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MAOHMATIKA.— Certain relations between generalized topology
and Universal Algebra, by Peter B. Krikelis.* ’Avexowwddn 0mo

10l "Axadnuairod x. K. I[anatwdvvov.

I. Backgrounds.

The notions of sef and homomorphism of sefs, introduced by S. P. Zer-
vos and studied by him in N.S.1-N.S. 5, (4), constitute the Universal
Algebra background used below (we effectively use only N.S. 1).

The notions of generalized topology and neighborhood spaces, as
exposed in Z. P. Mamuzic’s book «Introduction to General Topology» (2),
constitute the topological backgrounds of the present paper. General
reference: Djuro Kurepa (1). Terminology, abbreviations and notations.
Iff =if and only if. Resp.=respectively. | denotes the end of a proof.
P (A) = the set of all subsets of the set A. Function = Mapping = single
valued mapping.

Ia. Definition of the W-neighborhood of acE.

Let E, K and M be three non-empty sets, g a mapping EXK—>M
and ¢ a mapping E—> P(P(M)). For every aeK, of(a) may always be
written in the form of a family (X))laeLa, where L. is an index set,
depending on a.

Notation. For (x,y)e EXK, we write, as usual, g(x,v) in place of
g ((x,y)).

We consider the relation in the «unknown» x, g(a,x)e€X;, (a)and
make the supposition 1) for every (a, 1)), there exists at least one xeK
for which this relation is true, and 2) if ae ENK, g(a,a)eX;, is true
for all laeL,. We shall call the set of all the solutions of (a), i.e. the
set {x[xeK and g (a, x)eXla} , W-neighborhood of a€E and shall denote
it by Wy, (a). The family (Wy (a)) laeLa will, accordingly, be called the
family of W-neighborhoods of a€ E. We shall refer to this definition as
definition Ia.

* TTETPOY B. KPIKEAH, Zxécelg TIvég petabd Tiig yevixevpévng tomoloylag xoi
Tfig #aboAxiic aAyéBpas.
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Obvious consequences. For all aeF and leL., Wy (a)5+ & (8) and
g7 (X1) = {(a, x) [ x € Wy, (a) } = {2} X W, (a) (¥):

The special case K= E (then supposition 1 becomes a consequence
of supposition 2) was considered by Z. P. Mamuzic in his book (2), p. 121,
where he defined in this way essentially, a neighborhood space. He used
this general setting for describing and studying generalized topological
spaces as well as topological spaces.

Ib. Example.

Let us consider a Newtonian field due to a single attracting mate-
rial point placed at the origin O of the axes. We shall take: E = { O}
(hence, O is the only element a satisfying ae€ E; hence we shall write L,
in place of L, etc.). KZR’—{O} (R denoting, of course, the real
line), each point PeK carrying a unit mass. M = R. For each PeKk,
g (0, P) = the potential of the field at P, i.e. — c/(OP) where c is a posi-
tive constant. L, = R4 — { 0 } For each l,el,, Xi,= the half line
]<, —1,]. Then W, (0) = the sphere with center 0 and radius c/l,,
deprived of its center.

II. Recall of the definition of a sef.

(See N.S 1; we use its terminology and notations).

Note. Tt is useful, sometimes, to consider a set Ay in place of the
family (as,)iel considered in N.S.1; we represent, in this case, Ag by the
identical mapping of Ag onto itself, but, for reasons of simplicity, con-
tinue to write Ay.

III. Definition of a U-sef.
We define, below, a special kind of sef, which will be called U-sef
and will be denoted by U, U’ etc.
Definition 1. U = (A, O, B, s), where:
A= FE,
= {a lae E} '
H=1{W,, (a)|a€eE and l,eL,}, where W;_ (a)

is as in Ia, with K=E.
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0 ={{a} XW, (a)|aeE},
B =EX({X, |aeE and l.€ L. } and
s:©®—> B is defined by s(a, Wy, (a)) = (a, X,,).
E will be called the carrier of U.

IV. Recall of the definition of a mapping between sefs.

(See N.S.1).

Note. Mappings and homomorphisms between sefs and sofs have
been studied in N.S.1-N.S.5. In order to be useful in our present
study, they need, however, generalization in one direction and speciali-

zation on the other. These we now present.

V. Homomorphisms between U-sefs.

Definition 2. Let us consider two sefs I' and I, with I = I” and
non-empty sets I' and I, not necessarily satisfying the relation T ET’,
and a triple of functions fM:A—> A’ {®:B—> B’ and {®:T>1T".
For any & == (t, (a; )ielo) €0, set £ (§)= (£@ (t), ({* ( a; ))ielo).

The corresponding definition in N.S.1 amounts to the special case
obtained by taking T = T and {® as the identical mapping (insertion)
of T into T. We then call (f®, f® {®) a mapping I'>TI" iff for
all 90, £ (3)eO’.

In the special case where % =(t, Ap), where Ay a set,
O (d) = (I®(t), £ (As)), where £ (Ag) is the usual set.

Let us now apply definition 2 to the special case of two U-sefs U
and U’. Here, T =FE and T' = E’ (see definition 1). For any {®:E—> E’,
we take (this is the specialization alluded to) f® = . Since on the other
side, all 9€O (resp. 9 €®’) are here of the form (t, Ag) (resp. (t’, Ag)),
with A (resp. Ag:) a set, for all &= (a, W, (a)),

£ (9) = (£9(a), £ (Wi, (a)) €©".
Hence (f®, @, £®) is a mapping iff f® transforms the W-neighborhood
Wi, (a) of a€E, to some W-neighborhood W.(a") of a’={®"(a)eE"

Proposition 1. Given two U-sefs U and U’ a mapping

f = (f®, f® {®): U —> U’ is a homomorphism iff, for all ae€E,



SYNEAPIA THE 8 MA'I'OY 1969 143

f®(a, X1,) = (1 (a), Xij()(,)) (3), where the index 1;)ay is the index of
Wi oy (£ (a)).
Proof. a). Set a’=1{®(a). Suppose f is a homomorphism. T'hen
for all aeE,
(i) f®(s(a, Wi, (a))) =" (£ (a, W), (a) ) ; but
(i1) s'(fM(a, Wy, (a))) =s"(a’, Wiz. (a")) = (a’, Xy2), and
(iii) f®(s(a, Wy, (a))) =£{®(a, X,,).
Equalities (i), (i1), and (iii) imply (9).
b). Suppose (8) holds. This and the definition of the mapping
f= ({0, {® {®) between U-sefs imply (i). Hence f is a homomorphism. |
Corollary. 1.et U and U’ be two U-sefs and f= (0, {®  {®) a homo-
morphism U— U’. Then, given a’e€E’ and a W-neighborhood Wy (a’),
for every (a, X;,) such that {® (a, X,)) = (a’, Xy3.), £ (W), (a) ) = Wy (a’).
Proof. Since f is a homomorphism, a’ = " (a) and (W, (a)) is

some W-neighborhood of a’, with the index of which must coincide the
index of Xy, i.e. la-, which has been given. Hence, this W-neighbor-

hood is Wy, (a"). |
Proposition 2. Let U and U’ be two U-sefs and f a homo-

morphism U — U’, with {f® surjective. Then, for every a’e E’ and for
every W-neighborhood Wi (a’) of a’, there exists at least one couple

(a, Wi, (a)) such that a’={®(a) and (W, (a))= W, (a’).

Proof. s"(a’, Wi;.(a’)) = (a’, Xiz.). Since {® is onto, there exists a
couple (a, X;,) such that {®(a, X)) = (a’, X,;). Then, taking W, (a)
from {a}X Wy, (a) =g ' (X,,), we have, according to the preceding corol-
lary, {M (W, (a)) = Wy, (a").

VI. Notions from generalized topology ; remarks.

We again make the suppositions of Ia, with K= E. Ander these cir-
cumstances, one can define on E a generalized topology (with the mea-
ning given to this term in Mamuzic’s book (2)) as follows: In the sequel,
A, A, and A, denote always subsets of E. A = E — A.

Definition 3. A point a A will be called an interior point of A, iff at
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least one W-neighborhood of a is contained in A. The set of all the inte-
rior points of A will be called the interior of A and will be denoted by i (A).

Obvious (from the definitions) properties of the interiors.

1) i(A) S A; hence, in particular, i(g) = &.

2) i(E) =E.

3) A, © A, implies i(A)) = i(A,).

4) i(ANA,) = i(A)Ni(A,)

5) i(A)Ui(A,) = i(AUA)).

6) i(i(A)) = i(A).

Properties 4) and 5) immediately generalize to an arbitrary family
of subsets of E.

If we set t(A) = (i(A°))°, we immediately see that the structure
defined on E, as carrier, by definition 3, coincides with the generalized
topology-neighborhood spaces defined in p. 14 of Mamuzic’s book. Here,
the «Kuratowski’s closure operator» is characterized by the following
theorem (obvious but important because it amounts to the definition of t),
due to A. Appert (a pioneer on the subject): a€t(A) iff for every l,€ L,
there exists at least one x € A such that g (a, x)eX,.

In this generalized topology, open sets can be defined by

Definition 4. A will be an open subset (or, open set) of E iff
i(A) = A, i.e. iff all its points are interior. (See Mamuzic’s book, p. 19,
for an equivalent definition). Immediate consequences of definition 4:
1) & and E are open sets of E. 2) The union of any family of open sets
of E is an open set of E.

In other words, the set of all the open sets of K constitutes a hypo-
topology on E. (In the terminology of S. P. Zervos (3)).

Remark. One must, however, pay attention to the following essential
variation in terminology : For each aeE, (W, (a))j, ¢, is a «neighbor-
hood base» for this generalized topology on E, in Mamuzic’s terminology,
while S. P. Zervos (3), considers the open sets (these are the same in both
authors) as the fundamental notion and then defines neighborhoods as in
ordinary topology. We avoid here the use of the term «neighborhood»,
insisting only on the (more important for generalized topology, it seems
to us) notions of interior point, open set, closed set and closure; as well
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as to W-neighborhoods, but regarded only as a means for defining the
above notions.

If E and E’ are two generalized topological spaces, a mapping
f: E—> E’ will be called open iff it transforms open sets to open sets.

Note. It is striking that such a general structure as that defined on
M gives, through the «external» method described above, a hypotopo-
logy on E.

Proposition 3. Given a set E, all hypotopologies on E can
be defined by the external method of U-sefs.

Proof. Let t be a hypotopology t on the set E. We shall construct
a U-sef having E as carrier and the elements of t as the open sets of E,
defined by means of this U-sef.

Terminology. The elements of t will be called T-open sets of E.
The open sets of E defined by means of the W-neighborhoods will be
called U-open sets of E. Construction of the U-sef. Proof of the proposi-
tion. Take A= M = E and for every a€E, call F, the set of all the
elements of t (i. e. the T-open sets of E) which contain a, indexed cano-
nically by itself and so forming a family (Xi,);,e1,, ; finally, define
g:EXE—>M by setting g(a,x)=x, i.e. by taking pr, as g. Then,
g (a,x)eX,, iff xeX, and, therefore, W, (a) = X;,. Hence, all W-neigh-
borhoods of elements of E are T-open.

Let us consider now the hypotopology defined on E by this exter-
nal method; we call it U-hypotopology. U-open sets are characterized, as
we saw above, by the property: A is U-open iff, for every aeA, there
exists at least one W), (contained) in A. Since, here, all W-neighborhoods
are T-open, every U-open set is a union of T'-open sets, hence, it is
T-open. So t is finer than the U-hypotopology; and the converse, also,
holds, since every T-open set, i.e. every X, is, here, a W-neighborhood
of each of its points, hence, also, U-open. Hence the two hypotopologies
in question coincide. |

VII. Relations between U-sefs and Hypotopology.

Given two U-sefs defined in III, we shall always suppose that its
carrier E is supplied with the hypotopology defined on E by the above

described external method.
ITAA 1969 10
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Proposition 4. Given two U-sefs U and U’, all homomor-
phisms U— U’ induce a transformation of 1) the interior points of E to
interior points of E’ and 2) the open sets of E to open sets of E’; i.e.
an open mapping E—> E’.

Proof 1) Let a be an interior point of A. Then, there exists at least
one l, € L. such that W, (a) € A. For every homomorphism f:U— U,
fO (W, (a)) is a W-neighborhood Wiy, (a’) of a’, where a’={® (a).
Now, W (a) = A implies that f® (W, (a)) = f® (A), hence that
Wi, (a”) & fM(A). So £ (a) is an interior point of f® (A).

2) a’e D (A) implies that for some ae A, a’ = f (a). Hence, if A
consists exclusively of interior points, then, according to 1), also £ (A)

consists only of interior points. Hence f® (A) is open. So f® is an open
mapping E > E’. |
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HEPIABRYIS

Eic tjv nagovioav dgyactav émrvyydverar 6 péow tiic vvolag tiic sef ouv-
dvaopog tiic yevixevpévne Tomodoyiag mpdg v Kadohuny “Adyeoav, g v
negintwoly tdv yevivwtéowy «Tomoloyn®dv»> ydowv, of Gmoiot elvar duvatdv v
optodotv & «dEwrequdv> pedidov. *Amodevietar i of Spopoggiopol petatd
t@dv oplopévov sef - ydowv Endyovv dvowrtdg dmewxovioeis petakd t@v Gvriotol-
OV Vmotomodoyx®dy yhewv.

*

‘O "Axadnuaixdg x. K, II. Hanaiwdvvov dvaxowdv v dg dve Eoya-
olav elme 1o EEfg:

‘O mougotyos tdv Madnpatxdv tob Iavemornuiov "Adnvdv x. ITérgoc
Kowédng elvar padneig tod xadnynrot x. =. I1. Zeofob. ‘H Sewola tdv dopdv-
sef 1ol x. Zeofob, v 6molay magovoidoauey S medTny @oedv &g v "Axa-
dmuiav *A§nvév xara to Erog 1963, mapdounce tov x. Kowéhny elg v magoi-
oav goyaciav, amotéhecua paxpd®v ggevvdv tov. Eig v Eoyaciav adtiv émitvy-
ydvetar 6 ovvdeopog petaly tijg Yewolag TV ydowv mEQoydv %ol tiic Yewolog
100 %. ZeoPol. Ovrwg, mrvyydver 6 x. Kouédng tov ovvdeouov tiig yevinevuévng

torohoyiag xai thig xadoluxils dAyéfous, xata tedmov Alav Bvdiagégovra.



