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1. It has been already shown that given an initial curve and two
geometrically and analytically equivalent coordinate systems one may de-
termine a group of curves with the initial one as their identity element.
The numerical values of the maxima or minima of these curves, if they
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exist, form a group under a certain law of composition® Thus to a given
curve and coordinate systems there corresponds a definite group of plane
curves and a definite group of maxima or minima.

Now there are two more problems for examination. First to deter-
mine an initial curve after the coordinate systems are given. And second
to find the systems if the initial curve is known.

2. Let two coordinate systems (x,y), (x’,y’) be given. The systems are
supposed to be geometrically and analytically equivalent®. Let the for-
mulae of transformation from one system to the other be:

(1) =5y, ¥ =LK

Suppose that one takes a certain form for the initial curve, say
f(x,y)=0. To find this curve it is necessary to determine its unknown
coefficients. The maxima or minima of f(x,y)=0 may be found by simul-
taneous solution of f(x,y)=0 and fx(x,y)=0. The geometrically equivalent
of f(x,y)=0 is f(x’,y)=0. By the substitution of x’,y’ from (1) into the
latter equation :

(2) f(f,(x,y), f.(x,5))=0

To find the maxima or minima of this curve one should take fx (f;, f,)=0
and solve simultaneously the latter equation with (2). If the coefficients of
f(x,y)=0 are for example four, then it is clear that it is necessary to know
two number pairs of maxima or minima (X, yo) and (x,, y,), the first being
the identity element of the whole group of maxima or minima. Substitu-
ting (Xo, yo) and (x,,y,) in the four equations f(x, y)=0, fx (x,y) =0, f(f,(x,y),
f,(x,y))=0 and f«(f,, f,)=0 and solving for the four unknown coefficients
one may be able to determine them and therefore the initial curve f(x,y)=0.

It is well understood that if f(x,y)=0 is finally found then (xe,yo)
and (x,,y,) will be elements of the group of maxima or minima with the

(Xo, yo) as the identity element. If f(x,y)=0 has n coefficients then an ade-
quate number of additional pairs of maxima or minima should be given
in order to secure n equations for solution.

Example 2. 1. Let two analytically and geometrically equivalent sys-

1. C. B. Gravas, «On Maxima or Minima of a Group of Plane Curves», Procee-

dings of the Academy of Athens, 32 (1957), 507 - 517.

2. C. B. Gravas, «The Principle of Geometrical Equivalence and Some of its
Consequences to the Theory of Curves», Proceedings of the dcademy of Athens, 32 (1957),
122 - 124.
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tems (x,y) and (x’,y’) be given with formulae of transformation x'=x,y’ =
il
x + y. Let the ordered pairs of numbers (1, 1) and ( - }) represent the

coordinates of the two given maxima or minima points. If the form of the
required initial curve is ax® + bx’ + cx 4+ dy=0, then the maxima or mi-
nima points of this curve are determined by the solution of the two equa-
tions, the second of which represents the partial derivative of the first
with respect to x:
ax®+ bx’ + cx + dy=0, 3ax®+ 2bx+ c=0

Putting in these two equations x=1 and y=1, i.e. the given coordinates of
the first max. or min., one gets:
(3) a+b+c+d=0, 3a+ 2b+c=0

The geometrically equivalent of the given curve is ax® 4 bx " +cx’' -+
dy’=0. Substituting x’,y" by their equals from the formulae of transfor-
mation one finds the equation ax® + bx’ 4 cx + d(x + y)=0 or ax® -+ bx’+
(c 4+ d) x +dy=0. Taking the partial derivative of this equation with res-

. . — 1
pect to x, which is 3ax* + 2bx +c+d =0, and substituting x= ,, , y=
1 .
- in the two latter equations, one gets:
(4) a+2b+4ct+6d=0 3a+4b+4c+4d=0
The simultaneous solution of the four equations (3) and (4) for
a, b,c, d gives a=0, b=1, c=—2, d=1. The initial therefore curve has

the form x*—2x + y=0.
If one continues the above process ome finds as max. or min. the

s il 1 . ! .
pairs (0, 0), (— 91 4 ) ,....By reversing the process the max. or min. are
(3/2, 9/4), (2, 16/4), ... . The two sets of the coordinates of the max. or min
points are:
b 3 1 1

(x) R L 39 =5 6.
25 16 9 il 1

(Y) sieoyl AT o S al AE 1) 747'0! 4 e

These two sets constitute groups under a certain law of composition
which has been already described’. This example shows that given two

geometrically and analytically equivalent coordinate systems and any two

1. C. B. Gravas, «On Maxima or Minima of a Group of Plane Curves», Procee-
dings of the Academy of Athens, 32 (1957), 516.
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(or more) ordered pairs of numbers representing the max. or min. of two
(or more) points one may be able to determine an initial curve such that
the latter has the first point as max. or min. and the derivative curves
have the other points as such in their order of succession. Thus there are
generated a group of curves with the first one as their identity element
and two groups of the numerical values of the coordinates of their max.
or min. It is clear now that through this arrangement the given max. or
min. form a group with the rest of the max. or min. points.

The next example constitutes an attempt to determine an initial
curve under the conditions of the previous example 2.1 but with a differ-
ent form of the initial curve.

Example 2.2. Let the initial curve have the form ax’-+by’+cx+dy=0
under the conditions of example 2.1. Again taking the partial derivative
of this equation with respect to x and substituting in the two equations
x=1 and y=1, one gets:

a+b+c+d=0, 2a 4+ ¢c=0

The geometrically equivalent of the initial curve is ax’+by"*+cx’+
dy’=0. Substituting x’, y’ for x and x+y one gets ax*+b(x+y)’+cx+
d (x+y)=0. The partial derivative of this equation with respect to x is

- ; . 1
(2a-+2b) x+2by+c+d=0. Substituting in the latter two equations x= 9

and y= i , one finally gets:
4a+9b+8c+12d=0, 2a+3b-+2c+2d=0
Solving the four equations for a,b,c,d one finds a=1, b=0, c=—2,d=1,
i.e. the same initial curve x’—2x-+y=0 is again determined. This leads
to the suggestion that the initial curve is independent of the form taken
for its determination and therefore it is uniquely determined.

Now we are going to prove the latter assertion. Let a form of the
initial curve be f(x,y)=0. Let the formulae of transformation from the
coordinate system (x’,y’) to the (x,y) be x'=q,(x,y), y'=q.(x,y). If the co-
ordinates of the two given max. or min. points are (xo, yo) and (x,,y,), then
the two equations f(x,y)=0 and fx(x,y)=0 must be verified by x=xo and
y=Yyo. Suppose that fx (x,y) ;}; f(x,y) f,(x,y) and fy(x,y) - 'a'a}j flx.y)=
f, (x,y). The geometrically equivalent of f(x, y)=0 is f(x’,y’)=0. Substitut-
ing x’)y’ by their equals from the formulae of transformation one gets

£, (x,9), @5(x,y))=0,
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The values x =x,, y=y, must satisfy the two equations f (¢,, ¢,)=0 and
fx (s, @2)=0. The latter can be written as f, (s, @) @ x5 (@1, @s) @ ox=0.
If the undetermined coefficients of f(x,y)=0 are four, then the solution of
the four equations f(x,y)=0, f,(x,y)=0, f(p,q.)=0 and f, (¢, ¢.) ¢x+
f, (@4, @2) @'2x =0 suffice to give the value of those coefficients.

Now suppose that another initial curve g (x,y)=0 has to be deter-
mined. Then its final form depends upon the solution of the equations
g (x,9)=0, g:(x,¥)=0, g (9, @)=0 and g:(@s @) @ ix+g (@1, ®2) ¢ 2x=0,

0 o d
where g, (x,y) 5, 2(x,y) gx(x,y)and g.(x,y) 5yg(x,y) gy(x,y). Eli-

minating ¢',x and ¢’,x between the latter equation and the similar one of
the previous paragraph one gets;
£y (@1, @) . g1 (x,y)

fo (o, @) 2. (x,y)
The left side of this equation represents the derivative of ¢, with

respect to @,. Putting @.=k (¢,) which is another way of writing f(¢,, ¢.)=0,
P2
Q1

- d ’ .
side a%’ =1"(¢p,), where @.=1(¢,) is another form of g (¢,,®.)=0.
1

one can represent the left side by g k’(p,). Similarly for the right

Therefore :
k’ (‘1’1)21 ' (‘Px)
k () =1(9,) +C

But o, (x,, vi) =k (¢, (x,,y,))) and @, (x,,y,)=1(p, (x;,¥:)) by hypothesis. It
follows that C=0 and k (¢,)=1(¢p,) which is the same as f(q;, @) =g (¢, ..

Hence:

Replacing the variable @, by x in the formula k (¢,) =1 (¢, we find:
k(x)=1(x) + C,

For x=xo0, we get k(xo)=yo=1(x0) by hypothesis, since y=k(x) and
y=1(x) is another expression of the equations f(x,y)=0 and g (x, y)=0res-
pectively. Hence C,=0 and f(x,y)=g(x,y), which means that the initial
curve is unique.

3. It remains to examine the third problem of determining two geo-
metrically and analytically equivalent coordinate systems if the initial
curve is given and an adequate number of maxima or minima points.

Let the equation of the initial curve be f(x, y)=0 and (x,,y.), (xsy3)
two max. or min. points. Suppose that the formulae of transformation
from one coordinate system (x’,y’) to another one (x,y) have the form:

X'=¢,(x75), v=e(x7y)
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The functions @, (x,y) and ¢, (x,y) are supposed to have four unde-
termined coefficients. The max. or min. of f(x,y)=0 may be found by the

: . 0
solution simultaneously of f(x,y)=0 and fx(x,y) P f(x,y) f.(x,y)=0.

Since f(x,y)=0 is known the values of the max. or min. of this curve may
be found.

The geometrically equivalent of f(x,y)=0 is f(x’, y)=0. Substituting
x',y" by their equals from the formulae of transformation we get f(g, (x,y),

@: (x,y))=0. The partial derivative of this equation with respect to x is
0

fo, @’sx + fo, ¢',x=0. Representing fo, f,(py, @.)= 521 £ (s, @) and fo, = &
f@y, 9.) =1, (9, ¢.) we shall finally have:
(@, 9 =0, £, (1, o) @ sx + L2 (01, P2) @'ox=0

The above two equations are verified by hypothesis by x=x,and y=y,.

Continuing in this way, i.e. taking the geometrically equivalent of
(@, @.)=0, substituting there x’,y’ by their equals from the formulae of
transformation and taking the partial derivative with respect to x, we find
two more equations verified by x=x,, y=y, Therefore we have four equa-
tions with four unknown coefficients. If these equations can be solved for
the four coelficients then the two systems are determined and the points
(X1, 71), (x2,¥2) together with the max. or min. point (xo,yo) of f(x,y)=0
and the rest of the points definitely constitute a group under a certain law
of composition. The difficulty is of an algebraic nature and depends upon
the ability to solve a certain number of equations to determine the coeffi.
cients of the formulae of transformation of the coordinate systems.

Example 3.1. Let f(x,y) x*—2x+y=0. Let (x,y) = ( % ; 1—) and
the formulae of transformation be x'=ax, y’=by. The max. or min. of
x'—2x+y=0 is the solution of the latter equation and 2x—2=0. The-
refore x=1 and y=1 or xo=1, yo=1, where (xo,yo) represents the coordin-
ates of the max. or min. of the given initial curve. The geometrically
equivalent of x’—2x-+y=0 is x'?—2x +y’=0. Replacing x/, y' by ax
and by from the formulae we get a’x’—2ax-Fby=0. Taking the pa-
rtial derivative with respect to x, we get 2a’x—2a=0 or 2a (ax—1)=0.
It follows a=0 or ax —1=0. But a=0 gives b=0, i.e. no solution to our
problem. Therefore we consider the equations a’x*—2ax + by=0, ax—1=0.

o . j
The values of the coordinates of this second curve are x,= 5 and
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1 . 1 1 . .
yi=-7 . Replacing x and y by 5 and ; respectively in the latter two

equations we get finally a®*—4a+b=0, a=2. Therefore a=2, b=4 and the
formulae become x’=2x, y =4y Substituting in the equation a’x’— 2ax -+
by=0 a and b by their equals we get 4x’—4x+4y=0 or x*—x+y=0.
Continuing the process we find that the max. or min. of the next curve

. 1 1 . .
(2%)’—2x + 4y=0 or 2x’>—x + 2y=0is ( 46 ) Finally we can write

the two sets of the «abscissae» (x) and «ordinates» (y) of the whole group

of curves:
g 1 1
(x) eor 8 42 Y 53,1, 8
1 g 1
() 2o 64,1604 31, 4 450 g

It is not difficult to see that the two sets (x) and (y) constitute
groups with (1, 1), which is the max. or min. of the initial curve, as their
identity element and with the usual multiplicative law of composition.
Thus the law of composition for (x) is 2™ o0 2"=2"+" where m and n are
integers. For m= —n, we get 2°=1, ie. the identity element. For the set
(y) the law is 4™ % 4°=4™*1" (n and m integers).

Example 3.2. Let again the initial equation be x*—2x +y=0 and the

5 . 1 i1
given points ( $i 3 ) and (0, 0). If the form of the formulae of transfor-

mation is x'=ax-+y, y =cy+d, then four coefficients must be determin-
ed and the number of equations for their determination is therefore four.
The max. or min. of the initial curve is as before the point (1, 1).
The geometrically equivalent to the initial curveis x”—2x’+ y =0. Substi-
tuting here x” and y’ by ax-+b and cy -+d respectively from the formulae
of transformation we get:
(s) (ax+b)*—2(ax+b)+cy+d=0
The partial derivative with respect to x of this equation is 2af{ax -+ b)
—2a=0 or ax+b=1. Substituting 1 for ax-+b in equation (5), we find
cy +d=1. But ax+b=1 and cy+d==1 must be verified by the coordinates

1 1 : < .
x= 4 and y= 4 of the first given pair of numbers. Therefore we shall

get after the substitution:
(6) a-+2b=0, c+4d=4

Continuing the process we see that the geometrically equivalent of
(5) is found if x and y are substituted by x" and y’ respectively. Then



48 MPAKTIKA THE AKAAHMIASE AOHNON

putting there ax + b and cy +d for x’ and y’ respectively we find:
[a(ax +Db)+b]*—2[a(ax+b)+b] + clcy +d)+d=0
On;
(7) (a’x +ab +b)?’—2(a’x +ab+b) + c*’y +cd +d=0
The partial derivative of this equation with réspect to x is:

2a’ (a’x + ab + b)—2a’=0

Or:
(8) a’x +ab+b=1
Substituting 1 in (7) for a’x + ab -+ b we finally get:
(0) cy +cd +d=1
Equations (8) and (9) are verified according to our hypothesis by
x=0, y=0.
Then:
(ro) ab+b=1, cd+d=1

Equations (6) and (10) solved simultaneously for a, b, ¢, d give a=0,

1 q : .
b=1 and a=—r, b= 5. Also ¢=0, d=1 and c=3, d=4 Taking first a=0,
b=1, ¢c=0, d=1 we find x'=1, y'=1 which does not represent a transfor-

. . . 1
mation between the two coordinate systems. Putting now a=1, b= 5 =3,
d iy

=7 » We get:

’ 1 ’ 1
(II) X=X+T, y =3Y+T
The application of these formulae will surely give the two max. or
2 3 1 % o, A . .
min. (*2', 4 ) and (0, 0). Substituting in (7) the above determined values

of a, b, ¢, d we shall finally obtain:
x+1)P—2x+1)+9y+1=0
The max. or min. of this curve is x=0, y=0 and this is well known
in advance. The geometrically equivalent of the latter curve can be found
if x, y’ are replaced for x, y respectively. Then applying formulae (11)
we get:
1\2 i 1
(x+r1+ 5) —2(x+1+ 3 ) +o(sy+3)+1=0
Or:
3 \2 3 13
(12) (x+—2—)—2(x+7)+27y—|—z—=0

The partial derivative with respect to x of this curve is:
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8
Z(X S 7) —2=0
Or:
il
=g
Replacing the above value in (12) we finally get y=—1/12

Continuing in the same way we find as numerical values of the next
max. or min. the ordered pairs (—1, —1/9), (—3/2, —13/108)....
Reversing the process we go from x*—2x-+y=0 to the equation:
p 1 2 ; 1 v 1
(X S 2<X —g)+F-g=0
This equation is obtained from the initial one by the substitution of
i q 1 . . . .
x and y by x'~-5- and yT"'W from (11). Taking the partial derivative

-
=g .
Continuing in the same way we find next max. or min. the pairs (2, 10),

(g lil,)' (3, 91)....

Now we can write the two sets of the «abscissae» (x) and «ordina-

s ’

with respect to x' we obtain as max. or min. the point x e P

tes (y) of the max. or min. points of our group of plane curves:

b 3 1 il 3

(x) wwd g B ’§,2, ?,1,'27,0,~§,-—1, ~ 9 g
121 13 ]l 1 1 1

(y) 91, 5510, 3 L 00— 5 =g — 085

The set (x) constitutes a group as it is well known from example
2.1. To show that the set (y) does the same let us take 1 and the left to 1
numbers and apply the Calculus of Finite Differences:

n Un AUn
U, 1 32
il U, 13 22
4 38
22
2 U, 10 g
92
3| v, | @m0 | °
4 35
4 U, 91 PE
) . L4 .
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If we continue we shall see that the next differences A’Un, A*Un,. ..
do not become constant. But we observe that in our case we have

3 >
Un—pUn—1=qr", where p=1, q= 9> and r=3. The solution of the above

difference equation is given by the formula ':

Apn4qrun+tt
Wi g
Substituting p, q, r by their equals:
A g E 2
Uu: 2’3

To determine the constant A we put n=o0 and Uo=1. We then finally find

i
=— , . Hence the general term becomes:
gntz_q
Un: Qﬁ
Substituting in this formula n for all its integral values positive or
negative we obtain all numbers of set (y). For n=0 we get the identity
element 1 and the law of composition of group (y) is evidently:
3n+2__1 gm+2__4{ 3m+n+2__1
28 * 28 = 28
Here m and n are supposed to be any integers.

Lxample 3.3. Let again the initial curve be the same x*—2x-+y=0

s . - 1 1 : .
and the given max. or min. points ( o 5 & ), (0, 0), i.e. the same as in

example 3.2. Let the formulae of transformation have the form x'=
a,x + by, y'=a,x +b,y. The problem is to determine a,, by, a,,b,and show
that the resulting sets of (x) and (y) constitute groups with the given
points x, = ; y Va= i and x,=0, y,=0. Following exactly the method
of the previous examples we find a, =1, b;=0, a,=1, b,=1. Therefore the
formulae of transformation are x'=x and y'=x+y. The two sets of the
«abscissae» (x) and of the «ordinates» (y) are the same with those of exam-

ple 2.1 and both are known to constitute groups.
In examples 3.1, 3.2, 3.3 the same initial curve x*— 2x+ y=0 was

. 5 1 1 s . ;
taken. In 3.1 the given pair was ( 8 1 4 ) while in 3.2,3.3. the given pairs

i ) 5 .
were ( 9 1 4 ) and (0, 0). In the three examples three different coordinate
©'S. BarNarD and J. M. CHILD, Higher Algebra, London, Macmillan Co., 1947,
p. 368-69.
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systems were determined and this led to the determination of three differ-
ent sets- groups of the «abscissae» (x) and the ¢ordinates» (y) of the max.

or min. It is noteworthy that these groups have certain pairs in common.

3 " 1 1
Thus in examples 3.2 and 3.3 the pairs ( & o+ 4 ) and (0, 0) are common

to both.
The groups of (y) ’s of 3.2 and 3 3 are respectively:
121 13 1 1 i 1
(y) ) 91, 4,10, 4,1, 4 10v-12 T g T {08 0 e
36 25 16 9 1 1 9
(y) oitetelia T g B o 4,1y4 )Ov i 1) T STRCIOND

From the above considerations one can draw the following conclu-
sion. Given any finite number of pairs of numbers and an initial curve
then one may determine certain different coordinate systems and produce
groups of the «abscissae» (x) and the «ordinates» (y) representing max. or
min. points of the corresponding groups of curves. The remarkable thing
is that the given arbitrary pairs of numbers may become elements of dif-
ferent groups of numbers under different laws of composition. The latter

is theoretically assured and verified by the previous three examples.
NEPIAHYIX

Kic mponyoupévay avaxotvwow fudy (Ilpaxr. tic *Axadnu. *Adnvav, wép. 32
(1957), 0. 507 - 517) @védn 6 mpdPhnua Tis levdocwe TéV FpidunTIndY TiLdY
T&Y cuvTETHYévey TdY peyioTtwy N EhaxicTwy onueinv pids 6padog raumul&y, wo-
payopévwy Juvapet THg &pxfis Tihg yewpetpundg looduvapiog. Aemotddyn éxei, Gt
elg dodetoay apyixhv xapumdlny %ol elg dodévra yewupetpindg xal dvahutinde 15030-
VXX GUSTARKTO GUYTETXYUEV®Y RVTLGTOLYODY Oplopévat GOVOAX TGV <«TETWNévemvs
xol TAV «TETaypévevy T@v peviotov i EhayioTtwv T dg dve opadog TV xapmu-
Aéwv. "Edelydn dndpy, 671, &v dmdpyouv péyrota 7 EhdyioTa, T& cdvora TGY GuVTE-
Taypévov Ty, xweisTa AapBxvopdywy, cunioToly xal Talta Guddug T Gpiopévov
ExaxoToTE VoMoV cuVIEGEWC.
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