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AIAGOPIKH TEQMETPIA.— On homothetic mappings of Riemann
spaces, by P. Bozonis and T h. Hasanis*. >Avexowddn dmo tod *Axa-
duaixod %. “OY. ITviagivod.

The purpose of this note is to generalise some results concerning
the homothetic mappings of Riemann spaces obtained in [2] and to give
some others related mainly to the same mappings.

1. Let M be a Riemannian manifold with fundamental metric
gij(p). Let X be a vector field on M and L the symbol of Lie derivative
with respect to X. It is known ([3], [4]) that X defines a motion, an
homothetic transformation, a conformal transformation or an affine col-
lineation if

Lgi;; =0, Lgi; = 2cgjj,

Lgij = 2pgyj, LTjk=0

respectively, where c¢ is a constant function, p a function on M and Fjik
are Christoffel symbols. When ¢ vanishes, an homothetic transformation
reduces to a motion. Thus we call an homothetic transformation proper
if e =£0.

From the formulas (cf [3]).

i i
LDk = 5" {(Legg)sx + (Legndsx — (Legda}
(LF;k);m - (LF;m),L = LR;km

it is easily seen that a motion and an homothetic transformation are
both affine collineations and that an affine collineation preserves the
curvature tensor.

2. Let X be an homothetic transformation on M. Then it is an
affine collineation and hence it preserves the curvature tensor. Moreo-
ver, X preserves the Ricci tensor, that is

LR;; = 0. (2.1)
From
R = gij Rij )
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where R is the scalar curvature of M, we have
LR = LgiiR;;+ g LR;;
= LgiR;
= — 2cgii Ry
= —2cR

or
LR = — 2cR. (2.2)

From (2.2) and LR = XR we have that R is an eigenfunction of X with
corresponding eigenvalue — 2c.

Then from a well known result it holds (cf [1], proposition 8.5.2)

R (v (t)) = R (y(0)) e, (2.3)

where y:R—> M is an integral curve of X.
If c =0 we get from (2.3) that R is constant on the range of every
integral curve of X.

So we obtain the following

Proposition 2.1 If the vector field X on M is a motion, then

the scalar curvature of M is constant on the range of every integral curve of X.

In the case where the manifold is compact, then all eigenvalues of
X are zero (cf [1], proposition 8.5.3) and so from (2.2) we have
that ¢ =0. So every homothetic transformation on a compact manifold
is a motion.

Let M be a Riemannian manifold and X a vector field on M which
is an homothetic transformation. If the scalar curvature of M is a non
zero constant on the range of an integral curve, then from (2.2) we have
that ¢=0. Thus we obtain the following

Theorem 2.1 Let M be a Riemannian manifold, which admits an
homothetic transformation X. If the scalar curvature of M is non zero constant

on the range of an integral curve of X, then X is a motion.

This generalizes Theorem 2 of [2].




SYNEAPIA THX 25 NOEMBPIOY 1976 841

Let X be a proper homothetic transformation (that is ¢=£0). If the
scalar curvature R of M is constant on the range of an integral curve
of X, then R =0 on the range of this integral curve. Moreover, if R is
constant on the range of every integral curve of X, then the manifold is

of constant zero curvature.

So we obtain the following

2. Theorem 2.2 Let M be a Riemannian manifold which admits
a proper homothetic transformation X, such that the scalar curvature is constant
on the range of every integral curve of X, then M is of constant zero scalar

curvature.

This generalizes theorem 3 of [2].
Now, we show the following

Proposition 2.2 If M is a Riemannian manifold (of dimension
greater than 1) and X an homothetic transformation on M with a dense integral
curve, then M is a space of constant curvature and X is a motion.

Proof. By a well known result (cf [1], proposition 8. 5. 5) we have
that all eigenfunctions of X are constant and all eigenvalues are zero.
Thus M is of constant curvature and X is a motion.

The above proposition gives the following

Corollary 2.1 Let M be a Riemannian manifold. If M admits a
proper homothetic transformation X, then there exists no dense integral curve of X.

Since an homothetic transformation on a compact Riemannian mani-

fold is a motion, we obtain the following

Corollary 2.2 Let M be a compact Riemannian manifold of non

constant curvature. Then every motion on M has no dense integral curves.

3. Let W be a tensor field with components given by

i i il i q i i
Wikt = Rjn — ——5 (Rjxd — Rjde + g Rj — guRu) +

1 i i
+ Py P (gjx 01 — gji dx)
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where R}kl, Rjx and gjx are the components of the curvature tensor,
Ricci tensor and metric tensor respectively. The tensor field W is called
Weyl’s tensor or conformal tensor curvature, since it is invariant under
any conformal transformation of the metric.

Remark. We shall denote by Q the length of the tensor W.

Then it is well known the following (cf [5])

Theorem. A necessary and sufficient condition for a Rieman-
nian manifold of dimension greater than 3 to be conformally that is W = 0.

It is known that a Riemannian manifold (M, g) is called confor-
mally flat if there exists a metric g conformal to g such that the mani-
fold (M, g) is locally Euclidean.

Now, we prove the following

Proposition 3.1 Let M be a Riemannian manifold. If the length
of the tensor W is non-zero constant, then every infinitesimal conformal trans-
JSormation X on M is a motion.

Proof. Let X be a infinitesimal conformal transformation on
M, then we have that

Lgi; = 2pgi;. (3.1)
From
QF = Wi, Wi (3.2)
we obtain that
201,Q = — 2pQ?
or
2Q (LQ 4+ pQ) = 0 (3.3)
or
LQ 4 pQ = 0. (3. 4)

Since LQ=XQ and Q is non-zero constant we have that p=0. This
proves the proposition.

HEPIAHYIZ

“Ev dtavvopatinov medtov X éni évog xdeov Riemann M 6oilet, dg yvwotdy,
i< \ ~ 72 / \ ’ (<4 c 3 :- ) S ~ c A
gvo peTaoymuatiopov tob ymeov tovtov. To medlov X, Grav 6 Ox’ adrol 6oiloue-
VoG UETAOYMUOTIoN0g Tol yweov M eival ioopetroindg, 6uodetindg, ovppooqog i)

2\

Suomagurdniinde, Aéyetar loouerouxdv, duodetindv, odupoopov 1) duomagariinii-
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%0V avuotolywg, éav 8¢ L elvaw to ovpufolov tilg magaywyicews Lie d¢ modg 1o
wediov X, vo mediov rolro elvar toouerqundy, opodetindv, odupoppov 1) dpomagal-

InAuov xad’ Goov avriotoiyws eivar :
Lg; =0, Lgy;=2cg;, Lg;=2pgy, LML =0,

gvita elvat (gij) 0 depuehiddng petoinog tavvotig tod yboov M, F;k Ta GvrioTouyo
oUufora tot Christoffel, ¢ oradegn xai p ovvdornols doiouévn éml Tod YwoEov
M. Eic tiv wegintwary xa®’ fiv 10 X slvar 6podeuxov diavvopatinov mediov,
Aéyetar tolito yvialov opodetinov diavvopatixov mediov, dtav 1) ig Tag mEdC TOUTO
aAnowtéag cvvixag Umeloeoyouévn otadepn ¢ sivar == 0.

Eig tv avotéon &oyaciav, dvagegouévny el tove 6uodetinovg xvolwg uera-
oyMuatiopovg v xdowv Riemann, drodewviovrar &v mowtorg 1o VewoRpora :

1. Eav »ata uijrog wdg 6hoxAnowtinilc ®aumving duodetixol dtavuopmoti-
%00 medlov X 8ni évog yweov Riemann M 1) douduntxty xapumurdtng tob ydoov
M elvaw otadeod, 10 X slvar xat’ dvdyxnv ioouergindv Siavuopatixdov mediov.

2. Eav % douuntinn roumvhotng évog ydeov Riemann M sivor otadeod
%ot uirog otacdnmore GhoxAnowrixiig xapmiing yvnotov podetinol Staviopare-
%00 wtedlov X &mi tov ydoov M, 6 ydoog M elvar xat’ dvdyxny otadeods undevi-
%iig aouduntixiic xapmvAdrnroc.

Ta dvo tatra Yeworjpuata eivar yevixelvoeie yvmordy dewonudrav, deiydév-
TV Guwg o Thv meoinddesty Tt 6 xdoog Riemann, &ic tov dmolov avagé-
govrat, elvar otatepds Gouduntixiic xaumuidTnroc.

’Ev ouveyelq Stdovrar Bondntical tives mootdasig dia t@v 6motwv Gmodet-
xvlovtal to Yewofuara :

3. “H aouduntun xapmviding évog ydoov Riemann dexouévou duodetinov
dravvopatixov wedlov X Eyov wlav 6hoxAnowrtinnyv xaumiinv muxvyv elvoar xat’
avdyxnv otadeoa 10 8¢ X elvaw xat’ dvdyxnv icouetouxov Stavvouatindv mediov.

4. “Ev opodetinov davvopatizov medlov émi €vog ydoov Riemann, éav
glvar yvijolov, 8¢v duvatar vo &y ShoxAnowtinnv xoumiAny wuxviiv.

’Ev téker Jewgolvrar ydoor Riemann M &ig tolg 6molovg 6 olupmooqog
Tavuotis xaumvidtnrog (tavvotig tol Weyl) eivaw uéroov ur) undevixol xal go-
dewxvietal 10 dedonuo :

5. ’Eav elg y®doov Riemann M 10 péroov tod tavvotol Weyl eivar ota-
deoov 50, ndv odupogpov dravvopatinov wedlov émt tod M elvar xat’ avdyxnv

tooueTourov.
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