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EOHPMOSZMENA MAOHMATIKA.— Nonlinear differential equations
with several gemneral solutions, by Demetrios G. Magiros *.

*Avexowadn 1o 1o TAxadnuairod x. To. Eavddur.

I INTRODUET [ON

Nonlinear differential equations constitute today a field of scientific
knowledge basic for the investigation of the majority of physical phe-
nomena, technological systems, social problems.

The general solutions of these DE are the most desirable, especially
in applications, but only for some nonlinear DE the general solutions
are known to exist, and only in a few classes of these DE the general
solutions can be determined in a closed form.

While any linear ordinary DE has one general solution, a nonlinear

ODE may have either one or several general solutions.

It is necessary here to make clear some concepts related to that of
the general solution. We consider a nonlinear ODE (F) valid in a
region R of the space of its variables, and a function (®) of the variables
of (F) containing a number of arbitrary constants independent to each
other, which can take the values in a region C of the space of these
arbitrary constants. A function coming from (®) by a specification of
all its arbitrary constants, if it satisfies the DE (F), is called a «parti-
cular solution» of (F). The function (®), a totality of all the particular
solutions of (F) coming from (®), is called a «general solution» of (F).

Any function, coming from the general solution (®) of (F) by a
specification of some only arbitrary constants of (®), which, then,
contains the unspecified constants of (®) as arbitrary parameters, is
called a «part of the general solution» of (F).

If there are functions (®;), i=1, 2,.., n, which have properties
similar to that of (®) in connection to the DE (F), and, in addition,
particular solutions of one of the (®;) are not identical to particular so-
lutions of any of the others (®;), these functions must be considered as
«distinct general solutions» of (F), and, in this case, we say that the DE
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(F) has «several general solutions». By this definition, is not excluded
that a «common part» among some of (®;) may exist.

In this paper remarks are given concerning the existence and
determination of several general solutions of some nonlinear ODE.

The «restriction of the solutions of the DE», and the «factorization
of the DE» can be used as methods for investigation. These methods
are explained and illustrated by examples from which we draw certain
conclusions.

II. THE METHOD OF RESTRICTING THE SOLUTIONS

By this method, if it is applicable, one can determine several gene-
ral solutions of a given nonlinear DE in a closed form. We give an
example.

Example 1: y”(14+y3)—2yy2=0 (1.1)

One can have two appropriate restrictions of the unknown solution
of (1.1), and to each restriction a general solution of (1.1) corresponds.

(a): The solution y of (1.1) is restricted by y’* = 0, which implies
y”” = 0. In this case, (1.1) is satisfied simultaneously by :

g =0 =0 (1.2)

when the function
y=alx+a2 (13)

which satisfies (1. 2) is a general solution of (1.1). The o, and a, are
independent to each other and the two-parameter family (1. 3) represents
«all straight lines» in the x, y - plane.

(b): The solution y of (1.1) is restricted by y’’ 50, and, in this
case, one can determine a general solution of (1.1) which is different
than (1. 3). The DE (1.1) in this case can be written in the form: (}
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An integration of this equation gives:
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A new integration leads to:

’ C1X+C2 (1. 5)

i \/1‘—(01X+C_2)_2

and a third integration to:

cay 3= —V1—(c;x + cg)? (1. 6)
which can get the form:
x*+y*+4+Cy + Cy+ G = 0. (L.7)

The C;, Cy, C;, functions of c;, ¢y, 5, are arbitrary constants inde-
pendent to each other, and the three-parameter family (l.7), which
represents «all circles» in x, y-plane, is a general solution of (1. 1).
There is no specification of the arbitrary constants of (1.3) and (1. 7) by
which a member of (1. 3) becomes identical with a member of (1.7), then
(1.3) and (1.7) are two distinct general solutions of (1.1).

III. THE METHOD OF FACTORIZING THE DE

A possible application of this method can give several general
solutions of a DE. We give examples.

Example 2: x%"7y”" 4 x%"2—2xy’y" -+ 2yy”’ = 0. (2. 1)

The factorization gives :

vy (x3y" - xy — 2xy’ 4 2y) = 0 (2.2)
then :
(a) : y’ =0 } 2.3)
(b) : x4 x%y” — 2xy' 4+ 2y =0, x=5£0 '
the general solutions of which are:
(a) : y=a1x +a, } (2. 4)
(b) : Yy = ;X F cox? 4 cgx 7t ’

and these functions are the general solutions of (2.1).
The family of straight lines through the origin is a «common part»
of the general solutions (2. 4) of the DE (2. 1).

Example 3: y?2+4y(xly—xy)— x3y2=0 (3.1)
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By factorizing one has :

(v —xy). (y'+ x%) = 0 (3.2)
then : (a): y = xy
b): oy =—x | &3
from which :
. — X2/,
() : y c;e } (3. 4)
(b): e Cge_xs/g

that is the general solutions of the DE (3.1):

We remark that from each point of the x,y-plane two, in general,
integral curves of (3. 1) pass with different slopes, one belonging to
the 'family (3. 4.a) corresponding to a specific value of c¢;, and one
belonging to the family (3. 4.b) for a specific value of c,, and these

values of ¢; and cp are different.

The equation (xy = — x%) gives the singular lines: x =0, x=—1,
y = 0, at the points of which the integral curves have just one slope,
the slope —y at x= — 1, and the zero-slope at the coordinate axes,

which are the «singular solutions» of the DE (3.1).

Example 4:
«The general nonlinear DE of the first order :
F(x,y,y)=0 (4. 1)

in case F is a polynomial for y’ of degree m”’.
In this case, (4. 1) can have the form :

F(x,v,y) )=y 4+ Py 14+ . .. 4+Puay +Pu=0 (4.2)

where P;,..., Pu, functions of x and y, are continuously differentiable

in the region of validity of (4.2).

FY' (X) Ys Y/) 7& 0
The DE (4.2) if Fyu(x,y, y') 5= 0, solved for y’, gives m simple
toots: y3,..., Y m, when one can write :
Fig,g.7y)=01—8)-bbs— P2) .. (¥'m — Pm) =c¢ (4.3)

where p;,..., pm are functions of x and y.
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The DE (4. 3) is equivalent to the m DE :
vVi=p(x,9), y2=0p2(x,¥), ..., ¥m=DPm(x,y) (4. 4)
from which, by integration, one can get the functions :
Gulx, v, 60 =0, glx, v,c0=0,... gu=1%7 =0 @5

which are the m general solutions of the DE (4. 2).

We remark that m is the number of the factors of (4.3), but we
restrict ourselves to those factors which lead to real functions of real
variables, when the number of the general solutions of (4.2) is either
equal or smaller than m. Simple example for that is the DE :

E=y*—1=0 (4. 6)
for which one can have:

F=@?—1N*+1)=—1)06 +1)3?2+1)=0

and since y’2 -+ 1540, only the first two factors count, to which the DE:

y'=1, y'= —1 correspond, and then the general solutions of (4. 6) are:
y=x+¢, y=—x1c (4.7)
Example 5: yiy" 4 yiy vy =0 (@. 1)

The factorization gives :

vy vt 1) =0 .2
and, since y2-4+ y*+ 150, (5.2) is equivalent to :
=10 (5. 3)

of which the general solution is :
= ¢;x% 4 cx + ¢3 (5. 4)

For any set of values of the arbitrary constants for which c¢; 540, (5.4)
represents parabolas in the x, y -plane. For ¢; = 0, (5. 4) reduces to:

P 8 (5. 5)

which represents the straight lines in the x,y -plane.

The functions (5.4) and (5.5), which contain arbitrary constants
and satisfy (5. 1), are not two distinct general solutions of (5. 1), but (5. 5)
is «part of the general solution (5. 4)».
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Examle 6: «The Emden’s Equation :
7 2 ’
y .+.—;<-—— y +y"=0))_ (61)

We use this basic in Astrophysics DE in order to give appropriate
remarks in connection with the general solutions of a DE and the physical
reality from which the DE comes.

Emden (1907) [2] examined the thermal behavior of a spherical
cloud of gas acting under the mutual attraction of its molecules and
subject to the classical laws of Thermodynamics, and found the DE (6. 1).

The solutions of (6. 1), in a closed form, are :

= = b x* )
(a) n=20 y-a—{—-x———(—; l
sin x Cos X -
(b) it e ol e ,} (6.2)
)

The first and second of the functions (6.2) are general solutions
of the corresponding DE, while the third one, which contains a as an
arbitrary constant, is a part of the unknown general solution
of (6.1).

The physical situation considered by Emden lead him to the

boundary conditions :
x=0,y=1,y =0 (6.3)

(a) - n =0k y=1——~2—

(b) : n=1: y=ii;15 (6. 4)
2._12

@: - a=5: y=<l+%> ;

Comparing the theoretical results (6.4) with the physical situation
of his problem, Emden found that these results are not acceptable phy-
sically, and that, from a physical point of view, n of (6.1) must have
values only between O and 5.
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The general solution of (6.1) must contain two arbitrary constants,
but one of these it that called a «constant of homology», which does not
help in finding the general solution of (6.1).

For the solution of (6.1) needed, if n is in (0,5), and x takes the
values of an adequate interval, the investigation was turned to use a
Taylor’s expansion about x = 0 and, then, an analytic continuation of
the series. T'ables have been computed and graphical representations.

Astrophysicists use today the tables of the Emden’s functions,
appropriately modified, in order to estimate the density and the interior
temperature of stars and some other things, by taking into account new

physical data.

Remark. If one follows the converse prosedure, that is, if a
function with arbitrary constants in a variety of forms is given, and,
then, one formulates, in the known way, the correspondent DE, one may
get more rich results in connection with the subject of the paper.

HEPIAH T2

AT uv yoaupxai dogpopural EEiodoelg amotehotv ovjpegov to mAéov Puoixov
nedlov Emotnuovixiic yvaoewg dud Ty #oeuvay QUOLKGY Qaivouévov, TeERvoloy-
%@V ovoTNUATOV, XOWOVIXDY TEOPANUATOV.

AT yevixal Aoeig tév EEodoewv adtdv elvar al meguocdregov Emtdvunral
Mogig tov, GAa povov elg ueoinag xhdoeig tdv EEodocwv avtdv af yevixal Av-
oeig elvanr duvarov va meoodiogioolv. “Evd eig tag yoaumnde dragooinag eEiowm-
oelg Umdoyer novov pio yevuxn Avoig, elg tag un yooumwog Sivatar xaveic vo
gvon ulav § nal meoLocotépag yevixag Aioelg.

‘H nagotion éoyacia oyerilerar pué tyv Ymagtv xal 1ov mpoodopiopuov wol-
Ldv yevir®y Moewy gig ovvidelg wi) yoauuixag dragogrrac tEiodoeg. O «xardl-
Ankog meQLogonog T@v Avcewyv tiic Elcwoeme®, Gmag xal 1| «dvaywyn tiic eEtod-
cewe €lg ywwouevov magaydviwv» yonolpomootvral €l v doydctav adtny dg
uédodot éoevivng, movu épagudlovrar eig eidixa magadsiynota.

Al yeviral Avogig, mapd v yonotudntd tov, d&v ddvavrar Eviote va
gxqodoovy v @uotkNy meayuatixéInra, xal 6 mEoodiopionds Ty, Gmd Gmd-
Yewg Epapuoydv, eivar gviote doxomog. Tolto vmodeixvietar dmd o teAevraiov

TaEddsLypa.
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‘O *Anadnuairog #. Tw. EavBaxng, magovoldlov v dvotéem avaxol-
vooly, glme ta L7 :

"Eyo vty va magovotdow v foyaciay 1ol x. Anuntoliov Mayeioov
7o tov tithov: «Mn yoapuuixai Siagooixal "Efiodoeig ug moddg yevixag Avogigs.
Al un yoouwxral Siaqogural £Eicmaeg dradgamatiCovy omovdaiov gdhov glg thyv
goevvay T60OV QUOXGDY Qavomévwv 00OV ROl TELVOAOYIX®DV GUOTNUATWY Kol
nowvovix®y mooPAnudrov. ‘Ymdoxer Ouwe pio ompaviny duagogd petall t@v
yoauux®y xoi wi yooauuxdv dtagooxdv Ewwdoswv. Ilodyuort &vd S tag
yoauunog drapooixdg oot Vmdoyer mdvrote wdvov uio yeviun Moig, gig Tag
w1 yoapuuixas eivar duvatdv va vglotavrar meguoodreQon T uidc yevixal AMiogig.
*Emnooo¥étme af yeviral Moeig t@v w1 yoapuxdv dagootxdv éElomotwy dgv
givar duvatov mdvrote va mpoodiopiootv, udvov dnhadyn eic dotomévag xAdogig
1@V EEodoemy tovtwv dvatal tig va dvevey utav 1) meolocotépug yevirag Alostg.

Eic tv magotcav avaxoivworv 6 %. Anu. Mdygwpog ueletd v vmagbv xai
10V 10GdLoQLoMOV TOAA®Y yevin®dv Aioewv ovvidwy poopdy wy yoouuxdv S
QoMY EELoWOoEMmV.

IToog totito yomotpomolel (g nedddovg oetivne dg’ évog uev tov xatdAinlov
meQLOQLopOY Thg Moswe tiig Eiodoeme, dg’ étégov 8¢ thv avaywynv tic &Eom-
otwg eic ywouevov magaylviwv. Iloémer va onueiwoy tg Ot ai yevixal Adosig
TOV W) youupx®v dtagooux®v éElcdosmy d&v duvavtar éviote va Exqodoovy iy
Quotkny mpaynatirdTnTa xal 6 mE0sdLogLondg TV, G GrApems EQaouoydv, elval
éviote doxomog. To tekevraiov todto Gmodenvierar and v dragogixny éklcwaiy
o0 Emden. Iodypat 6 Emden pelerdvrag xatd tag doyds 1ol malvrog aid-
VOG TNV GURTEQLRPOQAY [idg opouourils Gepuddovg pdlng o v énidoaciv tdv
anofatmy EAEewv T@V poptwv g xal tOv ®Aaoowxov véuoy tig deonoduvvapixiic

xatéAnge gig TV wi yoaumxny duagoouxlv EElowoy :

r 2 ’
YR fw oy =9
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H é&tlowoig avtn dua tag tinag tob éxdérov n=0,1...... xal D, Oéye-

~ ’ ’ 3 -~ £ ’ c ’ -~ \ A\
taL toelg Stapigovg Avcelg & td®V Omolwv ai Vo modral dia n =0 xal n =1
glvar yevixal Avoeg, &v@ 1j toltm n = H eivar v pégoc widc ayvaotov yevi-
#Tg Avoswg.

2uyrglvovrag ta dewonrira FEayoueva ue ta guaka dedouéva tod mooPhn-

c T cr \ \ -~ 9 % ’ \ 3 ’
pnotog 6 Emden elge St ta dewonunae tadte Eaydueve O0&v dvumgoowmmevovy
TV QUOLKTY TQAYRATLXOTHTA.

*Ano @uowrdic Groypewe, 6 xdétng n moémer va Aapfdvy tiuag peraty O
xat b.

Of Goreoguoixol Tic 6UEROY XAUYOVY EDQETAY %ONOLY TMV GUVAQTVOEWYV
Emden raraliiwg roomomoimuévoy Vmd nogeny GoLduntin®dy mvdxwv die v

guriumowy g muxvornros xal tig Yeononpaciug eig 10 EowreQuuov TOV doTéQWY.



