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MAGHMATIKA.— Products and lengths in halfgroupoids (third part).
Remarks, by S. P. Zervos*. °Avexowvddy vno tod “Axadnuaizod

x. K. Il. Harnaiwdvvouv.

The present paper forms a continuation to our two preceding
papers, published under the same title (resp. first and second part) in
the present IPAKTIKA of the same year; so, it presupposes their termi-
nology, notations and results. However, our last section 12 is indepen-
dent of what precedes it, except the very first definitions.

X. APPLICATIONS OF THE PRECEDING RESULTS

Let (Ao,’) = (A,). In the special case, where no equality of the
f,g

form b . ¢ = a, holds in (A,,’), they say that (A,") is a free hgr, with free
basis A,. From what has already been said, it is obvious that A, is, then,

the set of all elements of A strictly prime in (A)’).

The following lemma 1.5 is obtained in R.H.B. as a corollary of
the (partially inexact, as we have already shown) lemma 1.4: «The fol-
lowing conditions are necessary and sufficient in order that a hgr (A,")
be free: (1) If ae A and if a is not prime in (A,"), then a =Db.c in (A,’)
for one and only one ordered pair (b, c)e A’. (2) Every divisor chain in
(A,) is finite. Moreover, if A is free, then A has one and only one free
basis, namely, the set of all primes in (A,")». (R.H.B.’s term «prime»

coincides with our term «strictly prime».)

Happily, lemma 1.5 is valid, because it can be considered as a
corollary of the last result of the second part of the present study, namely,

of: { 2), €.5), 9 } < (Ao,) = (A)). To see it, call A, the set of all elements
f' g

of A strictly prime in (A,’). Then, C.5) is satisfied trivially, (1) is 2)
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SYNEAPIA THE 13 NOEMBPIOY 1969 255

and (2) implies 9). And, A, is characterized by its very definition. |
Theorem 1.4 and lemma 1.6 in R.H.B. are valid, because they are
direct corollaries of lemma 1.5; also, his theorem 1.6. Let us, now,

consider his theorem 1.7 and the proof he gives of this useful result.

«Theorem 1.7. Iet the groupoid (G,’) be freely generated by a
subhgr (S,) and let (H,") be a subgroupoid of (G,’). If P is the set of all
primes (read, here: strictly primes) of H which are not in SN H [the
latter being either the empty set or the carrier of a subhgr of (G,)],
then one of the following possibilities must occur: (\) P= @&, SNH= g
and (SNH,) = (H,). (W) SNH=g, P @ and P is a free basis of

f, g
(H,"). () Neither P, nor SN H is empty and (H,") = (F,’) = (K,’) (+ nota-
tion for the free product, defined in R.H.B.), where (F,") is a free sub-
groupoid of (H,") with free basis P and (K,’) isa subgroupoid of (H,),
which is freely generated by (SN H,’).»

On closer examination of the proof of this theorem in R.H.B, one
sees that our conditions 2), C.5) and 9) are satisfied by (H,’) c (W), so

that, truly, (H,") = (W,’). Hence, the validity of this theorem also is
f, g
reestablished.

The «refinement theorem for free decomposition» in R. H.B. is a
corollary of theorem 1.7 and, therefore, it also holds as well ; etc.

Final remarks 1. The replacement of lemma 1.4 by [(A.,") = (A, )e=
(=){2), €. 5); 9)}] made it possible to save all the results in [R.H.B.
p. 1 - 8] depending on it, with, essentially, the same proofs (for which
reason we ommitted them). 2. In the first part of this study, we insisted
on the usefulness of the notion of prod (A,, A). Many other examples of
this usefulness could be presented. For instance, one can easily prove, by
induction on the number of parentheses, that, if (A,") is a free groupoid
with the free basis A, , every element of A can be written in one and only one
way as prod (A, , A). This gives, in particular, an immediate proof of the
Free Representation Theorem (theorem 1.2 in R.H.B.).
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XI. THE LENGTH OF AN ELEMENT OVER (A, ,'), AS A SPECIAL
CASE OF THE GENERALIZED LIMINF

We have given, in two papers ’), ‘), the following definition of
liminf (analogous definition of limsup and, also, of infinf and supsup):
Let E and P be nonempty sets, R a nonempty subset of E? < a relation
of partial order on P and g a mapping E — P. For all xeE, E,=
x'e€E and (x’, x)eR}; E(”Z{x | erandEx%,@};since R+,

E® £ . If, for some xe E®@, infg(x’) exists, we shall denote it by
x’ € Ey
Uy if, for all xe E®, u, exists and if, moreover, sup ux exists, this last
X € E(‘J)

will be called liminfg, with respect to (E, R). In the special case where R

==

is a relation of order directing E, these definitions of liminfg and
limsupg coincide with those already used by Mc Shane'); our larger
generalization had been inspired by P. Zervos’s treatment of the classical
ones ?).

It was shown, in *) and *), that mathematical notions apparently so
different as, for example, linear dimension, I.ebesgue’s topological
dimension and Darboux’s superior integral may, in a rather natural way,
be put in the form of a liminfg. We, now, show that, in the case of hgr,
also, lao (y) may be written as a liminfg. Let E be the set of all ordered
pairs x =(S, v), where S is a divisor chain for y, in (A,"), finite over
(Ao,’) and v is the order in S of a term y, of S, such that, for all
0>0, Yayo€ A,; let R be the order relation on E, defined by
(S, v)) £ (S,, v,) iff S, =S, and v, < v, (this order does not, in general,
direct E); let P= N,, with the natural order, and define g by
g (x)=v 4 1. Then, obviously, lao(y) = liminfg. | (There must be no
confusion between g, and g.)

Similarly, 1(y) may be written as supsupg (with g properly defined).
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XII. A CONDITION FOR A HALFGROUPOID TO BE FREE OVER A
SUBHALFKFGROUPOID OF IT

Let (Ao,’) = (A,’). By definition, (A,,’) =(A,), iff, for every
¢

groupoid (K,*) and every homomorphism ¢: (Ao,’) = (K,'), there exists a
homomorphism ¢:(A,")—> (K,"), extending ¢. On the other side, if

(Ao,7) = (C)), (C)) is easily defined (to an isomorphism), by C= Prod
f, g

(Ao, C) and relations b.c = a, only these in (A,,’) and those obtained
from them in prod A,, C). Hence, the idea of using this «known» (C,*),

for characterizing in a finite manner (Ao,") = (A,’). This is easily
f

obtained by the following

Proposition 18. Let (A, ,") and (A,") be hgr, with (Ao ,") = (A,’). Then,
(Ao ,’) = (A,") iff there exists a homomorphism o:(A,") = (C,’), extending the
f

identity A, —> A,. Special case: (Ao ,") is a groupoid; then, (C,")= (A, ,).

Proof. 1) The «only if» part is obvious. 2) Let ¢ be a homomorphism,
(A,)=>(C,"), extending the identity A,—> Ao,; let (B,) be a groupoid
and ¢ a homomorphism (Ao ,") = (B,"). Then, (A.,’) = (C,’) implies that ¢

f

may be extended to a homomorphism ¢: (C,")—> (B,’). Then, g0 is a
homomorphism (A,) = (B,’), extending ¢; hence, (Ao,’) = (A,). |
f

Corollary. 4 necessary condition for (Ao,”) = (A,’) is that all equa-
f

lities of the form a,.a;=a;", with (a,, a;, a;)eA ,

true in (A,"), are
already true in (A, ,’).
Proof. 1t suffices to consider the effect of ¢ on the equalities of

this form. |

HEPIAHYIZ

Awa tijg magovong cvpmAnooltal 1) cELQd TOV TOLAY AVAXOLVDOEDMV Mog £l
T®v doudv pLdg pepxdg GoLopévng Eomtepixiig modtewg. Eni mhéov tijg ovumin-
pWoemg avtlg, damotolrar Ot 1 €ig TV MEATNY TOV AVUXOLVDCEMY QVTDV
eloaydeion Evvora pfixovg orouyelov vregdvw tiig (Ao ,°) vrdooetal gig 10 yeEVIROV
mhaioov tiig Evvolag tod «puxgotégov Gplov», v Omolav elomydyouey eig malato-
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téoav goyaciav pag, Thv 6molav Bvemvelodnuey dmd v omovdiv Ttiic xhacoixilc

noopiis tot $épatog toltov eig 1o ovyyoauupa «’Amegootixde Aoyioude» tol

ITavayidrov Zegfod. Téhog, dmodeixvionev mpdtaciy 6dnyotoay elc «memepaopé-
Sy u

VOV» yaQaxtnowonov tiig doudig, tiig hevdéoag Omepdvw Omodouiic tng.
*

‘O ’Axadnuaixog ». K. II. ITaraiwdvvov dvaxotv®v v dOc dvo 2oya-
’ : N\ €t~ .
olav eime ta &Efjg -

Awd tilg magovong Gvaxowvdoedg tov, &lg v Omolav Extideviar véa dmo-
teléonata, ovpmdnedver xal tepuatiler 6 xadnynuig x. =. I1. Zeofog v oewgav
OV TOLOV AVaxoLvdoeE®Y Tov Eml TOV doudv uidg HeQixds MOLoUEVNS E0MTEOLXTC
nedfems. Eig tiv mugolouv dvaxoivworv, cuvdudler v Evvolav tol pijxovg otot-
yelov vmegdve vmodoulis mEOg TNV yeviny Evvolav tod puxgotépov Oplov, TNV
< ’ s _» A9~ maA ’ 2 [ F) 7 Ed E) ~
omolav elonyaye o &r@v. Thv yevixevowy avtiv, ©Og¢ dvagéoet, elyev Eumvevodi
g% g omovdiig thg xhacoiniic noeeiic Tol adrod Yénatog gig to cuyyoauna «* Ame-

gootirdg Aoytopdg» tob detuviotov Iavayidrov Zeofod.



