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E®HPMOSMENA MAGHMATIKA.— Stability concepts of solutions of
differential equations with deviating arguments, by Demetrios

G. Magiros *. *Avexowddm Vo 1ol Axadnuaixod x. *I. Eavddxn.

1. Introduction

The majority of physical and social systems can be expressed by
relations between quantities under investigation and their rate of change,
that is by differential equations.

The duration of the transmission of the action or signal can not in
many cases be neglected, and the processes are governed by «differential
equations with deviating arguments», as, e.g., by equations with «re-
tarded arguments», which characterize situations with «delay periods»
or «aftereffects». Modern needs of automatic regluation, or probability,
of biology, of medicine, and of certain other fields, lead to such equations.

The study of the stability properties of the solutions of these equa-
tions is a fundamental problem, and this problem can be treated if, and
only if, the «concepts of stability» are clarified and selected appro-
priately.

In this note we formulate stability concepts of the class of diffe-
rential equations with deviating arguments, and give somme remarks
concerning these stability concepts. The stability concepts depend espe-
cially upon the nature of the perturbations, the way the perturbations
act on the system, their magnitude, the magnitude of their effect, etc.
Definition of stability are given in case of sudden and permanent
perturbations, and in case of perturbations of the deviating arguments.
By the remarks, we clarify questions on the stability concepts.

2. Definitions

A system of differential equations with retarded arguments, that is
variables containing «delay periods», can be given by :
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xi (t) = fi[t, x;(t — e (t))]
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(1)

where the retardations tj. are positive.

By «solution» of (1) we mean continuous functions x;(t) which
satisfy (1) on t>t,, and which, on the initial interval : Eg : ty—tje (t) <t<t,
become x;(t) = @;(t), and ;(t) are given continuous functions, called
«initial functions» of (1).

By «stationary point» of (1) we mean a constant solution x;, of (1)
on t>t,, which is also constant on the initial set E,.

The solution of (1) depends on the given arbitrary functions @;(t).
@i(t) are extensions of the solutions in the interval Ey , and the solu-
tions are uniquely determined by the initial functions and appropriate
properties of f;.

3. Stability in case of sudden perturbations

«Sudden perturbations» are perturbations «momentarily» applied
to the initial functions ¢;(t) attached to (1). Let x4 be the solution of (1)
with orbit I, corresponding to the initial functions ¢;(t) and x, be the
solution of (1), after the perturbation, with orbit I, corresponding to the
initial functions ;(t), Fig. (a).

If the points P,,, P,, P of the perturbed curve I, correspond to
the points P, , P,, P of the unperturbed curve L, the following distan-
ces can be defined, corresponding to time indicated:

QolzPolI—Dm:lwi(t)—_(pi(t) on Ey:t,—i1Ltg,
0 =P, Fo = | yi(t,) — @i (to) at t=t, (2)
0 =P P =|xy(t) —xqet) on t>t,

These distances give the effect of the perturbation at the points P,,, P,, P
of L, Fig. (a).

The solution x¢ of (1) is «stable» if, given € > 0 and t,>0, there
exists 8§ =8(t,, ¢) > 0 such that the inequality o, < & implies o < e.
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This solutions is «asymptotically stable», if it is stable and, in
addition, lim o = 0.
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Fig. (a).

These definitions can be accepted for other types of differential
equations with deviating arguments, say of neutral types.

4. Stability in case of persistent perturbations

If the system (1) is continuously perturbed by the perturbations R; ,
the perturbed system, corresponding to (1), is:

xi (t) = £ (t, x;(t — 15 (t))) + Ri(t, x5 (¢ — 7 (1)) (3)

R; are sufficiently small in absolute value. Given & >0 and t,>0, if
there exist two positive quantities 8§, =8, (t,,¢€), §,=25,(t,,€) such
that: o, < 9, valid on Ey, and || R;|| <38, valid on t>t,, imply o < ¢
valid on t>t,, we say that the solution x4 of (1) is «stable» with res-
pect to persistent perturbations R;.

We remark that many basic theorems on stability can be carried
out without essential alteration to the case of differential equations with
deviating argument, but, up to now, the stability theory for these equa-
tions is essential for stationary equations of the first approximation

in noncritical cases.
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5. Stability in case of perturbations of deviating arguments

In processes with after effects, described by differential equations
with deviating arguments, the deviations themselves can not be prescri-
bed exactly, that is deviations themselves may have small disturbances,
when the question of stability of the equations with respect to small
perturbations of the deviating arguments arises. The important stability
problem arises when the perturbations of the deviating arguments have
a continuing character, as, e.g., when in some processes with after
effects the retardation or delay period is not precisely defined.

Instead of the system (1), we now take the system :

xi(t) = £ (¢, x; (6 — i (t))) (4)
where ;jk (t) are the perturbed deviations. The initial interval is:
EEO: h—wmtlgt<t, t <

Now, the solution of (1), x, , defined by ;(t) on the set Et,, it said
to be «stable with respect to perturbations of deviating arguments», if,
for e > 0, t, >0, we can find 8, > 0, §, > 0 such that, if ¢, < §,, for t on
Et,, and if /7 (t) — 1y (t) /< S, for t on t > t,, then o < ¢ for t on t>t,.

In case tjx and tjx are constant, we have «stability with respect to a
continuously perturbed deviating argument».

In case the difference (—tjk—tik) is either positive or negative, we
have a «one sided perturbation of a deviating argument» (1).

REMARKS (2)

The following remarks may give to the reader an opportunity to
think more deeply about the difficulties of the subject.

1. The above stability definitions are in the sense of Liapunov or
Poincaré, if o,,, 0,, 0 are interpreted as Liapunov or Poincaré distances.

The stability definitions in the sense of Liapunov or Poincaré are
equivalent in case of equilibrium solutions, but for any other kind of
solutions the stability situation may be different, if we employ different
stability concepts, and naturally appears the important subject of the
selection of the appropriate stability definition for the stability problem
at hand.
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2. The above classes of stability concepts can give any subclass of
stability concepts by appropriate restrictions of the distances, the time,
and other quantities. So, e.g., one can speak about «eventually uniform
stability», if 8, is independent of t,, that is 8, = §,(¢), and t, has a
minimum a(e), that is a(e) <t, <t. Nonexistence of a(e), that is
a(e) =0, corresponds to «uniform stability».

3. In case of persistent perturbations, the selection of the kind of
the norm of the perturbations, specifies the stability concept. So, one
may have «total stability», or «integral stability» or «stability in the
mean» under suitable norm of the perturbations (3).

4. The stability, as defined above, is a property of the solution

different from its boundedness property, although in some cases there
may exist regions where these two properties are equivalent and one
implies the other.
5. All the above stability concepts are of mathematical type and
the results, theorems or criteria, based on them, may not interpret the
reality. In order that these results have a practical usefulness, which
must be the ultimate purpose of the investigations, the investigation must
be accompanied by some additional requirements, as, e.g., to know the
region of the practically permitted deviations of the solutions, that
is the «e-region», the corresponding region of the initial conditions,
that is the «J,-region», and the «§,-region» of the norm of the
perturbation R; .
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Mia peydin xatnyogla Quowx@®y xai %OWOVIXOV QUVYOUEYWY ExpodleTal
natnuatirdg S dagpooudy EElodhoemv w1 - yoauundy ug Gmoxivovoag WETo-
BAntde. *A@’ téoov, Goouéva mooPMjnata adtopdrov héyyov, moofAnata mda-
vouijtov, 1 avdatuig sig Tov touéa tijc Proroyiac xal latoixilic 6dmyolv eig &Ei-
owoelg Tov 8v Adym Ttimou.

To Titmua tig evotadelag tdv Adcewv thVv EElcwoewy avtdv sivar deue-
M@dec. “H omovdn 8¢ tiig evotadelog Poaoiletar &mi Siagpdomv avrliyemv xol
uvmodéoewv mepl evotadeiag, ai 6molatl EEaptdvrar & Tob tedmov Tiig dpdoemg
v «dratagdEemv> xal #x tod eldovg perovosme tob peyédouvs TV datapdEewy.

Eig m\v magotoav dvaxoivwowv éxtidevrar ai Evvoiar edvotadelag tdv Av-
oeV TV &v Aoym EElowosmv xal datumolvrol maoutneoelg Tiveg & aVTOV.
Avatvmobvrar émiong of 6glopol Gtav ai diatapdfelg elvar «ailgvidiarr 1) «ouve-
10 dpdoarr, xadwg xal Gtav, al dwar af dmoxhicelg t@v uetafintdv Hrdxewy-
toL elg datapdteis.

‘H eloayoyn tiig évvolag tijg edotadeiag xara Liapounov xai Poincaré

TaQéXEL OV0 dLoxexQuuévag YEVIXAS %atnyooias TOV avuilipewv evotadeiog.



