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MA®HMATIKA.— On the holonomy theorem, by Efstathios Vassiliou*.
*Averowvar ity 9m0 tod "Axadnuaizot x. "Odwvog [Tviagivod.

INTRODUCTION

One of the nicest results of the theory of finite-dimensional con-
nections is, certainly, the so-called Holonomy Theorem due to E. Cartan
and rigorously proved first by Ambrose - Singer [1]. It describes, roughly
speaking, the Lie algebra of the holonomy groups of a given finite-
dimensional connection, in terms of the curvature form of the connection.

The purpose of the present note is to give an outline of the way in
which we can obtain an analogous result within the infinite-dimensional
framework.

Terminology and notations are those found in standard books such
as [2], [3], [4], [7], where we refer for background theory. For the sake
of simplicity, differentiability is of class C* (smoothness). Throughout
we use the vector bundle technique, so that the classical result gets a
refreshing form.

The author wishes to express his acknowledgement to Prof. A. Mal-
lios, of the University of Athens, for his helping discussions and his
valuable encouragement.

1. PRELIMINARIES

Let I=(P,G, B, n) be a principal fibre bundle (p.f.b, for short)
with connected and paracompact base B. A smooth connection
on [ is a G-splitting of the exact sequence of vector bundles (u.b’s)

v Tx!
(%) O—>PXg—>TP—> a*(I'B)> O
i.e there exists either a G -v.b-morphism V : TP—>PXg such that
Vov = idpxg, or a G-v-b-morphism c:a*(TB)—> TP such that
Tn!oc = idx+(r). Here g denotes the Lie algebra of G, Tw! is the
v - b-morphism defined by the universal property of pull-backs and v
is given (fiberwise) by v(p, X) = Teq@(p,.).(X), if ¢ denotes the (right)
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action of G on P and g = T.G. The maps V and v are G-morphisms
in the sense they preserve the action of G on the bundles of ().

The existence of a connection on [/ implies that TP = VP @ HP,
where VP and HP denote respectively the vertical subbundle
Im(v) and the horizontal subbundle Im(c) of TP. Hence, each
u € TP has the unique expression u = u’ -+ u", where the exponents v
and h denote the vertical and horizontal parts respectively. It is standard
that the existence of a connection is equivalent to the definition of a
g-valued connection form w on P, satisfying the well-known
properties (cf. [3]). Here we set w,(u): = pree V. (u), for each p € P
and u€T,P. Following the classical pattern, we also define the cur-
vature form Q related with w by the structural equation

(O — dw-{-%-[m,w]‘

The holonomy group ®(p) at p is the set of s EG such
that p and p.s can be joined by a horizontal curve. Similarly, the
restricted holonomy group ®°(p) at p is the set of s€EG
such that p and p-s can be joined by a horizontal curve with O-homo-
topic projection. Finally, the holonomy bundle Q=P(p) at p
is the set of points q €P which can be joined with p by a horizontal
curve.

Since the connectedness of the base B makes the choice of the refer-
ence point inessential, we omit it throughout the rest of the note.

Let R be the set of all Qg - (Xq, Yq), where q€Q and Xq, Yq are
arbitrary elements of Hq P. Note that, in virtue of the structural equation,
we obtain the expression Qq-(Xq, Yq) = —o ([X, Y]*:(q)), where X
and Y are the horizontal vector fields extending X, and Y, respectively.
The Lie algebra h generated by Riscalled the holonomy algebra
(of the given connection).

It is already known (cf. [6]) that the holonomy groups ® and ®° are
infinite-dimensional ILie subgroups of G, i.e. they are endowed with
a manifold structure such that the natural injections i: ® —— G and
j: ®°=—> G are C®-morphisms. Also, it is known that ° = (Q, ®°, B, x)
is a p.f.b. The infinite-dimensional version of the holonomy theorem,
however, relies heavily upon the following conditions :
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(C.1): i:®°-—> G 1is an immersion
(C.2): h is a direct summand of g (i.e. h is a closed subspace of g
admitting a closed supplement in g).

Naturally, the above conditions are automatically satisfied in the finite-
dimensional framework. This is not the case here, where they play an
important role.

An immediate consequence of (C. 1) is that O is an immersed sub-
manifold of P and we can define a connection on [°, by an appropriate
restriction of ¢ or V. (C.2) is needed later, in the definition of the
bundle V* (cf. below).

2. THE HOLONOMY THEOREM

With the above conventions we state:
The holonomy theorem: The holonomy algebra h generates ®°.
The proof of the theorem is based on the following lemmas:

Lemma 1. Let A* be the fundamental vector field of AEg. If
AL EV,0Q, for some q€ Q, then AJ € Vy,Q, for all q€ Q.

Proof: The definition of A* (cf. [3]) implies that Agq = v(q, A).
Let us denote by g° the Lie algebra of ®°. Since v(q, .): g8°—=>V,0
is a topological vector space isomorphism, we deduce that A € g°; hence,
A§ EV.Q, for every qEQ. =

Lemma 2. If A€h and q€Q, then Ay € V,0.

Proof: We prove the lemma in the special case of
A =o([X Y] (@)
In fact, since veV = idyp on VP, we obtain
Af = vig, A) = [X,Y]" - (@ E V4 Q.

Combining Lemma 1 and the previous case, we complete the proof. m

In the sequel we define the sets Vi: = {A%: A€ h}and V*: = Vi,

q€Q

In virtue of (C.2), V* is a vector subbundle of TQ. In particular
Ve = v({q} X h). The above lemmas now yield the following:
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Lemma 3. V* coincides with the vertical subbundle VO of TO.

Proof: Following essentially [1], we show that V*@ HP is an
integrable subbundle of T'Q and each horizontal curve joining p and q
lies in the maximal integrable submanifold N through p; hence, O = N
and TqQc=T(N = Vi @ HiP. On the other hand, it is immediate
that Vi ® H,Q =« T,Q thus TQ = V*@® HP, which completes the
proof. m

The proof of the Theorem is now an immediate consequence

of Lemma 3. Indeed, we have that
v({a} X &) = Va0 = Vi = v({a} X )
which yields h = g°, since v is a topological vector space isomorphism

on the fibers. m

As a corollary, we check that h is the Lie algebra of @, as well.
This is the case, since ®° = ® and h is stable under Ad(s), for each
s € D (cf. [5]).

HEPTAHYIS

Eic mv &oyaciav tavrny Emitvyydverar 1 om0 GOoiopévag mooimodéseis
Enéntaoig eig ouvoydc wi memepacuévng Staotdoswg Tov Yeworfuatog Tijg 6Aovouiag
t®v Ambrose - Singer Tol G@OEMVTOC £l TOC GUVOYLG TETEQUOUEVNS OLaOTH-
GEWG, CUUQOVME TEOg TO 6moiov 1 dAyefou Lie t@v 6uddwv drovouiag cuvoyiic
neneQaouévng dractdoswg Exgodletar it Tiig woppiis xaumvrdtnrog tiig cUvoyis.

[Toog tolito Yewpeitan uta Banach - vnuatxt Séoun (P, G, B, nt) pé ovvexti-

v kol wagaovurayi] fdowv B xai cuvoytiv o, magiet@vrar 8¢ dud T@v cvuPodwy :

g 1 dhyefoa Lie - Banach tijg onddog dodoewe G,

Q 1 LoE®T xoumrvidTntog TS cuvoyiic O,

HP : 1 6oloviia vmwodéoun tiic Epamtouévng déoung TP,

®(p) : 1 6udg 6hovouiag eig 10 onueiov p,

®°(p): 1 meowworopévy 6udg 6hovouiag eic To onueiov p,

O(p) : 1 déoun 6hovouiac, dnh. 1o clvohov Tdv qEP 1@V cuvdcouévov peta

100 p 8 6otlovtiag nanmiing,

h : 1N dhyePoa 6hovouiag, dnh. f| dAyefoa Lie 1 wagayouévy vrd orouyeiwy
s wooiis Qq (Xq, Yq) & 6ha ta Cevyn (Xq, Yq) év HP, Grav to
q Owaroéyn ™y O(p) rai dmodsixvierar to EETG :
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Oewpnpa Thg 6Aovoulag : “H dhyefoa olovouias h mapdyer vac duddag
dhovouiag @ xal ®° §ray a) 1 diyefoa dlovouias h elvar xlewotog Smoydeos Tijc &
oy xAewoTov Tomodoyunov ocvunkijowpa v g xai f8) 1) duas clovoulas @° elvar
Bugurevuéyn dmoouac i G.

Eic 10 dedonua toiro avri tdv ®(p), ®°(p) yodpovrtai dvriotoiyws @, O°
stapaketmopévor, Adym Tilg cuvextixdtntog ths Pdosws, ToU onuelov Gvagoeds p.

At nooimodéoerg o xal B dmorehotv cuvvdfumy ixaviy Tva loyxiy o dve-
téow Pedbonua, 1 cvvdiun 8’ altn mwAngoltar mdvrote eig v wegintwaoty osuvo-
yiic meneoacuévng daotdoswg xal gig TV meolntwoy TavTny 10 Vad ol Yewori-
latoc tovrov xpoaléuevov dmotédeopna tavtiletar peta tod vmo tod Jeworjuarog

t®v Ambrose - Singer &xgpoalouévou.
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