis easy to prove each of Theorems 1 and 2 from
the other. Consider the function space:

S = {Emb (0D ; R®) be the open submanifold of H*(S!;R% which
consists of embeddings of S! into R3]
Set G; = {the component of H*(S'; I'), the Hilbert manifold of H* maps
from S! to I' determined by the embedding «, where o is a C*
embedding of S! in R® whose image determines I'}.

It follows that G, is an open submanifold of HX(S!';I') since G, is a
component., For every # € H¥(S'; I') = H<(S'; R®) we can extend
@ = (@, iy, i) harmonically to u:D — R?® such that u|, = . This is

a consequence of the Dirichlet Principle. Define now the space:

Go = {all the harmonic extensions of elements of G4 to D, i.e.,
u: D—>R® and ul, = &},

Define the C®- energy functional

Eazéa—>R
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by Ea(u) = %ff{(g—:)z+ (%ﬂdxdy — %ffllvullzdxdy

ou ou

where Vu=<a—x, dy)’ ueG..

Theorem 3. dEuq(\_](q)) > 0 and equals zero only if q is simul-
taneously a critical point of E, (the energy functional) and a zero of V.
By dEuq(\—/(q)) we mean the differential of the energy functional E, at q
in the direction of V (q).

Remark 3. It is understood that

dE., (h) = [ [ < vV (q), vh> dudy

D
for q€K, heT,K.

By looking at Theorem 2 and using the regularity of the Laplacian,
we get \_7(Q)EH5 whenever q & HS. By making use of the open map-
ping theorem we get that the operator

q—> V(a)
is bounded.

Theorem 4. The Condition (C) of Palais-Smale is not applicable
for Plateau’s problem formulated on Sobolev spaces H®, s > 2.

(Note: If M is a C! Finsler manifold and f: M—~>R a C! map,
then f satisfies condition (C) if given any sequence {Sn} in M on which f
in bounded but on which ||df|| is not bounded away from zero there is a

subsequence {snj} which converges.)

Theorem b. Given {Pi} a bounded sequence in Sa (in the given
Finsler metric) and ||V (P;) || = O then there exists a subsequence {P;j} which

converges to a zero q of V.
(Note: This proves Tromba’s condition (CV).)

Conjecture. Although I do not have a complete proof I believe
that for any p € Gq, the trajectory o, of V through p has a maximal
domain

(o, 8) =R.
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Then as t—>a, ||V (op(t))[| =0 and o, (a, 0] is bounded in the Sobo-
lev sence, provided that E, (o, (t)) is a positive real number.

(Note: This will prove Tromba’s condition (G2).)

If the above conjecture is true then a complete proof of the famous
problem, concerning the application of Morse theory on Hilbert mani-
folds to the Plateau’s problem is given. This will follow from the recent
paper by A. Tromba [25]. A consequence of the above investigation will
be a global analytic proof of the Morse-Tompkins [13] and Shiffman [21]
theorem which states that the existence of two relative minima for the
energy functional E, implies the existence of a third unstable minimal

surface.
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BEPIABHYIXE

Eic v mapoloav dvaroivwowy damodsixvierar 6t 1 dewoto t@v Smale
xai Palais 0gv dvvatar va Eqaguoodi elg 10 meéPfAnua tob Plateau xat datv-
wodton pia oelpd cvurepaoudrwv ToU ovyyoogéwg, T Omoia 6dnyolv eig TNV
yevixliv Moy tod moofAfquarog. “Eva #iglov yagaxtnolotindv tijg magovons dva-
rahUpewg elvar 1 eloaywyn Tob cuvagtnotaxod ymeov K pé otouyeia dmerrovi-
oelg €ig TOV y®eov tod Sobolev. Hs, s > 2. Towovrotednmwg 6 K Eyer tnv dounv
wag moAkamAdtnrog tov Hilbert. *Amodeixvietar 1 Umapbis povadixold diavu-
opatinod medlov V (q) &xi tod Ty K, 2pamrouévov ydoov tod K elc 10 qEK,
ut v Wdidtra St o onueia tov K mov V (q) = 0 elvan axoiie xeiva, Evia
1| modtn mapdywyog Tob cuvagrnolaxol tov Dirichlet undeviCeran. Totovroted-
g 10 mEOBANua Gvdystal glg to mediov tig Tomohoyiag t@V davvopatixdv me-
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dtwv. "H xaragatxt anddeis tiig einasiag (Conjecture), dmov tiderar eic 10

téhog tijg Eoyaciag, Emller 10 mEdPBAnua Epaguoyiic tic dewolac tod Morse 2mi

v moAlandoriitwv tob Hilbert eig 10 modPAnua tod Plateau.

’Egaguoyal attot dvvavrar va dodoiv eig tiv Tevunv Oewolav tijg Sye-

twdtnrog tov A. Einstein.
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‘O "Axadnuairog ». ®. Basiieiov magovotdiwv ™y dvotéom Gvaxoivwory
elme ta €ENG ¢

‘H goyaoia, v 6motav €xo v tuy va magovoidow eig v Axadnuioav
*Adnvav gxer tov tithov «'H Jewpla 100 Marston Morse 2&ni tdv morhamhory-
tov Hilbert xatl 10 nedfAnua tod Plateau». ‘H goyacia adty elvar ovvretayuévn
ayyhoti. ‘O ovyyoagpels tng eivar Postdoctoral Research Fellow xai péhog
tii¢ Faculty tob uadnparixod twijuatog tod I[lavemornuiov tiig Kahkigooviag
eic Berkeley ‘Hvou. [lolteidv *Apeouniic, dqieodver 8¢ tv doyaciav tov eig
uviunv tod 7o &rovg drodavivrog diampemols nadnuatixod, diareréocavrog xai
avremotéAhovrog uéhovg g "Axadnuiag *Adnvav, Xovorov [Mararvotaromoviov.

Eig v nagotoav dvaxolvwow 6 cuyyoagels éxdéter dolouéva modopata
gEayopevd tov avagegdpeva eig v Exthvoy Evog tdv Jepuehwddv moofAnudrov
toU Aoyiopod tdv Metafordv, moofAjuatog dxpoalopévou eic mediov tiic Avago-
owiig Tomohoyiag t@v morhamhotiitwv tob Hilbert % tod Banach. To modfAnua
avto  Mumwogel va dwrvrodi) dg EEfg: «H Aeyouévn dewola tod Marston
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Morse, Statumovpévy eig noAkamAdrnrag Hilbert #| Banach, eivar duvartov va
gpaouootH] €ig 10 medBAnua tol Plateau ;» To modPAnua Plateau dgogd eic
tiv eligeowv émpavedv Elayiotov dufadol éxtevouévov ano dodeloav xAetotnv
Yoauuny xai Umoxewwévov el Goouévag ovvogaxdc cuvdirac. To modPinua
Plateau étédn 10 modrov and tov Lagrange. “Av fuwc todro gépst orjuegov
70 Gvopa tob Bédyov quowod Plateau, dpeiheton i 10 ysyovde, 61 modrog 6
QuoLos avtog Edwoe mewpapaTiany Aoy tod mpofAjuaroc. Tov moonyovuevov
ol 1OV moebvia aidva, psgixol t@V  diaomuoréowy padnuatixdv, omoc of
B. Riemann, K. Weierstrass, H. Schwarz, C. Carathéodory =xai D. Hil-
bert, Moyohidnoav ué diapdoove mepintdoes padmuatixic dmddoewe tod moo-
BAjuatog Plateau.

‘O olyyoovog *Ausgumavog pnadmuatixogc Marston Morse, énexteivag tiv
Yewolav v Aeyopévav «xguundv onuelwv»> (critical points) t@v H. Poincaré
xai G. D. Birkhoff &ig tovg cuvaotmoiaxove ymoeovs, Mdvvndn va 2mhvon wohho
1@V wpofAnpdtwv ol Aoyiopod t@v Merafordv. ITapéuevev Gume éviehde dhv-
tov 10 mEdPAnpa, xate mwdoov 1 Yewola tod Morse eic tag moAhamAdtnrac
Hilbert 1) Banach Wumogel va 8paouoodii »al eic 10 modéfAnua Plateau.

Eic 10 onuelov adtd meéner mapeumarévrmg va anuetwdi), 6t 6 ovyyxoovog
nadnpatinog xhddog tiig <Avalioewg nl t®v molhamhotitov» (Analysis on
Manifolds), Aeyduevog #ai Global Analysis, pekerd moofAvuata tiig ui youu-
uwrdls avalioews, ta 6mota mhvovrar ue neddédove tiic Tomoroying. Awd tov Ad-
yov axopds avtov 6 xhddog adtog qéoetar eic ™V padnuatieny Bifiioyoapiov
nal g «Tomohoywt) *Avdhvoig». Eic tov #Addov adtov drdoyovv moofifuata
mooeoyOueve Gmd v (un yoapuwxnyv) Avdivety, un duvdueva Suwg va Emidv-
Yolv, tovhdyiotov uéyol ovjuepov, ut puedddovg tic Avakioswmg adtic. ‘H *Avd-
Avoig éni t@v mohhamhotijrmv mapéyel Todmovg Expodoswe mooPAMjnatog T TAva-
Moewg €lg 10 Gvtiotoydv tov mEoPAnua Sratvmoduevov elc v yAdooav tiic
Tomohoyiag, ®s xai tedmovg Emhicems ToU tehevtaiov wé tomoroyunag puedsédovg.
Elvaw yeyovdg, Stv moofAiuate towovtov eldovs Gmaitolv yvdoes Gmd Goxetovg
#hddovg tilc padmuatxdc Emotiung, Wiatéong tig Yewpiug tdV moAhamhory-
tov Hilbert (3§ Banach).

’Enavegyduevor i 10 modBAnua tiig dpaopoyic tiic Yewolag Morse ava-
poounds pe tag norhamhdtnrag Hilbert #) Banach elg 10 modfAnua tot Plateau,
ToeaTNEoTNEY GTL ToUTo Gnetédece Fépa moAGVY xal évratix®dv doevvdv. Ta #y
1963 - 64 oi poadnuatwol S. Smale xai R. Palais &mevénoav &néxractv tiig

Jewolag Morse elc moAkamAdtnrac dmelpwv dwaotdoewv diavoifavies olitw tov
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dodpov S v Eailvoy dolopévay meoPAnudrov tod Aoywopod tov Metafordv,
Tiig Ul yoauwxiic ovwvagrnotaxiis “Avalioswg xadmg xai tdv Meoudv Awa-
poowdv Etiohoewv.

*Exeivo mov émitvyydvetar Gmd TOV ovyyoogéa &g TV magoloav Gvaxoi-
voow eiven xat’ Goydc  anédeiti tob n ) dewola adty tdv Smale - Palais
dtv Tumooel va Epaoposdi gic 1o modfAnua tod Plateau. Katémv 6 cvyyoapeig
dratundver oelody oupmEQAOHATOVY TOV Ot TNV Emthucty TOV GVOTEQD MYNUOVEVLO-
uévov mooPAiuatog dMmiadn tiig duvardmrog Epaonoyiic tic dewplag tod Morse,
datumovpévie elg molanhétnrog tob Hilbert 3 Banach, —épaopoyiis &ig 10
7o6PAnua tod Plateau. To modfAnuo todro dvdyst 6 cvyyoapels eic uiav eina-
olav (conjecture) 1 6mola, av amodery iy dAndvc, da ddon mhvjon dnddeiEv Tob
meoupuov dxelvov moofAvnartos. “Eaouoyal adtod dlvavrar, xata toOV ovyyoa-

@éa, va yivouv gig tv Devixevpévyy dewolav tig Syetndyrog.



