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— 1351 362 97 26 o 2
Ve (g Cam (m {m < <1
und 1351°=3.780°+ 1. Wir haben also, auf Grund der von Theon von
Smyrna und Proklos iiberlieferten Methode, die Beziehungen die Archi-
medes, ohne Erklirung, als bekannt, angibt.

FEQMETPIKH AATEBPA.— Supfolh eic v #oevvov Tilg YEORETOWKAS GA-

véBoag tdv IMudayoeeiwv, i70 Edayy. Svapdrn* "Avexowodn vmo

100 % Myoanh Zregavidov.

I. EISATQrH

1. Eig tov 1oy wov [udaydpay dmedidetar xata thy mapddoow # &modeibuc
<08 weptphpon Spwvipon ewphpatos (Edxdeidou I, 47), dpopévon dxéponon Moerg
wiig ehodoewe 2 =x"+y° xal f dvaxddluig Tev dovppétewyv . Eig tode [Mudayoe-
peloug &v yéver amodidetan petald FMhwv 76 IT Bifliov xal <6 wheliotov T@Y dot-
SunTidy Tév Eroyelwv To0 Edndeidou, xal #i ebpeoig tév dxepaiwy Mloewy T &Er-
odoewe ¥ =2x"F 1, (1), attwee yonotpedovst Sk Tov Hmoloyiopdy THg xatd TPOGEY-
yiow dewdunTindc Tipdic THe Ve. Al axéparot Moeg ¢ Eodaewe (1) dvopdlovraw
¢ YvwoTéy, Theupxol xal Swepetpwol dptduol, S1évr of pév éx TolTwy dvTizTOL(OU-
ow elg Tae whevpde, of B2 elg Tae Sraywviovg TeTpaydvwY .

‘O vépog oynpaTiopned Téy TAsupixdy xal SixpeTomdy dpludy Seoddy Omo

700 @éwvoe Tob Zpvpvalov xal Exet dg xxtwd:

IMhevounot aoidpol AaperQixol agidpol
18 1 J|

= =2 9D 1 = 3

24+ 38 =5 gl SR . 18—

* EVANGFLOS STAMATIS, A contribution to the investigation of the geometrical algebra
of the Pythagoreans.

! MIXAHA ETE®ANIAOY, Eloaywyn els v fovoplav tdv Duowéyv Emetqpéy, ¢. 55 -65
xai 102 -3, *Ad¥var 1938.— Mpdehog el oydhie Edxdeidou I, o, 65 xal 438. "Ex8. Friedlein,
Teubner. — TapSiiyov V. P. 246, £8. L. Deubner, Teubner.

? Theonis Smyrnaei, Philosophi Platoniki, ¥48. E. Hiller, s. 43, Teubner. E. ZTA-
MATH, EdxAeidov l'ewpetpla - Oewpln dpdudy, wop. 11, a. 8, ("Opy. *Exd. Syokixdv Bifiicwy, 1953
*Ad7var). — PAUL-HENRI MICHEL, De Pythagore 4 Euclide. p 438, Paris 1950.— (Soc. @’¢d.
Les Belles Lettres). M. CANTOR Vorlesungen ilber Geschichte der Mathematik u.
Theon von Smyrna.— T. HEATH A history of Greek mathematics I, p. 91, Oxford 1921
at the Clarendon Press.— R. Moris CoHEN and J. E. DRABKIN, A source book in
Greek science, p. 43, McGraw -Hill book company inc. New York, Toronto, London, 1984
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5 P12 2 54 7 =17
5. 12 + 17 = 29 2 .12 + 17 = 41
Ebea 8 1 (= <o (V2 - (g (g s
wol 1? =2 1° - 1
3 =2 2 + 1
7" = 2 - 5 — 1
17" = 2 - 12 + 1
41° = 2 - 29° — 1 =

‘H yewpetpinh amédeific Tob vopmov oyxmpxTiopod TV mAUp@Y ol Stxpe-
Towdy dordudy pvypovedetor Hmo Tob [Mpdxhov® xal Exer g E&vig:
"Eotw tetpdymvoy mhevpdc AB =0y xal Suxywvion A=y, (ox. 1), é7e elvar

A

2 1

8.2=2u;". "Enl t#¢ mpoexzdoewe thic AB hapPdvopsy tpsfipa BE=AB=0; xal v
ouveyelr Tpdpa EZ=AT =5;. Kata tév Edxdetdny 11, 10 ¥ elvar (20, +8:)" +
+8 " =2a,"4+2 (i +§)°.

Kol 2redy 8,°=2u" da Exopev 3’ dpapésems TobTou xatd wpéln Ex Tiig
mpoqyoupbvng EEisdoews, (2a; +8;)°=2(ay +61)*. ‘H oyéog dnwe aldty enuaiver §t
# udv (ag +8,)=BE + EZ elvar mhevps, 4 3¢ (20, 4+8:))=AB+BE+EZ elvar Suax-
yaviog Ttetpaydvou, 4 BH. Edv &nl tii¢ mpoextdoems ~iic BZ AdBouev tpfpo

' Sxdha elg Moizelav DAdtwvog, wop. IT 0. 24 x.£, 393 x ¢, Omo F. HULTSCH, &3, Kroll,
Teubner.
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70 =BZ xal &v cuvexely tpfpx OK=BH xal 2pappdowpey 7t cdxheiderov dedr-

enua I, 10, 9& AdPwuev véov TeTpdywvov, Tob 6mofov # uév whevpk P& eivar

% ZO +OK =30, + 28, % 3 Swydviog § ZA=BK=2BZ + OK=4a; + 39;.
“Ofev hapPdvopey T6 EEFic oy fime

IThevgixot aoudpot Awopergixot dgidpoi
oy Oy

Gy = & + O 02 = 2u + &
ag = 02 + 9 ¥ = 2 + O
a = o3 + O % = 21 + &
ay = Ov—1 + Ov—1 O = 20v—1 + Ov—1

E&v Déowpey oy =1 xal §; =1, hapBdvopev Todg xatx Tov Obwva tév Zpue-
vatoy whevpixode xal dtaxpetprode dorpole, HTor The dxepaiag Aioee THg 2EwhoEng
V'=2x"F1, 4 &'=2a"+(—1)", (v=1, 2, 3, ...).

"Ex 75¢ Mokizeiog wob Mdrwvog mhnpopopodpedto 67t of wheupixol xal drape-
Towol apidpol foay yvwotol slg adtév. Exel dvayryvdonopey «Eratov piv dpipudyv
Ao Swpétowy pnTév TEpTddoc, dcopbvay Evde Exdotwy, dpphTwy B¢ Suoivs (546 ¢).
Evratde 6 [Thatwy dmawicostar Tode whevpwobe »xl Sxpetoinods &ptdpolde xal 3
xal play drepaiay Ao Ti¢ dvotépn Efwhoewg Thy T =2'5"—1. Tobzo cuvdye-
7o &% tob Ilpénhov, Gotic ypkpst «Gmou B2 TO alveyyuc dyamdpey, oiov edpovreg &v
Yewpetple TETPAYWVOY TETPXYWVOU DLmAdoiov, v aprdpoic 38 odx Eyovtes &vog diov-
Tog papdv dAhov &hhou Simhdatov Hmapyely, homep TOU &wO THE WEVTADOE O &WO TTi¢
Emtadog Surhaatoy Evog ddovtogy. Kol dhdayol «obh yap dott TeTpaywvog aptdpos Te-
Toaydvou dihdoiog el wY Aéyer Tig TOv odveyyue. 6 Yap &no Tob { Tob &md Tob &
Simhdowe 2ot Evig déovtog!. (Kivan dnh 7°=2-5"—1).

2. ‘O "Apyiphdng elc thy mwpaypxTetay adtob «Kdxdrow Mévpnmore» ypnoipo-
oLl dveu amodeifewe T ayéaeig

1% (Vs g

Fewperpmny dnddetby Tdv oyéoewy TodTwy OmeBdlopey el Thv "Axadypiov

"Adnvésv .

Altn ouvdéetar Tpog Todg mheupmode ol Swxpetpiodg dpidpods. Bewpodpev

, %l 265°=8.153"—2, 1351°=3.780°+ 1.

 Mpdxhog elg Edxdeldny I, 0. 61 xal 427, #x3. G. FRIEDLEIN, Teubner,
2 BA. Hpaxtied, dvwt., a. 255 x. &k,
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loooxehic apPluydwioy Tpiywvoy, t6 ABI (ox. 2), 7ot dmoiov % meyahvrépa yo-
vie,  ABI, v& elvar tom wpog thv 2EwTtephy ywviay isomhedpon Tprydvon. Katd

zov Edxdeidyy 11, 12, 2av xadéowpev iy

©) H
whevpdy AB=a; zal Ty Al'=d, %7
BeBaiwe civar  peyoluTépa Srxyviog Tob /
o6uBou ABTA, 8% eivan 8°=350>, xal ra

[ % "Wy ’ ’
ouvenidg Os: ay =Y 3 . "Epappdlopev thpa
axptBae thy o vob [Tpdrlov Hmodeixvuo-

pévny pédodov Sk Thy &moderEy @Y Ex Te-

TPAYDYWY OYNPATWY TEORVTTOVTWY TAEU-

oGy zadl Swpetomdy aprduey. Eml viic
npoextdoewe i AB dapBdvopey tufipx BE = AB = oy xal &v ouveyely Tpdipe
EZ=AT'=3%;. Katx 7ov Eddeildny II, 10 §a& Exwmpey,

(205 +81)" + 8" =20" + 2 (o + &),
xodl dx TodTNg

(2a, 4 8,)* =4a,” + 4, 8, 43,7, (1).
Eiven &pax xot 3(2a, + 8,)"=12a,* + 12a,8, + 30,>. "AAN& J,” = 3a,”. ‘Emopévor

3(2ay + 8,)° =90, + 12a,3, + 49, =(3a, + 23,)".

‘H oyéoic Spoe abty onuaiver 6714 pdv (20, + 8,) elvon mhevpd, # 3¢ (8ay + 2a,)
elvan ) peyahutépa Sraydviog 6proiou pdufou mpog Tov ABT'A w0t AZHO. 'Eav éri ~iig
mpoextdoewe THe AZ MdPwpey Tpfipa Tsov wpog AZ xai v cuveyely TpFipa Isov weog
AH, td7z ¥yopev xatd tov adTov Voo THY TASLPAY %xl THY PEYXAUTEQXY JxywVLOV
véou Guofou pdpBou mede Tov dpywdy, fror whevpk piv evar § 2AZ + AH, Suxyd-
viog 3% peyedutépx, i 3AZ 4+ 2AH, % Ta, + 49, xad 12a, + 79, dvrisvoiywe. Kadotv-
Teg Tag TULke TV Theupdy TAsupode dptdpode xal Thg Turkg TEV peYaAuTEpwY
Sty wvimy, TBY cuvex Gy raT& TOV GvwTépw vouov xataoxevalopévey pépuy, Sxpe-

Toade apripole, d& Exwpeyv

IThevoixoi agudpol. Awperouxol doudpoi.
a, 8,
oy = 2a, + 9, % = 8a, -+ 20,
ag = 20 4+ O 0 = 8ay + 2§
ay = 2a3 + & 8 = 38as + 263
a = 20 + O 0 = 8Jax -+ 204

ady = 20v_1 + Ova O0v = S8ay. + 20v.1
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‘Eav déowpey a=1, §=1 lapBavopev

(A) Thevowot Goudpoi. Awapetoixot aoudpof.
ay—=1 d,=1
oy =3 =5
o5 =11 93 =19
oy =41 04=T71
05 =153 95 =265

Oi dppol obtor mapéyoust The dxrepaiag Aoewg T 2Ewdoewg y'=38x"—2,

#Tot glva:
1°=3-1"-2

5°=3-3"—2
19°=3-11"—2, x\m.
Eav dowpey a; =1, 3,=2 rapBdvousy:

(B) IMievowor dodpof. Awpetgixol agudpol.
o = 1 o= 2
oy = 4 B= T
dan = 16 B = 26
oy = 56 Sy = 97
a = 209 %% = 362

g — 780 85 = 1351

Ot apdpol olitor wapéyouot Tag axepatag Moeg THe odoewg y'=3x"+ 1,

#vou elvat
2° = 8-1* 4+ 1
7° = 34 + 1
26° = 3-15° + 1, #\w.
&
Oi Aéyor a—: oy (A) xat (B) dmwotehotor Sbo dxohouding &x Tév Omolwyv %

5 piv wev (A) el abfousx, H 3¢ tov (B) odivousa. Té xowdv ppaypa Tobtwy

glvae \/?, #rot elvat
1,5 ,19 , 41 , 25 1851 , 362 , 97 , 2% , 71,2
Dy gy (s Vs (g Cam (o (15 Ca <1

xal 2) 265°=3-153"—2, 1351°=3"780" + 1, d¢ ypnorpomoe? Tabta &vev d&mo-

detbewg, g yvwaTd, 6 "Apyiwhdng.
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1L

Ex tév dvotépn dxtedévtov ouvdyouey to cuumépacpx 6t of [Tudaydpetor
gyvoplov xal Tag drspaixg Moewg Tie EEsmoeng
vi=kay? + (A—4) (—-1)", (v=1,2,8... 21 1S5,
dnépatog WY TETPAYWVOC), xal 6T H l/ L elvor T0 xowov gpdypx ddo &rolouthdv,
mede adfolone xal mde pdwolone, Siétt 7 dnddefic TobTwy clvan dxpids f adTh
Tpog Tag dvwTépw Extedelouc.

TMapéyopev thy andderfv dix T&e 2Eiowaetc

&' = sy’ 4+ (6—4) (=1)
' = 6a’ + (6—4)" (=1)
& = Ta’ 4+ (1—4) (=1)
' = 8a’ + (8—4) (—=1)
8 = 17a + (17—4) (=1),
xal ThY V5—, l/é» V7. ceee l/ 17. Elvas 58 yvwaeToy éx Tod Peartiitou Tob [Tha-
Twvoe 87t 6 @eddwpog! (6 Kupnvaiog, Sotic Sewpetror Muda- 4 i
yépeioe) anéderfe TO aabupeTpoy TG \/l3_, \/ E ois \/ﬁ,
(@exttnroc 147 D— 148 B).
IL 1. & =ba'y +(B—4) (—1)," »al V5
Bcwpotpey Spdoyivioy mapaddnhdypaumoy, 6 ABI'A
(0. 3), #0a #otw AB=a;, BI'=2q; xzal % Stxydviog
AT'=35;". Eivat dox 8" =Hay”, »al 2‘:=\/5“.
Emt t#¢ mpoentdoewe tHg AB AapfBdvopey tpfipae BE= A r
=AB=a, xal v ouveyeix Tpfux EZ=AI"=9,. Kavd <dv
Edxketdny 11,10 da Exwpev. | A - )
(2a, + 8,° + 8,°>=2a,* + 2a, + 8,)°, xat éx TabTNG Sy. 3.

! 1. PavLy - Wissowa, Realenzyklopddie unter Theodoros. Dort Literaturanga-
be: M. CanTor, E. FrRank, F. HuLtscH, G. JunNce, H. Voct, H. G. ZEUTHEN, Eva
Sacus, T. BoNNESEN, H. Hassi-H. Scrornz, T. HEATH., — 2. Und W. L. WAN DER
WAERDEN, Die Arithmetik der Pythagoreer II. Die Theorie des Irrationalen, Matiem.
Annalen, 120, 5./6. Heft, 1949, Springer Verlag, Berlin, Géttingen, Heidelberg. —3. K.
REIDEMEISTER, Die Arithmetik der Griechen, 1940, Leipzig.— 4. J. E. HOFMANN,
Geschichte der Mathematik I, S. 26 - 27, Berlin, 1953. (Sammiung Goschen, 226. Walter
de Gruyter und C°,) 5. ROBERT s. BRUMBAUGH, Plato’s Mathematical Imagination,
P. 146, Indiana University Press, Bloomington, 1954.
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(2a, + 8,)* =4a,"+ 4a,, + §,°
Elver &pa vt 5(2a, + §,)*=20a,® + 20a,d, + 55,
AN & §,°=ba,’. ‘Emopévag
52a, + 8,)°=200," + Hat,® + 20a,d, + 48, =(5a, + 25,)°.

‘H oyéowg Spwe abitn onpaiver 670 5 udv (20, + 8,)=AZ clvar whevpd, # 3¢
(5o, 4+28,) =AH elvar Srxyviog 6poion wede w6 dpyxdy dpdoywyvion mapahhnhoypdu-
pov tob AZHO. Kxtd vov mpopavs vopov tHe ratacreudic &v cuveyels dpolwy dpdo-
ywviny mapahlnloyedppny dx Fxmpey:

[MAsvoixol Goudpol. Awpergixotl dagrdpoi.
o 3,
a = 20, + 9, s = DBags + 28,
a3 = 2ay + & 35 = DHay + 2§,
o = 203 + & 0, = Dag + 20
oy = Dav_gite 8y [ | T )
‘Eav %éowpey o = 1, 0, = 2 JapPdvopev
ag = 4, & =9
Gy = I, O = 38
ay = 12, O = 161
Eivar 3¢ 3 <€]’%<"'\/5"'/ 1:7('321—<%, %ol
2° = 5:-1* — 1
gt — Hiad? b
38 = 5:17° — 1

' = Ha’ + (B4 (-1).

I 2 v’ =100y> + (10—4)" (—1)", zal V10 -
Ei¢ w6 mponyodpevov oyfipx 3 topBavopsy AB=a,, BI'=3a,, éndte
812=10a,’, xai 'gl— =y .

"Epappélovtes thv mpomnyoupévny xatasxeuly (L1 1) hawBdvopsy
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Qay +8,) =do,® 4 da, 8, +19,?
Elvar dpa vt 10(2a, + 8,)? =40a,” + 40,8, + 10d,*
A& 8,'=10a,’. ‘Emopévmc
10(2a, + §,)? =40a,® + 60a,® + 40a,d, + 48,”=(10a, + 25,)".
‘H oxéorg Spuwe adty onpaiver étu § udv (2ay + 0,) civar mhevpd, ¢
(10a, + 28,) Swxydviog Gpolou dpdoywviov mapadlnhoypdpmon wpog T6 dpywxdy. ‘O vé-
@rog THe nxtaoxsuiic T@v Omolwy dv ouveyely maxpadhinloypkppwy Elvat TPOPAVHG.

“Ofey & eivar

IThevouol Gordpoi. Awaperoixol apudpofi.
Oy d
0 = 2a, + I, 0 = 10a, + 2§,
s 20 + & 03 = 10ax + 28,
oy = 203 + O 8 = 1003 + 2§
Gy = 2ava + W o = 10&.1 + 28y
‘Bav dowpey o, = 1zt  d, = 2  hxuBdvopey
a = 4 6 = 14
o3 22 03 = 68
a = 112 . = 356
Bban 88 o oy (o v10 - < o (4
xod 2 = 10°1° — 6
142 — 10-4° W 6
68 = 10-22* — 6°

366° = 10-112* + 6*

8 = 10 @ + (10 — 4 (— 1)
IL. 3 dvi=1Ta% 4 (17-4)" (—1)", xal \'17.
Eic ©6 adto syfpa 3 hapPivopsy AB=a,, BI'=4a, AT'=3J,, éndére elva

8.°=17a,* ol 2—{—_—\/ 17. Eoxpudlopev méhwv iy xataoxevly (I1. 1) éndre Exopey

(2ax + 61)2'——-4(117 1 4“161 2l 612-
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Elvor &pax xal 17(20, + 8,)*=68a,” + 68a,d, + 178,°>. ‘Al d,’=17a,”.
‘Emopévere 17120, + §,)*=680a,” + 221, + 680,05, + 48, =(17a, + 23,)".

‘H oxéorc Spwg afitn ompaiver 6ti 7 pév (20, +90,) elvar mhevpk, # 3¢
(17a, + 28,) Suxydviog dpoiou dpdoywvion wapadlnlhoypduuon 7pdg TG &YXy
‘O vdpog oyxnpatiopod Tév Gpolwy dpdoy. Tapaddmhoypappwy elvar wpopavig.

‘O%sv & ¥Fwpev

IMhevpxot agudpol. Awapetoxol Gordpol.
Oy 0
a = 20, + 3§ 0 = 17a, + 29,
ag = 20, + O 0 = 170z + 28
ay = 203 + O3 & = 17a3 + 2§
ayv = 2aya + &va O = 1Tay1 + 28va.
Bav déowpey o, = 1zl 8, = 2  AaxpPdvopsy
a = 4 0 = 21
ag = 29 03 == 110
oy = 168 0, = T13
Elvor 38 %(%(\:ﬁ(%<i—l, ol
27 = 17-1* — 13

21 =917-4" + 18°
110° = 17-29° — 13
118 = 17-168° + 134

' =17 v + (17—4) (1)

o H

1I1. 4.

Pcwpobuey To popBoctdéc mapaddnid-
yeoppov ABTA (oy. 4) #vda ywvin

ABI'=120°, AB=a,, BI'=2aq,
xal § peyolutépa Srydviog Al'=38,. Kata
7oy Edxdeldny 11, 12 % evar 8,°=Ta,’
omére %= V7. Mdw gopappélopey Thy

adthy xataoxeuhy (I1. 1), 6mére hap.Pdvov-

AP E 2 7e¢ BE=a,, EZ=30,, %& ¥wpev rava tév
Sy, 4, Edxheldny 11, 10
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20, +8,)" + 8,° =2a,* + 2(a, +8,)*, € Fg
(2a; + 8,)* =4a,* + 4a,5, + 9,
Elvar dpx xot  T(2a + §,)*=28a,® + 28,8, - 78,” .
‘AN 6, =Ta," . ‘Emopévuc
120, + 9,)’ =28a,” + 21a,” + 28a,d, +48,° =(Ta, +28,)* .
‘H oyéow Spwg abrn onupaiver dnu % pév (2a, +3,) elvar mhevpd, # B¢
(Ta, + 28,) Srxydviog peyadutépr Gpolou mpds T6 doyxwxdv popBoerdode mapahhrho-
yodppou. Kot tov mpopavii vépmov xataoxeufic 6poiwv popBoatddy mapahhnhoypdu-
pov do Exwpey:

ITAgvowxot Goudpol. Awpetoixot dgrdpod.
a, d,
o = ey 6, & = Ta, + 2§,
ag = 209 + & & = Tay + 2§,
a = 203 + O 8¢ = Tag + 28§
ay = 2av-1 + Oy o = Tava + 28y
‘Bav #éowpey o, = 1zl 3, = 2 hapPdvopey
a, = 4 3 = 11
az = 19 d = 50
ag = 88 & = 233
o 8 5 (a9 (- VT o =2
xacl 2 =7-1" — 3
W =048 o 3
B = 719 -- 9
233° = 7-88% + 3¢

W = Tra® + (T—=4) (=1
I1. 5. Eic 6 mponyobuevoy oyfipx 4 hapBdvopey AB =a,, BI' = 3a,, AT' =3,.
a —_—
Kot tov Edxdetdny 11, 12 elvar 8, = 13a,%, xal ;‘- =V18 . Hdhw dpappélopey whv
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bty xatasreuny Og xal mponyoupévae, %ot hapPdvouey BE = a,, EZ =8, éndre
xota 10 11, 10 7ot Edxkeidouv de eivar
(20, + 8. + 8. =2a,” + e, +8.)°, & F¢
(20, + 8,)’ =4a,® + 40,0, +5,° .
Eivar dpx ol 13(2a, + 8,)’=52a,* + 52a,d, + 139, .
A& §,'=130a," -+ Emopévuc
13(2a, + 8,)’ =52a,” + 117a,* + 52,* + 48, =(18a, + 25,)* .
‘H oyéors dpwg alitn onpaiver 6t % pév (20, +8,) elvar whevpd, % 32
(130, +28,) Swxydviog peyadvtéex, 6polou popBoedolic mapaddnhoypkupon wode
70 apyxwméy. Kata Tov mpopavii vépoy xatacxeuiic Tdv Gpoiwy popBoetdidyv mapxdhn-

hoypappwy da Exwpey

IThevowxol Gerdpol. Awaperouxol doidpol.
ay oy
o = 20, + 3§, 8 = 13a; + 28
az = 20 + O 8 = 13az + 28
ap = 2a3 + & 0 = 1303 + 28,
Oy = 2(1\/ 3 <k 8\/1 Sv = 13(lv.1 t 26v 1
‘Eav Yéowpsy  a, = 1 %ol 8, = 2 e Bavoprey
a = 4 S = 17
az = 2D ds = 86
ay = 136 o, = 497
Eivo 3¢ ? (gg <\l‘3<—i‘27(7;< 147', rod
2° = 13- —%9

17 = 13-# +'9
86 = 13-25° — O
497" = 13-136" + 9*

O = 13ay® + (13— 4y (—1).
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Ex tév avotépw dxtedeisdv nataoxeudy xol dmodetbewyv xatioratar adro-
vémTog 6 GxMuaTIcRog &vTiaTolywy ThevpwEy kel dwpeToxdy dppdy 3 dhyePpr-
%00 xaSapde HTohoytopwod xal odyl yewpeTpixol, dix Ty Ve, .Vé_, V1it,V12, Vi4,
V15, xai tag cuvageic dEwdoei.

Obrw F& eivan

IL. 6. Aw 8¢ = Bmt + B—V{-0" w0 Ve

oy S,
@ = 2o + O 0. = Boy + 29
a = 2a, + 9, 8% = 6a, + 2§,
ag = 203 + @ 8 = O6ag + 203
Ay = 2ov.1 + 5\'1 8\: = Boay_1 + 25y,1
Eav Yowpey o, = 1 xocd 6, = 2 Aap.Bavopey
ay = 4 0 = 10
s =418 % = 44
ay = 80 d¢ = 196
Eivar 32 % <%<\/(—3—<%< 110 | .xocl
=161 — 2
10 = 6-4% + 2¢
44* = 6-18° — 28
1962 = 6-80* + 21

W= 6wt + (6—4(=1).
IL7 Ax 87 =8 + (B—4)(—1)" xai V8 .

@ o,
a = 20, + 0 0 = 8oy 4+ 2§,
a = 2uy + O % = 8ay + 28,
ag = 203 + & 8 = 8Baz + 28
ay = 2ava + Ova o = 8Bava + 20w
Bav Yéowpey o, = 1 0, =2 Do Pavoyey
a = 4 0, = 12

18
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Oz = 20 63 = 56
oy = 96 84 == 272

2
96

2 =81 — 4
12° = 8-4° + 4°
59" = 8-20° — 4°
272" = 896" + 44

9 o 12
Elvor 38 T %ﬁ—<"'\/8"'( <T, P )

6«,2 = 8'(111’ + (8_4)'V(_ 1)‘V
IL 8. A 82 =11’ + (11 — 4)¥ (—1)", xal V11 .

o, 3,
a = 2 + O, 8, = 1la, -+ 2§,
a = 2a, + &, 8 = 1las + 25,
ag = 203 + & O = 1laz + 283
Uv = 2(Xv._1 =5 Svﬁl 8v = llav_x = 28v_1
Eav %éowpey  a, = 1 xocd 8 = 2 hapPdvopey
ay = 4 0 = 15
az = 23 80 = T4
ag = 120 8, = 401,
Eivor 3¢ %<;§ ¢ \/H<‘i—g(1)-<%, %ol
2 = 11-1° — 17
15* = 11-4° + 7
4 = 11-23° — 73

401° = 11-120° + 7¢

8 = 1lew® + (11 —4) (—1).
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IL 9. A =12 + (12—4)"(—1)", xal V12.
ity d,
a = 2a, = 9§ 6 = 12a, + 2§,
(g == 2(12 =} 52 63 = 12(12 = 252
ay = 2(13 -+ 83 84 e 12(13 + 263
Oy = 211\'_1 + 6'v_1 61' = 12(lv._l =F 28\1_1 <
Kav Yéowpsy o, = 1 8, = 2 Aoy Bivopey
oy = 4 82 = 16
asg = 24 83 = 80
Gy = 128 64 = 448 5
2 80 — 448 16
B ® —C(gr ¥R Cgriocy W
2 = 12-1° — 8
16 = 12-4° -+ 8
80° = 12-24* -— 83
448* = 12-128* + 8¢
8y = 12-a,° + (12—4) (=1)".
IL 10, A 8 = ldaw® + (14 — 4)* (—1)%, xat V14 .
oy 61
a = 20, + § 9% = 1l4a, + 20,
oy 2('12 = 62 83 = 14(19 = 252
oy = 205 -+ & 8 = lduz + 28
ay = oy T By o = ldov,y + 208y
Eav Howpey o = 1 o =2 hapBavopey
s = 4 62 == 18
ag = 26 93 = 92
g = 144 84 == 548
2 92 = , b48 18
Elva 3¢ T(@@“("'VM"'Q‘iE(T, ral
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22 =141 —10
182 = 14-4* + 10°
922 = 14-262 — 10°
548 = 14-144* + 10*

61,2 = 14’“‘\1, i (14_4)V(_1)V.

IL 11. Ak 8’ =16y’ + (15—4) (—1)¥, xat V15.

oy 61
Olg == 2(11 =+ 61 62 = 15(’11 e 281
O3 == 2(12 == 52 63 = 15(12 o 282
Oy = 2(13 -+ 83 54 == 15(13 o 233
a¥ = Qav_l + Sv_l &v S 15a'v_.1 i 25\1_1
Eav déowpey o, = 1 8, =2 AaxpPBavopey
s = 4 82 = 19
oy = 27 63 == 98
ay = 152 64 = 601
2 98 — 601 159
Ebva 8 T (5 (V15 (g (0 e
2 =151 - 11

19° = 15-4° + 117
98 = 15-27° — 11°
601° = 15-152° + 114

8 = 156 - + (15—4) (=1)".

II1. 1. ’Ex =&v mponyoupévwy moxpxtnpobpey 6Tt 7 ot T0 edxheldetov dedd-
onue 11, 10 yewperpwd xataoneuh, Thy 6mofay pynpoveder 6 ITpdrdog, dyer el Thy
vavtétnTe (1), Qo +8,)° =4u,® + 40,0, 18,

hy dmodewvuopdvny xat t0 edxheldeov dedpmua II, 4. Eav 8, =1Aa,’, &b«
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AS B, dxépatoc uh tetpdywvoe, B eivar xot (A—4)8,2 = (A—4)Aa,?, éméve Ex TiHg

(1) &xopev
M2e, + 8,0 = Pha,’ + Med, + (L — Dha,® + 48,° = (o, + 28, .

‘Enopévorg B& elvor

IMAgvowol aoudpol. Awopetginol ool

1) oy d,

[10] = 2(11 + 81 62 = Aa; St 261

g = 2(12 it 62 53 — )\(12 =+ 252

ay = 2(13 “t 53 64 = )\(13 — 253

ay = 20va1 + v o = Aoy + 26VJ,

PN TN TP U DA YD T S
2) T"l— < :3— < —(1: < . \/7\- < a5 < o < oy ((11—1, 81_2)'
3) W o= dav' + (A—4) (=1)

Ik, 2:

Elvar Suvatov 5 \/5 vee dmoloyioDy] xat dx TGV whevpd®y xal StepeToindy
apdpdy Tiig poppic oy =20y_1+0v_1, O =Aov1+ 20,1, Stav A=2.
Tiv pédodov tadtny xadobuev yeviny mpog ddnpiowy dmd T wedddou tiig Sixomei-
ong Omo T Oéwvog Tol Lpupvaiov xal tob ITpdxdou, thv Gmolay xodobpev eldinhv.

[pdg obyxpioy mapadtévopey o dEaydueva xal Tév Sdo peddSwy.

A, MéBodoc eldindh, Ov= dy_1 +Ov_1, O = 20ay_1+8v1.
a, = 1 o, = 1
a = 2 6 = 3
a3 = D 0 = 1T

04 &= 12 64 = 157 )

IS SR R A
R A C U RN S R T

Qg
’=2-1"-1, 3=2-224+1, 7=2-5"—1, -+ §*=2a’ +(=1)".
[Ak a,=1, §,=2
a;, = 1 6 = 2
a = 3 d = 4

ag = T 65 = 10
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& = 24

5, 3, 9 D ... ﬁ. i &
et A wait | B o4

2‘[
4
10°
242
8y
B'. Médodoc yevixd,
A‘& oy = 1 ] 61 = 1'
a, = 1
Ug = 3
asg === 10
o = 34

~ Tyt

12
42
142
48?2
5y
Awe a, = ) 51=2,
a, 1
(0] = 4
g = 14
oy = 48
Ve

ay = 2uy_1+Ov_1

2-1*
2-32
21
2174

2(!1;2

212
2-ar
2-10°
2342

2'(1\;2

+

-+

N DN o N

+ @2-4)(=1)]

9, 1
0, = 4
5 = 14
8 = 48
- 1
=y
= e
— 9

5 = 2
% = 6

% = 20
% = 68,

81' === 2(1-v._1 + 26v_1 .
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2 = 212 + 2
62 = 24" + 2
20° = 2-14* + 2°
680 = 2-48 + 24
8 = 2wt + (2—4).(=1).

Kat® avriotoyylay mpog iy Omo 7ob ‘Apyiphddoug mwapeyopévny Ty THg

V3 8 elyopey, duk Thy \/_2_,

1 4 , 14 , 48 , 164 o 792 232 , 68 , 2 , 6 2
57T lmbmt Ve damd o S i w (ol

Elvat pavepdy, 67t elvar mpotipotéoa # 676 ot @éwvoc vob Spupvalov zal tob

[Moéxhov Sxswdeioa pédodog Stx tov Smohoyiowdy T V§
SUMMARY

I 1. The law of formation of the side- and diameter - (diagonal -)
numbers is explained by Theon of Smyrna. According to Proclus the related
identity is proved by Euclid book II, proposition ro-

Side numbers av = ay_1 +8y_1, diagonal numbers dv = 20y_1 + dv_1,

w?=2a,271. Fora,=1, 3, =1 we have%— (% (- Ve2-- (}—;—(% .

2. Archimedes for the arithmetical approximation to = starts from
a greater and a lesser limit to the value of V3, which without remark
as known,

265 — , 1351
S5 (V'3 (g5, 265°=3-153—2, 1351'=3-780°+1.

We give the following interpretation on the archimedean formula,
with pythagorean method of the side—and diagonal—numbers. In the
figure 2 is AB =, the side, AT =9, the greater diagonal of the rhomb

ABT'A, and the greater angle ABT =120° Then 3, =30, §,: 0, = 13 .
According to Euclid II Prop. 10 we have
@a, £8,)+9%" =2 +2a,+8)
(@, 8. —40," Ldwbd, 082, (1)
It is also 3(2a, + §,)* =120, + 12a,9, + 38,?, and because 6,"=3a,g
3(2a,+8,)° =9a,* + 12u,8, + 45,%,=(8a,+ 28,)*. Thelaw

of formation of the corresponding side—and diagonal —numbers is eviden-
tly. Side numbers av = 2av_1 + dv_1, diagonal numbers 8§y = 3ay_1 + 28v_1.
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When o = 1 8 = 1 When a, = 1 6, = 2
a = 3 & = B a — & 8, = 1
g = 11 53 = 19 ag = 15 53 = 26
Oy = 41 64 == 71 o = 56 64 = 97
a = 153 & = 26 a; = 209 & = 362
a = T80 &6 = 13561
and W = 3a,'—2 and &’ =3uy’+1.

1 b 19 Ti 265 r— 1351 362 97 26 1
T (3l Cm (V8 (Smuilam (w7

I1. In the following we start from the identity (1).

1. In the figure 3 we take AB=a,, BI'=2a,, AI'=§,. Then
8 =ba’, 8:a,=b 5, and 5(2a,+8,)" = 20a,” + 20,5, + 55,". Because

8,2 =5a,’ ds B(2ay 8.2 = 900: + Boi? 4900054 48y =Bt 205

Side numbers ay = 2ay_1 + 8v_1, diagonal numbers, &v = Hay_1+ 281,
ov® = Bay® + (5—4)* (—1)".

When a,=1, §;=2, —%- <:—:i_ I/E; <%, (%.

2. In the same figure 3 we take AB=a,, BT’ =3a,, ATl =9),. Then
8 =10a, d:o, =110, and 10@2a,+8,)° = 40a;’ + 40u,d, + 105,* . Be-
cause 9, =10a,® is 10(2a,+ §,)° = 100a,* + 40a,d, + 46,* = (10a, + 25,)”

Side numbers oy = 20y_1-+dy_1, diagonal numbers 8y = 10ay_1+ 20v.11

3= 106t T(H0—4) (—=1)°. When w,—1, 5.=2.
2 VT0 g

3. In the same figure 3 we take AB=a;, BI'=4a,, Al'=3,
Then §,°=17a’, 8,:0,= 017, and 17(2q, + 8.) = 68w, + 68,8, + 178,° .
Because &, =178, = 289a,® + 68a,8, + 48,> = (1T, + 28,)%.

Side numbers oy =2ay_14+ 8.1, D.N. 8 =1Tav1+ 20v1,

O’ =170y + (17—4)" (—1).

When o.=1 §,=2, %<%<Vﬁ<%<%

4. In the figure 4 we take AB=gq,, BI'=2a,, AI'=3J,. The angle
ABI'=120°. Then 3, =Ta,*, d,:a, =}/ 7, and 7(20,+38,)* = 280’ + 28at,d,+79,".
Because 9, =Ta,®, (20, + 8,)° = 49a,’ + 28,8, + 49, = (Ta, + 28,).

S.N-, oy = 20y_1 + 8\'_1 s DN‘ Ov=Tav_1 + 26\/—1. 8*/’ = 70\'2 a5 (7 _4)v ("' 1)v
2, 50 - 2338 , 11 ‘

When w=1, 8,=9, + (3¢ V7 (g (F.

5. Jn the same figure 4 we take AB=aqa,, B['=3qa,, AI'=3,"

Then 8,°=13a’, d8,:a=) 13, 1320, +8,)* =52a,” + 520, + 135,".

2
1
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Because 8, =13a,® is 13(20; +98,)* = 1690a,® + 52a,d, + 48, = (13a, +28,).
S.NA, Ay = 2a'v_1 -+ 61,_1 y D. N-, 81' == 13(1‘\'*1 + 28v_| ) 6v’= 13(]1?—'— (13_4)’V (— I)v.
2 86 — 497 17
% Gt v K deagmd

In the same way we take the side—und the diagonal—numbers
for the l/é—, VS_, Vi1, V14 , Vi5. (We mention Theaetetus of Plato
147 D).

III. If A > 5, integer no square number and §,"=Jla,*, then
(A —4)8,= (L—4)ha,®, and according to the identity (1)

M2+ 8 ) =dliey® 140 agd, 4ens®
=dha,® + (A—Dho,® + dhet;d; + 48, =N, 4= 202

Side numbers Diagonal numbers
oy 51
a = 20, + 9 0 = oy + 28,
o3 = 2”-_' S 52 53 = }\(12 S 262
ag = 203 + & d = dag + 2§
Ay = 2‘1\r‘1 + ﬁv, 1 6\' == )»(lv 1 + 26v_1
5 , 8 , 8 - & , 8 , 8
(A s . 3 G0 o e =B L =2
B =t a i A IS B (%, » and

6 =Rkay’ +(A—4)"(—1)*. We take here always a,=1, §, =2
A=2 and A=23 are special cases.
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